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Generalized Jensen-Hermite-Hadamard Mercer Type Inequalities for
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Abstract. In this paper, we present a variant of discrete Jensen-type inequality for generalized strongly
convex functions on a real linear fractal set Rα ( 0 < α ≤ 1). Further, we also demonstrate a generalized
Jensen–Mercer type inequality for generalized strongly convex function by employing local fractional
calculus. Using this generalized Jensen-Mercer inequality, we establish a Hermite-Hadamard-Mercer type
inequalities for generalized strongly convex functions.

1. Introduction

Convexity theory has emerged as a useful tool for studying a diverse range of problems in both pure
and applied sciences. Convex functions play an important role in mathematical inequalities. Convexity
theory has many applications in a variety of fascinating and compelling fields of inquiry, as well as its
significant contributions to coding theory, optimization, physics, information theory, engineering, and in-
equality theory. The Hermite-Hadamard inequality is one of the most well-known inequalities for the class
of convex functions. Many articles on convex functions and inequalities have been written by a number of
mathematicians for their various classes, utilizing, for example, the most recent publications can be found
in the monographs (see, [1–3]).

Definition 1.1. Let I ⊂ R be an interval and c be a positive number. A function Φ : I → R is called generalized
strongly convex function with modulus c if

Φ(λx + (1 − λ)y) ≤ λΦ(x) + (1 − λ)Φ(y) − cλ(1 − λ)(x − y)2,

for all x, y ∈ I and λ ∈ [0, 1].

In this definition, if we take c=0 we get the definition of convexity in the classical sense. Strongly convex
functions have been introduced by Polyak [4] In 1966. Every strongly convex function is also convex, but
this is not always the case. The convergence of a gradient type approach for minimizing a function has been
demonstrated using strongly convex functions. Strongly convex function play a vital role in mathematical
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economics, optimization theory, and approximation theory. A lot of applications and properties can be seen
in [5–7].

For different classes of generalized convex functions, a variant of the Jensen inequality is proved, and
the class of strongly convex functions is one of them.

Theorem 1.2. [5](Jensen-type inequality) Suppose that Φ : I→ Rα is strongly convex function with modulus c.

Φ

 n∑
i=1

λixi

 ≤ n∑
i=1

λiΦ(xi) − c
n∑

i=1

λi(xi − x̄)2.

for any xi ∈ I and λi ∈ [0, 1] (i = 1, 2, ...,n) with
n∑

i=1
λi = 1 and x̄ =

n∑
i=1
λixi.

This classical Jensen inequality is one of the most important inequalities in convex analysis with appli-
cations in mathematics, economics, statistics, and engineering sciences ( see [8–10]). The Jensen inequality
has a lot of interesting studies in the literature for example, the Jensen-Mercer inequality is a new form of
the Jensen inequality proposed by Mercer in [11].
In 2003, Mercer presents a variant of Jensen’s inequality as:

Theorem 1.3. [11] Suppose that Φ is a convex function on [ζ1, ζn] , we have

Φ

ζ1 + ζn −

n∑
i=1

ωi ai

 ≤ Φ (ζ1) + Φ (ζn) −
n∑

i=1

ωiΦ (ai)

for all ai ∈ [ζ1, ζn] and ωi ∈ [0, 1], where i = 1, 2, . . . ,n with
n∑

i=1
ωi = 1.

Fractional calculus is a field of mathematics that investigates the various methods of defining real num-
ber powers and complex number powers of the differentiation and integration operators. Within the topic
of fractional calculus, there are two separate approaches: generalised fractional calculus and local fractional
calculus. While both deal with non-integer orders of differentiation and integration, they have different
underlying principles and applications.Generalized fractional calculus extends traditional fractional calcu-
lus by introducing new operators and functions that can capture a wider range of behaviors. It focuses
on developing operators and functions that go beyond the limitations of the classical Riemann-Liouville
fractional integral and derivative. Generalized operators may include Caputo, Grunwald-Letnikov, or
Riesz fractional derivatives, among others. These operators may have different applications in modeling
in dynamics and Chaos and to develop new inequalities (see [12–15]). Local fractional calculus, on the
other hand, is a different approach that involves fractional derivatives and integrals that are based solely
on local properties of a function, rather than the entire function. A combination of fractional fractal cal-
culus was developed for modeling attractors of chaotic dynamical systems and explore new directions in
numerical analysis (see [16–18]). It focuses on analyzing properties of functions within a restricted range.
Local fractional calculus is one of the most useful techniques for dealing with fractal and continuously
non−differentiable functions. The concept of local fractional calculus has piqued the curiosity of mathe-
maticians, as well as physicists and engineers. Yang [19] stated the theory of local fractional calculus on
fractal space. Local fractional calculus is a generalization of differentiation and integration of the functions
defined on fractal sets. Fractals help us study and understand important scientific concepts, such as the way
bacteria grow, patterns in freezing water (snow flakes) and brain waves. After Mandelbrot [20] published
his seminal book, fractals have been found valuable in science as well as engineering. Mo et al. [21] defined
the generalized convex function on the fractal space Rα (0 < α ≤ 1) of a real numbers and established the
generalized Jensen’s inequality and generalized Hermite-Hadamard’s inequality for a generalized convex
function in the concept of local fractional calculus. A huge literature is present on fractal Hermite-Hadamrd,
Ostrwoski, and Hermite-Mercer type inequalities (see [23–29]).
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2. Preliminaries

We recall the theory of local fractional calculus. The concepts and important consequences associated with
the local fractional derivative and local fractional integral are as follows:

For 0 < α ≤ 1, we have the following α-type set of element set:
Zα = {0α,±1α,±2α, ...,±nα, ...}.
Qα =

{
mα = (c/d)α : c, d ∈ Z, d , 0

}
.

Jα =
{
mα , (c/d)α : c, d ∈ Z, d , 0

}
.

Rα =Qα ∪ Jα.
If rα, sα, tα ∈ Rα then the following operations satisfy
(i) rα + sα ∈ Rα, rαsα ∈ Rα;
(ii) rα + sα = sα + rα = (r + s)α = (s + r)α;
(iii) rα + (sα + tα) = (r + s)α + tα;
(iv) rαsα = sαrα = (rs)α = (sr)α;
(v) rα(sαtα) = (rαsα)tα;
(vi) rα(sα + tα) = rαsα + rαtα;
(vii) rα + 0α = 0α + rα = rα, rα1α = 1αrα = rα.

To introduce the local fractional calculus on Rα, we begin the concept of the local fractional continuity as:

Definition 2.1. [19] A non-differentiable mapping Φ : R −→ Rα, κ −→ Φ(κ) at κ0 is named local fractional
continuous at κ0, if for all ϵ > 0 exists δ > 0 such that

|Φ(κ) −Φ(κ0)| < ϵα

holds for |κ − κ0| < δ, for all ϵ, δ ∈ R. If Φ(κ) is local fractional continuous on the interval (ζ1, ζn) then we write
Φ(κ) ∈ Cα(ζ1, ζn).

Definition 2.2. [19] The local fractional derivative of Φ(κ) of order α at κ = κ0 is

Φ(α)(κ0) =
dαΦ(κ)

dκα

∣∣∣∣∣
κ=κ0

= lim
κ→κ0

∆α(Φ(κ) −Φ(κ0))
(κ − κ0)α

,

where ∆α(Φ(κ) −Φ(κ0)) = Γ (1 + α) (Φ(κ) −Φ(κ0)).

Definition 2.3. [19] If Φ ∈ Cα[ζ1, ζn], then the local fractional integral of Φ(κ) of order α is

ζ1 I(α)
ζn
Φ(κ) =

1
Γ (1 + α)

∫ ζn

ζ1

Φ(w)(dw)α

=
1

Γ (1 + α)
lim
∆w→0

M−1∑
s=0

Φ(ws)(∆ws)α,

where ∆ws = ws+1 − ws, ∆w =max {∆ws|s = 1, 2, ...,M − 1}, and [ws,ws+1], s = 0, 1, ..,M − 1 with w0 = ζ1 < w1 <
... < wi < ... < wM−1 < wM = ζn is a partition of [ζ1, ζn].

Here, it implies that ζ1 I(α)
ζn
Φ(κ) = 0 if ζ1 = ζn and ζ1 I(α)

ζn
Φ(κ) = − ζn I(α)

ζ1
Φ(κ) if ζ1 < ζn. If for any κ ∈ [ζ1, ζn],

there exists ζ1 I(α)
ζn
Φ(κ), which we denoted by Φ(κ) ∈ I(α)

κ [ζ1, ζn].

Define the Mittag-Leffler function [19] on fractal sets Rα ( 0 < α ≤ 1) is given by

Eα(κα) =
∞∑

k=0

κkα

Γ(1 + kα)
, κ ∈ R.



S. I. Butt / TJOS 8 (2), 51–63 54

Lemma 2.4. [19]

ζ1 I(α)
ζn

Eα(κα) = Eα(ζαn) − Eα(ζα1 ).

and

dαEα(ςκα)
dκα

= ςEα(ςκα)

where ς is a constant.

Lemma 2.5. [19]

(i) If Φ(κ) = Φ(α)(κ) ∈ Cα[ζ1, ζn],
then we have

ζ1 Iαζn
Φ(κ) = Φ(ζn) −Φ(ζ1).

(ii) If Φ(κ),Φ(κ) ∈ Dα[ζ1, ζn] and Φ(α)(κ), Φ(α)(κ) ∈ Cα[ζ1, ζn],
then we have

ζ1 Iαζn
Φ(κ)Φ(α)(κ) = Φ(κ)Φ(κ)|ζn

ζ1
− ζ1 Iαζn

Φ(α)(κ)Φ(κ)

Lemma 2.6. [19]

dακτα

dκα
=

Γ (1 + τα)
Γ (1 + (τ − 1)α)

κ(τ−1)α;

and

1
Γ (1 + α)

∫ ζn

ζ1

κτα(dκ)α =
Γ (1 + τα)

Γ (1 + (τ + 1)α)
(ζ(τ+1)α

n − ζ(τ+1)α
1 ),

while τ ∈ R.

Rainier et al. [22] propose the idea of a generalized strongly convex function on a fractal set with modulo
c.

Definition 2.7. Let I ⊂ R be an interval and c be a positive number. A function Φ : I → Rα is called generalized
strongly convex function with modulus c if

Φ(λx + (1 − λ)y) ≤ λαΦ(x) + (1 − λ)αΦ(y) − cαλα(1 − λ)α(x − y)2α (1)

for all x, y ∈ I and λ ∈ [0, 1].

Remark 2.8. . It is to be noted that

1. If α = 1 then generalized strongly convex functions derives strongly convex function.
2. If c = 0 then generalized strongly convex functions derives generalized convex function.
3. If α = 1 and c = 0 then generalized strongly convex functions derives convex function.

Theorem 2.9. [22] A function Φ : I→ Rα is generalized strongly convex with modulus c if and only if the function
1 : I→ Rα defined by 1(x) = Φ(x) − cαx2α is generalized convex.

Theorem 2.10. [22](Generalized Jensen-type inequality) Suppose that Φ : I → Rα is a generalized strongly

convex function on I. Then for any xi ∈ I and λi ∈ [0, 1] (i = 1, 2, ...,n) with
n∑

i=1
λi = 1 and x̄ =

n∑
i=1
λixi, we have

Φ

 n∑
i=1

λixi

 ≤ n∑
i=1

λi
αΦ(xi) − cα

n∑
i=1

λi
α(xi − x̄)2α. (2)
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Theorem 2.11. [22] (Generalized Hermite–Hadamard-type inequality) If Φ : I→ Rα is a generalized strongly
convex function on I = [a, b] and Φ ∈ I(α)

x [a, b], then

Φ

(
a + b

2

)
− cαΦ

(
a + b

2

)2α

≤
Γ(1 + α)
(b − a)α

[
aI(α)

b Φ(x) − cα
Γ(1 + 2α)
Γ(1 + 3α)

(b3α
− a3α)

]

≤
Φ(a) + Φ(b)

2α
− cα

(
a2α + b2α

2α

)
.

Recently, Butt et al. [31] established the generalized Jensen-Mercer inequality.

Theorem 2.12. Generalized Jensen–Mercer inequality Let I = [ζ1, ζn] ⊆ R be an interval andΦ be a generalized
convex function, then the following inequality holds

Φ

ζ1 + ζn −

n∑
i=1

ωi xi

 ≤ Φ (ζ1) + Φ (ζn) −
n∑

i=1

ωαi Φ (xi) .

The principal aim of this paper is to present some results related to the Jensen-Mercer inequality in the
framework of generalized strongly convex function on fractal sets. We establish generalized Jensen-Mercer
type inequalities and generalized Hermite-Hadamard-Mercer type inequality for generalized strongly con-
vex function in fractal space.

The article is organized as: In Section 3, we drive a variant of Jensen-type inequality for a generalized
strongly convex function on a real linear fractal setRα ( 0 < α ≤ 1). In order to prove this inequality, we need
a main lemma on fractal sets which is presented in this section. We establish generalized Jensen-Mercer type
inequality for this class of function. In Section 4, generalized Hermite-Hadmard-Mercer type inequality for
a generalized strongly convex function are obtained.

3. Generalized Jensen-Mercer type inequality

Lemma 3.1. Let Φ : I→ Rα is a generalized strongly convex with modulus c, then

Φ(ζ1 + ζn − ζi) ≤ Φ(ζ1) + Φ(ζn) −Φ(ζi) − 2αcαλi
α(1 − λi)α(ζ1 − ζn)2α, (3)

where λi ∈ [0, 1], ζ1 = min
1≤i≤n
ζi, ζn = max

1≤i≤n
ζi and ζi ∈ I.

Proof. Let yi = ζ1 + ζn − ζi for i = 1, 2, ...,n, then ζ1 + ζn = ζi + yi. We may write

ζi = λiζ1 + (1 − λi)ζn

and

yi = (1 − λi)ζ1 + λiζn,

where 0 ≤ λi ≤ 1 and 1 ≤ i ≤ n. Hence, applying generalized Jensen inequality, we get

Φ(yi) = Φ((1 − λi)ζ1 + λiζn)

≤ (1 − λi)αΦ(ζ1) + λαi Φ(ζn) − cαλαi (1 − λi)α(ζ1 − ζn)2α

= Φ(ζ1) + Φ(ζn) − (λαi Φ(ζ1) + (1 − λi)αΦ(ζn)) − cαλαi (1 − λi)α(ζ1 − ζn)2α

≤ Φ(ζ1) + Φ(ζn) −Φ(λiζ1 + (1 − λi)ζn) − 2αcαλαi (1 − λi)α(ζ1 − ζn)2α

= Φ(ζ1) + Φ(ζn) −Φ(ζi) − 2αcαλαi (1 − λi)α(ζ1 − ζn)2α.

Therefore, inequality (3) follows from yi = ζ1 + ζn − ζi.
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Theorem 3.2. (Generalized Jensen-Mercer type inequality) Let Φ : I → Rα is a generalized strongly convex
with modulus c, then

Φ

ζ1 + ζn −

n∑
i=1

ωiζi


≤ Φ(ζ1) + Φ(ζn) −

n∑
i=1

ωαi Φ(ζi)

− cα
2α

n∑
i=1

ωαi λ
α
i (1 − λi)α(ζ1 − ζn)2α +

n∑
i=1

ωαi (ζi − ζ̄)2α

 ,
(4)

where ζ̄ =
n∑

i=1
ωiζi,

n∑
i=1
ωi = 1, λi ∈ [0, 1], ζ1 = min

1≤i≤n
ζi, ζn = max

1≤i≤n
ζi and ζi ∈ I.

Proof. Since
n∑

i=1
ωi = 1 and by Lemma 3.1, we have

Φ

ζ1 + ζn −

n∑
i=1

ωiζi


= Φ

 n∑
i=1

ωi(ζ1 + ζn − ζi)


≤

n∑
i=1

ωαi Φ(ζ1 + ζn − ζi) − cα
n∑

i=1

ωαi (ζi − ζ̄)2α

≤ Φ(ζ1) + Φ(ζn) −
n∑

i=1

ωαi Φ(ζi) −
n∑

i=1

ωαi cα2αλαi (1 − λi)α(ζ1 − ζn)2α

− cα
n∑

i=1

ωαi (ζi − ζ̄)2α

= Φ(ζ1) + Φ(ζn) −
n∑

i=1

ωαi Φ(ζi)

− cα
2α

n∑
i=1

ωαi λ
α
i (1 − λi)α(ζ1 − ζn)2α +

n∑
i=1

ωαi (ζi − ζ̄)2α

 .
This completes the proof.

Remark 3.3. s

1. If α = 1 then inequality (4) gives Jensen-Mercer inequality for strongly convex function proved by Moradi in
[30].

2. If c = 0 then inequality (4) gives generalized Jensen-Mercer inequality for generalized convex function proved
by Butt et al. in [31].

3. If α = 1 and c = 0 then inequality (4) gives Jensen-Mercer inequality for classical convex function [11].
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Theorem 3.4. Let Φ : I → Rα be a generalized strongly convex function on I = [ζ1, ζn] with modulus c and
λi ∈ [0, 1]. Then

Φ(ζ1 + ζn − ζ̄)

≤

n∑
i=1

ωαi Φ(ζ1 + ζn − ((1 − λi)ζi + λiζ̄)) − cα
n∑

i=1

ωαi (1 − λi)2α(ζi − ζ̄)2α

≤ Φ(ζ1) + Φ(ζn) −
n∑

i=1

ωαi Φ(ζi)

− cα
2α

n∑
i=1

ωαi λ
α
i (1 − λi)α(ζ1 − ζn)2α +

n∑
i=1

ωαi (ζi − ζ̄)2α

 ,

for all ζi ∈ [ζ1, ζn] and ωi ∈ [0, 1] (i = 1, 2, ...,n) with
n∑

i=1
ωi = 1, where ζ̄ =

n∑
i=1
ωiζi.

Proof. Firstly, since Φ is generalized strongly convex function, we have

n∑
i=1

ωαi Φ(ζ1 + ζn − ((1 − λi)ζi + λiζ̄)) − cα
n∑

i=1

ωαi (1 − λi)2α(ζi − ζ̄)2α

≥ Φ

 n∑
i=1

ωi(ζ1 + ζn − ((1 − λi)ζi + λiζ̄)


= Φ(ζ1 + ζn − ζ̄)
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On the other hand

n∑
i=1

ωαi Φ(ζ1 + ζn − ((1 − λi)ζi + λiζ̄)) − cα
n∑

i=1

ωαi (1 − λi)2α(ζi − ζ̄)2α

=

n∑
i=1

ωαi Φ((1 − λi)(ζ1 + ζn − ζi) + λi(ζ1 + ζn − ζ̄)) − cα
n∑

i=1

ωαi (1 − λi)2α(ζi − ζ̄)2α

≤

n∑
i=1

ωαi

[
(1 − λi)αΦ(ζ1 + ζn − ζi) + λαi Φ(ζ1 + ζn − ζ̄)) − cαλαi (1 − λi)α(ζi − ζ̄)2α

]

− cα
n∑

i=1

ωαi (1 − λi)2α(ζi − ζ̄)2α

≤

n∑
i=1

ωαi

[
(1 − λi)α[Φ(ζ1) + Φ(ζn) −Φ(ζi) − 2αcαλαi (1 − λi)α(ζ1 − ζn)2α]

+ λαi [Φ(ζ1) + Φ(ζn) −
n∑

i=1

ωαi Φ(ζi) + cα
n∑

i=1

ωαi (ζi − ζ̄)2α
− 2αcαλαi (1 − λi)α(ζ1 − ζn)2α]

− cαλαi (1 − λi)α(ζi − ζ̄)2α
]
− cα

n∑
i=1

ωαi λ
α
i (1 − λi)2α(ζi − ζ̄)2α

≤ Φ(ζ1) + Φ(ζn) −
n∑

i=1

ωαi Φ(ζi)

− cα
2α

n∑
i=1

ωαi λ
α
i (1 − λi)α(ζ1 − ζn)2α +

n∑
i=1

ωαi (ζi − ζ̄)2α

 .
This completes the proof.

4. Generalized Hermite-Hadamard-Mercer type inequality

Theorem 4.1. If Φ ∈ I(α)
x [ζ1, ζn] and Φ be a generalized strongly convex function on [ζ1, ζn], then

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

[ (
ζ1 + ζn −

a + b
2

)2α

− (ζ2α
1 + ζ

2α
n )

]
≤ Φ(ζ1) + Φ(ζn) −

Γ(1 + α)
(b − a)α

[
aI(α)

b Φ(x) − cα
Γ(1 + 2α)
Γ(1 + 3α)

(b3α
− a3α)

]

≤ Φ(ζ1) + Φ(ζn) −Φ
(

a + b
2

)
+ cα

(
a + b

2

)2α

(5)
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and

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

(
ζ1 + ζn −

a + b
2

)2α

≤
Γ(1 + α)
(b − a)α

[
ζ1+ζn−bI(α)

ζ1+ζn−aΦ(x) − cα
Γ(1 + 2α)
Γ(1 + 3α)

(b3α
− a3α)

]
≤
Φ(ζ1 + ζn − a) + Φ(ζ1 + ζn − b)

2α
− cα

(
(ζ1 + ζn − a)2α + (ζ1 + ζn − b)2α

2α

)

≤ Φ(ζ1) + Φ(ζn) −
Φ(a) + Φ(b)

2α
− cα

(
ζ2α

1 + ζ
2α
n −

a2α + b2α

2α

)
, (6)

for all a, b ∈ [ζ1, ζn].

Proof. Suppose thatΦ ∈ I(α)
x [ζ1, ζn] andΦ is a generalized strongly convex function then by Theorem 2.9, this

is equivalent to saying that the function 1 : [ζ1, ζn]→ Rα defined by 1(x) = Φ(x)−cαx2α is generalized convex.
By [[32], Theorem 3.1], the above implies that the generalized Hermite-Hadamard-Mercer inequality holds
for 1,

1

(
ζ1 + ζn −

a + b
2

)
≤ 1(ζ1) + 1(ζn) −

Γ(1 + α)
(b − a)α aI(α)

b 1(x)

≤ 1(ζ1) + 1(ζn) − 1
(

a + b
2

)
(7)

and

1

(
ζ1 + ζn −

a + b
2

)
≤
Γ(1 + α)
(b − a)α ζ1+ζn−bI(α)

ζ1+ζn−a1(x)

≤
1(ζ1 + ζn − a) + 1(ζ1 + ζn − b)

2α

≤ 1(ζ1) + 1(ζn) −
1(a) + 1(b)

2α
.

(8)

Equivalently, we have (7)

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

(
ζ1 + ζn −

a + b
2

)2α

≤ Φ(ζ1) + Φ(ζn) − cα(ζ2α
1 + ζ

2α
n ) −

Γ(1 + α)
(b − a)α aI(α)

b [Φ(x) − cαx2α]

≤ Φ(ζ1) + Φ(ζn) − cα(ζ2α
1 + ζ

2α
n ) −

[
Φ

(
a + b

2

)
− cα

(
a + b

2

)2α ]
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Consequently,

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

(
ζ1 + ζn −

a + b
2

)2α

≤ Φ(ζ1) + Φ(ζn) − cα(ζ2α
1 + ζ

2α
n ) −

Γ(1 + α)
(b − a)α aI(α)

b Φ(x) + cα
Γ(1 + α)Γ(1 + 2α)
(b − a)αΓ(1 + 3α)

(b3α
− a3α)

≤ Φ(ζ1) + Φ(ζn) − cα(ζ2α
1 + ζ

2α
n ) −

[
Φ

(
a + b

2

)
− cα

(
a + b

2

)2α ]
Thus, we have

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

[ (
ζ1 + ζn −

a + b
2

)2α

− (ζ2α
1 + ζ

2α
n )

]
≤ Φ(ζ1) + Φ(ζn) −

Γ(1 + α)
(b − a)α

[
aI(α)

b Φ(x) − cα
Γ(1 + 2α)
Γ(1 + 3α)

(b3α
− a3α)

]

≤ Φ(ζ1) + Φ(ζn) −
[
Φ

(
a + b

2

)
− cα

(
a + b

2

)2α ]

And (8), we have

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

(
ζ1 + ζn −

a + b
2

)2α

≤
Γ(1 + α)
(b − a)α ζ1+ζn−bI(α)

ζ1+ζn−a[Φ(x) − cαx2α]

≤
Φ(ζ1 + ζn − a) + Φ(ζ1 + ζn − b)

2α
− cα

(
(ζ1 + ζn − a)2α + (ζ1 + ζn − b)2α

2α

)

≤ Φ(ζ1) + Φ(ζn) − cα(ζ2α
1 + ζ

2α
n ) −

Φ(a) + Φ(b)
2α

+ cα
(

a2α + b2α

2α

)

Thus, we have

Φ

(
ζ1 + ζn −

a + b
2

)
− cα

(
ζ1 + ζn −

a + b
2

)2α

≤
Γ(1 + α)
(b − a)α

[
ζ1+ζn−bI(α)

ζ1+ζn−aΦ(x) − cα
Γ(1 + 2α)
Γ(1 + 3α)

(b3α
− a3α)

]
≤
Φ(ζ1 + ζn − a) + Φ(ζ1 + ζn − b)

2α
− cα

(
(ζ1 + ζn − a)2α + (ζ1 + ζn − b)2α

2α

)

≤ Φ(ζ1) + Φ(ζn) −
Φ(a) + Φ(b)

2α
− cα

(
ζ2α

1 + ζ
2α
n −

a2α + b2α

2α

)
This completes the proof.
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Figure 1: Graphical behaviour of Left, Middle and Right Terms of 9.

Remark 4.2. s

1. If α = 1 then the inequalities 5 and 6 of Theorem 4.1 reduces to the following inequalities.

Φ

(
ζ1 + ζn −

a + b
2

)
− c

[ (
ζ1 + ζn −

a + b
2

)2

− (ζ2
1 + ζ

2
n)
]

≤ Φ(ζ1) + Φ(ζn) −
1

(b − a)

[
aIbΦ(x) −

c
3

(b3
− a3)

]

≤ Φ(ζ1) + Φ(ζn) −Φ
(

a + b
2

)
+ c

(
a + b

2

)2

(9)

and

Φ

(
ζ1 + ζn −

a + b
2

)
− c

(
ζ1 + ζn −

a + b
2

)2

≤
1

(b − a)

[
ζ1+ζn−bIζ1+ζn−aΦ(x) −

c
3

(b3
− a3)

]
≤
Φ(ζ1 + ζn − a) + Φ(ζ1 + ζn − b)

2
− c

(
(ζ1 + ζn − a)2 + (ζ1 + ζn − b)2

2

)

≤ Φ(ζ1) + Φ(ζn) −
Φ(a) + Φ(b)

2
− c

(
ζ2

1 + ζ
2
n −

a2 + b2

2

)
, (10)

for all a, b ∈ [ζ1, ζn].
Consider the following example for the validity of 9 and 10 inequalities.

Example 4.3. The following graphs of strongly convex functionΦ(x) = x2
−cosx for c=0.2 and [ζ1, ζn] = [0, 1]

for all a, b ∈ [ζ1, ζn] show the validity of 9 and 10 inequalities.

2. If c = 0 then the inequalities 5 and 6 of Theorem 4.1 reduce to generalized Hermite-Hadamard-Mercer type
inequalities for generalized convex function of Theorem 3.1. proved by Butt et al. in [32].
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Figure 2: Graphical behaviour of First, Second, Third and Fourth Terms of 10.

3. If α = 1 and c = 0 then the inequalities 5 and 6 of Theorem 4.1 reduce to the inequalities proved by Kian and
Moslehian in [33], Theorem 2.1.

References
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[8] Butt SI, Bakula MK, Pečarić D and Pečarić J. Jensen-Grüss inequality and its applications for the Zipf-Mandelbrot law. Math.

Methods. Appl. Sci. 44(2) 2021, 1664–1673.
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[10] Rasheed T, Butt SI, Pečarić D and Pečarić J. Generalized cyclic Jensen and information inequalities. Chaos, Solitons & Fractals,

163 2022, 112602.
[11] Mercer A McD. A Variant of Jensens Inequality. J. Ineq. Pure and Appl. Math. 4(4) 2003, Article 73.
[12] Atangana A and Baleanu D. New fractional derivatives with non-local and non-singular kernel: Theory and application to heat

transfer model. Therm. Sci. 20, 2016, 763–769.
[13] Gomez-Aguilar JF and Atangana A. Applications of Fractional Calculus to Modeling in Dynamics and Chaos. Chapman and

Hall/CRC. (1 Eds.) (2022). https://doi.org/10.1201/9781003006244.
[14] Butt SI, Nadeem M and Farid G. On Caputo fractional derivatives via exponential s-convex functions. Turkish Journal of Science.

5(2), 2020, 140–146.
[15] Nasir J, Butt, SI, Dokuyucu MA and Akdemir AO. New Variants of Hermite-Hadamard Type Inequalities via Generalized

Fractional Operator for Differentiable Functions, Turkish Journal of Science. 7(3), 2022, 185–201.
[16] Atangana A. Fractal-fractional differentiation and integration: connecting fractal calculus and fractional calculus to predict

complex system. Chaos, solitons and fractals. 102, 2017, 396-406.
[17] Atangana A and Qureshi S. Modeling attractors of chaotic dynamical systems with fractal fractional operators. Chaos, Solitons

and Fractals. 123, 2019, 320-337.



S. I. Butt / TJOS 8 (2), 51–63 63

[18] Alharthi NH, Atangana A and Alkahtani BS. Numerical analysis of some partial differential equations with fractal-fractional
derivative. AIMS Mathematics. 8(1), 2023, 2240-2256.

[19] Yang XJ. Advanced Local Fractional Calculus and Its Applications. World Science Publisher. New York, 2012.
[20] Mandelbrot BB. The Fractal Geometry of Nature. Freeman, New York (1977).
[21] Mo H, Sui X and Yu D. Generalized convex functions and some inequalites on fractal sets. arXiv preprint arXiv:1404.3964, 2014.
[22] Sanchez RV, Sanabria JE. Strongly convexity on fractal sets and some inequalities. Proyecciones (Antofagasta). 39(1), 2020, 1-13.
[23] Sun W. Local fractional Ostrowski type inequalities involving generalized hconvex functions and some applications for general-

ized moments. Fractals. 29(1), 2021, 2150006.
[24] Sun W. Hermite-Hadamard Type Local Fractional Integral Inequalities for Generalized s-preinvex Functions and their General-

ization. Fractals. 29(04), 2021, 2150098.
[25] Luo C, Wang H and Du T. Fejér-Hermite-Hadamard Type Inequalities Involving Generalized h-convexity on Fractal Sets and

their Applications. Chaos, Solitons & Fractals. 131, 2020.
[26] Butt SI, Agarwal P, Yousaf S and Guirao, JLG. Generalized fractal Jensen and Jensen-Mercer inequalities for harmonic convex

function with applications. Journal of Inequalities and Applications. 2022 (1), 1–18.
[27] Du T, Liu J and Yu Y. Certain Error Bounds on the Parametrized Integral Inequalitiues in the Sense of Fractal Sets. Chaos,Solitons

and Fractals. 161, 2022, 112328.
[28] Xu P, Butt SI, Yousaf S, Aslam A and Zia TJ. Generalized Fractal Jensen-Mercer and Hermite-Mercer type inequalities via h-convex

functions involving Mittag-Leffler kernel. Alexandria Engineering Journal. 61(6), 2022, 4837-4846.
[29] Butt SI and Khan A. New fractal-fractional parametric inequalities with applications. Chaos, Solitons & Fractals. 172, 2023,

113529.
[30] Moradi HR, Omidvar ME, Khan MA and Nikodem K. Around Jensen’s inequality for strongly convex functions. Aequationes

Mathematicae. 92, 2018, 25–37.
[31] Butt SI, Yousaf S, Ahmad H and Nofal TA. Jensen-Mercer inequality and related results in the fractal sense with applications.

Fractals. 30(1), 2022, 2240008.
[32] Butt SI, Yousaf S, Younas M, Ahmad H and Yao SW. Fractal Hadamard-Mercer-Type Inequalities with Applications. Fractals.

30(2), 2022, 2240055.
[33] Kian M and Moslehian MS. Refinements of the operator Jensen-Mercer inequality. Electron. J. Linear Algebra. 26, 2013, 742–753.


