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Boundary Value Problems for Differential Equations Involving the
Generalized Caputo-Fabrizio Fractional Derivative in A-Metric Space

Najat Chefnaj?, Abdellah Taqbibt®, Khalid Hilal?, Said Melliani*, Ahmed Kajouni?

?Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, Beni Mellal, Morocco

Abstract. In this paper, by using the fixed point results of a-¢p-Geraghty type mappings, the existence
and uniqueness results for solutions to differential equations involving the generalized Caputo-Fabrizio
derivative are investigated in A-metric spaces. As application, an illustrative example is given to show the
applicability of our theoretical results.

1. Introduction

In recent years, fractional calculus has attracted the attention of many researchers from various dis-
ciplines (physics, biology, chemistry, applied sciences,...). Indeed, The use of fractional derivatives has
been observed to be beneficial for modeling many problems in engineering sciences (see, for example,
[1,2,17,21, 33, 35, 36].

Various there are several notions about fractional derivatives in the literature. Caputo and Riemann-
Liouville introduced the basic notions (see for example [10, 27]), which imply the singular kernel

k(t,s) = if(_ls_);;, 0 < g < 1. These derivatives play an important role in modeling phenomena in physics.
However, as introduced by Fabrizio and Caputo [8], some phenomena related to material heterogeneities
cannot be well modeled using fractional Caputo derivatives or Riemann-Liouville. Therefore, Fabrizio
and Caputo [8] proposed a new fractional derivative with non-singular kernel k(t,s) = eql(%ﬂb), 0<g<1
Later fractional derivative of Caputo-Fabrizio was used by many researchers to model several problems in
engineering sciences (see [3, 4,7, 11, 18, 26, 29, 30, 37]). Additionally, other fractional order derivatives with
non-singular kernels have been introduced by some researchers ( more details see [9, 10, 19, 20, 25, 32]).

In 1993, Czerwik proposed the notion of A-metric (see [14, 15]). Following these initial works, the
existence of a fixed point for the different operators in the definition of A-metric spaces has been widely

studied (see [12, 16, 22-24, 28, 31]).
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In this paper, we study the existence-uniqueness of solutions for problems of generalized fractional
order differential equations of the Caputo-Fabrizio in A-metric space.

(Pha2)©) = f(6.2), 0, 2@),  EeT=10,A1 d>0,c20
z(0) = zg

1)

Where A > 0, f : JXx RXR — R is derivative function, Dg’ 4 1s generalized Caputo-Fabrizio fractional
derivative with g € (0, 1).

This work is arranged as follows. In the second section, we recall the notions of fractional calculus and
the A-metric space. The third Section is concerned to prove the main result. Finally, We provide an example
illustrating the main result.

2. Preliminaries

We start with definition of A-metric spaces, which was introduced by Afshari, Aydi and Karapinar [5, 6].
Definition 2.1. Let Y be a nonempty set, A € R and M : ¥ X Y — [0, 00) such that forall ¢,y,e € Y

(@) M(,y)=0ec=y;
(ii) M(c,y) = M(y,c);
(iii) M(c,y) < AIM(c, €) + M(e, y)].

Then, the triple (Y, M, A) is called a A-metric space.
Example 2.2. [5, 6] let M : [0,1] X [0, 1] — [0, o0) by defined by
M(y,e) =| )/2 -2, forally,e €]0,1].

It is clear that the triple (Y, M, A) is a A-metric space with A > 2, but it is easy to see that the pair ([0,1], M) is not a
metric space.

Example 2.3. [5,6]let Y = C(R)and M : Y XY — R* defined by

2
M(S, 1) =l (8 =) ll=m), for all 9,7 € C(R).
Then, the triple (C(R), M, 2) is a A-metric space.
In 2012, B. Samet and Erdal Karapinar [22] originated the concept of a-admissibility presented in [30].

Definition 2.4. [30] Let P : Y — Y be a self-mapping and o : Y X Y — [0, 00) be a function. We say that P is a
a-admissible if

ad,n)>1= a(PS,Pn)>1forall §,ne Y.

Example 2.5. [29] Let Y = R}. Define: Y — Yand a : ¥ XY — R as follows P9 = In(9) forall § € Y,
and
0 ifS<ny,

Then, P is a-admissible.

Example 2.6. [30] We define the mappings P : R* —s R* and a : R*xR* —> R*, as follows P9 = V3 forall 9 €
R*, and
0 ifd<ny,

a(d,1) = { > if 9>1.

Then, P is a-admissible.
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Definition 2.7. [6] Let (Y, M, A) be a A-metric space and o : Y XY — R* be a function. We say that Y is a-reqular
if
(0)neN C Y suth that, a(0,,,0,11) =1, VYneNand lim 0, =0,
n—oo

there exists a subsequence (O, )keN Of (On)nen, such that
a(0y,,0) 21, VkelN.

We denote by W the set of all increasing functions y : R* — [0, %), ¢ > 1 and ® the set of all continuous
and nondecreasing functions ¢ : R* — R* satisfying

o(ct) <cp(t) <ct forc>1.

Definition 2.8. [5] Let (Y, M, A) be a A-metrice space. An operator P : Y — Y is a generalized a-q@-Geraghty
contraction, if there exists a : Y X Y — [0, 00) such that

a8, (1> MPS, Pn)) < (M, M)p(M(S, 1), ¥9,n€T,
where u € W and ¢ € .

Theorem 2.9. [5] Let (Y, M, A) be a A-metrice space, and P : Y — Y be a generalized a-@-Geraghty contraction.
Assume that

1) P is a-admissible;
2) there exists 6y € Y such that a(6y, POy) = 1;
3) either P is continous or Y is a-regular.

Then P has a fixed point. Moreover, if

4) for all fixed point 9,1 of P, either
a@®,m=1ora(n,d) =1,

then P has a uniques fixed point.

Now, we introduce definitions of generalized Caputo-Fabrizio fractional derivatives which are used
throughout this paper.

Definition 2.10. [8] Letd > 0,c > 0,0 < g <1, m € N {0} and f € C"*Y(R*). The fractional derivative of order
q + m of f with respect to Kernel function K., where

Kic(&) = ( )e % eos(c&), &> 0

is defined by

ogr)e - ; 1q)(‘12262)f6m””cos(‘”‘5 2o

Definition 2.11. [8] Let h € C[0, T]. The fractional integral of h is given by

¢ C2 ¢ —dg(é-1)
(18 4.71)(©) = ngh(&) +q f g0 =8y fo e 1 h(t)dt

d(1—-q c2q
where 1n; = 2 +C2 ) and 0 = 772



N. Chefnaj, A. Tagbibt, K. Hilal, S. Melliani, A. Kajouni, /TJOS 8 (1), 24-36 27

3. Main Result

Let (C}(A), |l - Il) be the Banach space of all continuous functions on |, where || z ||= sup | z(&) | and
EeA
M : CY(A) x CH(A) — R, be defined by
2
M(y,2) = sup (y(&) - 2(8)) -
geA
Then (C'(A), M, 2) is a complete A—metrice space with A = 2.

In this paper, we make use of the following assumptions:

(A1) There exists a function v : C'(A) x C1(A) —]0, o0) and &y € C!(A) such that

t t _ _
v(go(t), 61+ ngh(t) + q f h(r)d + 6, f exp{M}h(T)dT) >0,
0 0 1-¢q

h € CY(A), with k() = f(t, &(t), h(t)) and 6, = xo + 1,1(0).

(Ay) There exists p € ® and ¢ : C(A) x C}(A) » R and x : A —]0, 1] such that for each z, y,z1, y1 € C'(A)
andTt e A

| f(t,z,y) = f(t,zi, ) IS oz y) lz=z | +x(D) |y —v1 |,

with

o(z, t oz, 1
Il 21, 1(_ )]:S) +(q+ 5q)f0 1(_ )}?S)dT %< Z(P( Iz = )* lleo ),

where x; = sup | x(7) |.
€]

(A3) Foreacht e Aand z,y € C}(A), we have

v(z(t) , y(t)) >0 = v(Ag, Ah) >0,
where v is defined in assumption (4;) and

! ! —aq(t—t
Ap =0, +149(t) + qf g(t)dt + 0, f exp{z(fq)}g(’c)d’f,
0 0

t t —aq(t — 1)
Ay =0 + n4h(t) + qf h(t)dt + éqf exp{ﬁ}h(f)d’c,
0 0 -
and h, g € CY(A), with h(7) = f(t, y(7), h(T), 9(T) = f(7,2(7), 9(7))) and 6, = uy +14h(0), 0, = ug+1,9(0).
(Ag) If (pn)nen C CY(A) such that V}im pn = p and v(p,, pus1) = 0, then v(p,, p) > 0.

(As) If u, v two fiexd solutions of problem (1), either

v(u,v) 20 or v(v,u)=0.
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Lemma 3.1. Let g € C'[0, T]. A function x € C'[0, T] is solution of problem
( .2 )(t) g, VteA=[0,T] 0<g<1, d>0,c>0
z(0) = zg
if and only if z satisfies the following equation

d( 2)9(0) + ( Odcg(-))(t) te[0,T] 3)

Proof. Let z € C'[0, T] be a solution of (2). One has

z(t) = zg —

(Oab)(t) = g'(t) , Vtel[0,T]

By Definition 2.10, we obtain

(Ds,.2)

I
—_—
—_

| [+

=

~—
—_
W

N
|+
(9}

N
S~

—dg(t=s) | (cq(t —-5)

e 1 sin
1-9q

)z’(t)ds

ot 200 - (75 (= (S o, @

y(t) = Lte_d3“;5)sin(cq(t —qs)) "(t)ds
V'(t)=j:%(e i (qu(_q))) /(Bds.

—dq i) (cq(t - s))
e 1 sin 2’ (t)ds
T-q —q

¢

cq f ~dt=s) ( cq(t —s) )

+ e 177 cos t)ds,
I-q9Jo 1-gq 7 (Es

where

On the other hand

Then,

—_~
~~
N
<

|

—d d
= o0+ gm0 (5)

Using that y(0) = 0 and integrating the equality (5), we get

0= [ g
= —_— -q
y Zra ) ¢ 90
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Hence by (4), we deduce that
(Phacf o = (=)
{5@y{1?qyaywlquljeTﬁﬂgﬁ}

By using
(om)@—gm te[0,TI.
We obtain that
70 = (7))
o~ )g<f)‘(1q—_cq)2 foted‘q(? o))
Then,
Z(t) ig;q)%n
94 o
d2+2() (d2+62)(1 q)f =1 g(s) (6)

Using that z(0) = zo and integrating the (6), we have

dl -
A=z = d2+czng)dT+ (2+qu)g(t)— d(2+cz)g(0)

dc?q? —dye=s)
@+ - q)f f T o
From Fubini’s theorem, we have

t T _do(r=s t dgs t —dqt
ffe Tﬂi)g(s)dsdr feﬂlg(s)(felqﬂd’[)ds

0 Jo 0 s

1—q)ft (1—q)ft ~dgti=s)
—_— s)ds — | —— e =1 g(s)ds
() [ o0as=(=7) [ g0

Then,

d(l - 9q) d(1 - q)
d2+c2f g0 e g - d2+c2g(0)

e

+ S dS - — e 11 s dS

(d24-c2x1 q)(( L 9Ss= (=) | e al)

_ qu t d(1-gq) ~ d(1-gq) Czq ft

= Pic fo g(t)dt + 21 g(t) ia 9(0) + Eid ). g(s)ds
Czq t —dq(t-s)

) fo e 17 g(s)ds

il - i - t 2 S
= %9@ ( qz)g<0>+q( fo gls)ds — —— fo et 9(S)ds)

z(t) — 2o
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So, we get (3).
Conversely, if z satisfies (3), then (Dg dcz)(t) =g(t), Yte A =1[0,T]and z(0) = zo. O

We can deduce the following result

Lemma 3.2. A function x is a solution of problem 1, if and only if x satisfies the following integral equation

2(t) = 0, + (I ,90)(t) teA=10,T]

with g(t) = f(t,2(t), g(t) and 6, = 2o + n,9(0) = z0 — =L 4(0).
Theorem 3.3. Under assumptions (A1)-(As), the problem(1) has a unique solution.
Proof. consider the maping Q : C'(A) — CY(A) with

Q:C'(n) - C'W)

x = Qz(t) = Oy + ngh(t) +q£ h(s)ds +6qj(; exp{#tgs)}h(s)ds,

where h € C1(A), such that h(t) = f(t,z(t), h(t)) and 6, = zg + 114h(0).
Using Lemma 3.2, the problem reduces to finding a fixed point of the map Q.
Let & : CY(A) X CY(A) — [0, o) be the function defined by
1 if v(x(t),y(t) =0 te]
alx, y) = {

0 otherwise.

We have to prove that Q is a generalized a-p-Geraghty operator:

Letsx, y € C'(A) and t € A, we have
t
Q=(t) — Qu(t) = 6, — O, + n,lg(®) — (O] + g fo 9(5) — h(s)ds

t f— —

+0, f exp{M}g(s) — h(s)ds,
0 1-4q

where &1, g € C'(A), such that h(t) = f(t, y(t), h(t)), g(t) = f(t,z(t), g(t)) and

65] = Up + nqg(o)/
On = ug + 14h(0).

Then
| Qa(t) — Qu(t) <1 0, — 04 1+ my | 9(8) ~ (1) | +4 fo | g(s) ~ h(s) | ds
< 41y 1 9(0) = h(0) | +14 | g(t) = h(t) |
' —dg(t - s)
+ fo (q +o, exp{ﬁ}) | g(5) = h(s) | ds.

t _d _
+0, [ expl=T = 19~k 1 s
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By (A;), we get
lg(®) —h®)| =
< oy y)lz(t) -
<
Thus,
lg—hlls &

Next, we have

| f(t,2(0), g(£)) = f(t, y(), h(t) |

y(®) [ +x(&) | g(t) = h(t) |

oz, ) | (2() = y(®) "2 +x(t) | g) = h) .

(]/)(

| Qz(t) = Qu(t) | < 2n;——— |l (z

t
+f (q+6qex
0

TED | o) 12

—y) I

pi

<2n ﬂﬁ@n@—

o(z,y)
+f0(q+6)—y||( y) 12 ds

<l (z-y) 12

So,
Q) - Qv P <l (=) ol 21,522 + g+ ) f D] i,
2 a(z,y) a(z,y)
<N z-) Il 2, T2 + g+, )f D] i
This implies
Q)= Qu(t) P <l (2= 9)’ lls 3001 (2= )" 1)
< TME PPME, ).
Then,
M(Qz, Qy) ;M y)p(M(z ).
And thus,
PM(Qx(0, Qyt) < 55MCz (M, ).
Since ¢ € ®, we have
(e, P(2MQe(), Q1) < ale, Yp(35ME P(MEz, 1)
< p(35Me0)pMe y)
< 35 e(MGD)eME ).

[ZTM
2 102 o(z,y) o(z,y)
<l (z—y) lI& n[znqif;;z-+(q-+5q)J; 1__X‘ds]nm.

—dq(t — S)})fi(zx Y (2 - y)2 Y2 ds

1-9q — Xs
2
y)

1_—')(}/S)+(q+6q)f 1(2)]2 ]

s

31
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Hence,
a(z, y)p(M(Qz(t), Qu) < p(p(M(z, y)))p(M(z, ) + Lp(N(z, y)),
where u(f) = %, p € ®,L=0and c=2.
So, Q is generalized a-p-Geraghty operator.

Lets z, y € CY(A) such that a(z, y) > 1.
Thus, for each t € A, we have

v(z(t), y(t)) = 0.

By (A3), then
v(Qz(t), Quy(t)) = 0,

this implies that
*(Qz,Qy) 2 1.

Hence, Q is a a-admissible.
From (A;), there exist & € C'(A) such that such that

—dq(t —s)

— }h(s)ds) >0,

v(éo(t),6h+r]qh(t)+q j; h(s)ds + o, j; expl

this implies that
v(&o, Qo) 2 0.

Thus,
a(&o, Qo) = 1.

So, there exist & € C'(A) such that
a(&o, Qo) = 1.

Finally, if (p;)nen € C 1(A) such that lim pn = p and a(py, pr+1) = 1, which gives

V(pm Pn+1) > 0.

Then, from (A4) we have v(p,, p) = 0.
And thus,

v(pn,p) = 0.

This implies that
a(pn,p) = 1.

Therefore, by applying Theorem 2.9, we conclude that if Q has a fixed point in C(A), then it is a solution
of the fractional problem (1).
Moreover, (As), if u and v are two fixed points of Q, then either

v(u,v) = 0 or v(v,u) > 0.
This implies that either
a(u,v) = 1ora(v,u) > 1.

From an application of Theorem 2.9, then the problem (1) has the uniqueness solution. [
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4. Example

We consider the following Caputo-Fabrizio fractional problem.

{@w%m@m = g(t,2(,(TD,, D) teA=[01] )

z(0) =0,
Where ¢F Z)g 1o is Generalized of Caputo-Fabrizio fractional derivative of order g € (0,1) and g : AXRXR —

R is a continuous function definied by the following expression

1+ z + sin(z) et ]

7= P =5 24z 1+y

Let (C'(A), M, 2) is a complete A—metrice space with ¢ = 2, such that
d:CHA)xCY(A) = R,
2
(z,y) = M(z,y) = sup (z(t) - y(t))
teA

2
=l (z=y) Nl -
Lets z,y,v,u € C'(A) and t € A, we have

a0 o) = YL et
_ 171+ y(®) +sin(y(®) et ]
51 2+ y(t) 1+ o(t)
_o 1z -y®
C 5L+ () + y(t)
N (2 + y(t)) sin(z(f)) — (2 + z(#)) Sin(y(t))]
(1 +z(E))( + y(£)
L e -
5 (1 +u®)+o(t)

And thus,

| g(t, 20, u(®) — gt y(), 0) | < % | 2(H) - y(b) |
+  [(2+ y(®) sin(z(t)) = (2 + z(t)) sin(y(1)) |

+ S luB -]l

Case-1: if y(t) < z(t), we get

| gt 20, u®) - g(t, y®O,o®) | < 120 - y(®) |
+ | @+ z()(sinz®) - sin(y() |
—t
+ =) - |
< L2 - y() | +2(2+ | x(8) )
| cos(z(t) J; y(t)) I sin(z(t) ; y(t)) |
S lut -0

5
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Since sinz < x for all z > 0, then

| g(t, 20, u®) = g(t, v, 0®) | < 12() = () | +@+ [ 2(8) ) | 2() = y(8) |
+ %_tm(t)—v(m
< (3+||z||w)||z—y||oo+%t||u—v||w.

Case-2: if y(t) > z(t), we obtain

—t

| 9(t20,10) - 9t y®,2®) | < B+llyle ) lz=yllo +5 11 -0l

So,

L 9(t, 20, 1) g(t, y(®),00) | < minB+ 1|y lleo, 3+ 112 lloo} 112 =y [l
—t

e
+ ?HM—UHm-

Then hypothesis (A,) is satisfied
| 9(t, 20, ut) = g(t, y(®,v®O) | < 0(z,y) | 2(5) = y(t) | +x(t) | u(t) = o(t) |,
where
0(z,y) = min{3+ || ¥ lleo, 3+ Il 2 [l },
X =z,

We define the function a : C(A) X C(A) — R} by

1 if o(z(t),y() =0 teA,

alz,y) =
0 otherwise,

and

0:C(A)XC(A) = R
(Z/y) = Q(Zry) =l z- y lloo -

Thus, hypothesis (A3) is satisfied with
So(t) = z(0).
Moreover (A4) holds from the definitions of the g.

Finally, by Theorem 3.3, we get the existence of solutions and the uniqueness of problem (7).

Conclusion

This paper presents contributions to the study of differential equations involving the generalized Caputo-
Fabrizio fractional derivative in the A-Metric Space, using fixed point theory of a-p-Geraghty type. Fur-
thermore, we have concluded this study with an illustrative example of our theoretical results
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