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Exponential s—Convex Functions in the First Sense on the Co-ordinates
and Some Novel Integral Inequalities
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Abstract. This article describes new classes of convexity, namely exponential s—convex functions in the
first sense on the co-ordinates. Then, some new integral inequalities are proved by using some classical
inequalities and properties of exponential s—convex functions in the first sense on the co-ordinates.

1. Introduction

The concept of convexity, which has an important place in inequality theory, has been used by many
researchers and has been used extensively, especially in the field of inequality theory. The definition of the
convex functions can be given as follow.

Definition 1.1. (See [3]) Let I be on interval in R. Then f : I — IR is said to be convex, if

flx+ (@ =Dy) <tf () +0-1)f(y)
holds forall x,y € I and t € [0,1].

The main purpose of the studies on different types of convexity is to optimize the bounds and generalize
some known classical inequalities. An important class of convex functions, the definition of which has
been given with the motivation of this main purpose, is exponentially convex functions, and the definition
is given as follows.

Definition 1.2. (See [4]) A function f : I € R — R is said to be exponential convex function, if

@ fW)

e ey

fA-Ha+ty)<(1-1)

forallx,yel,a e Randte|0,1].
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If the above inequality holds in the reversed sense, then f is said to be exponentially concave function.
Note that if @ = 0, then the class of exponentially convex functions reduce to class of classical convex
function. However, the converse is not true.

In [1], Dragomir mentioned an expansion of the concept of convex function, which is used in many
inequalities in the field of inequality theory and has applications in different fields of mathematics, especially
convex programming.

Definition 1.3. Let us consider the bidimensional interval A = [a,b] X [c,d] in R? witha < b, ¢ < d. A function
f+ A — Rwill be called convex on the co-ordinates if the partial mappings f, : [a,b] — R, f,(u) = f(u,y) and
fr i le,d] = R, fi(v) = f(x,v) are convex where defined for all y € [c,d] and x € [a,b]. Recall that the mapping
f A — Ris convex on A if the following inequality holds,

fAx+ (A =Nz, Ay + (1 - ANDw) < Af(x,y)+ (1 = A)f(z,w)
forall (x,y),(z,w) € Aand A € [0,1].

Expressing convex functions in coordinates brought up the question that it is possible for Hermite-
Hadamard inequality to expand into coordinates. The answer to this motivating question has been found
in Dragomir’s paper (see [1]) and has taken its place in the literature as the expansion of Hermite-Hadamard
inequality to a rectangle from the plane IR? stated below.

Theorem 1.4. Suppose that f : A = [a,b] X [c,d] — R is convex on the co-ordinates on A. Then one has the

inequalities;
a+b c+d 1 b
f( 27 2 )S (b—a)(d_c)j; ff(x,y)dxdy o
_f@+ fa,d) + fO,0 + fb,d)
< ; '

The above inequalities are sharp.

In this study, exponentially convex functions on the co-ordinates have been introduced and a fundamental
integral inequality of Hadamard-type has been proved for exponentially convex functions on the co-
ordinates.

Definition 1.5. (See [2]) A function F : R* — R, is said to be s—convex in the first sense if
F (Biuq + Pattz) < BiF (ur) + B5F (u2)
forall By, 2 =0, uy,uz > 0 with B + B3 = 1 and for some fixed s € (0, 1]. We denote this class of functions by K}
Aslan and Akdemir gave the definition of exponential convex function in coordinates in 2022 as follows.

Definition 1.6. (See [6]) Let us consider the bidimensional interval A = [a,b] X [c,d] in R> witha < band c < d.
The mapping f : A — R is exponential convex on the co-ordinates on A, if the following inequality holds,

fey) few)

e (x+y) e(z+w)

fx+Q-Hzty+(Q-Hw) <t +(1 -1

forall (x,y),(z,w) € A,a € Rand t € [0,1].

Definition 1.7. (See [6]) The mapping f : A — R is exponential convex on the co-ordinates on A, if the following
inequality holds,

fa+ 1 —-1t)b,sc+(1-s)d)

fla,c) f(a,d)

f(,c)
) +t1-5) ) +(1-1t)s

ea(b+c)

f(b,d)

fs o)

+1-H1-s)

forall (a,c),(a,d),(,c),(bd) e aeRandt,se[0,1].
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Theorem 1.8. (See [6]) Let f : A = [a,b] X [c,d] — R be partial differentiable mapping on A = [a, b] X [c, d] and
feLlA),aeR. Iffis exponential convex function on the co-ordinates on A, then the following inequality holds;

fla,c)  f(a,d) f(b c f(b d)
W f f [l y)dxdy < 4[ aaro) T par(at+d) ea(b+c) ea(b+d)

Theorem 1.9. (See[7]) Let F : A = [a,b] X [c,d] — R be a partial differentiable mapping on A = [a,b] X [c,d] and
d%F|dtds € L(A), a, B>0,a1 e R If |82F /(91‘(95' is exponential convex function on the co-ordinates on A, then the
has

F(a,c)+F(a,d)+F(b,c)+F(bd +A‘
4
b-a)d-c) O’F[dtds (a,c) J*F/otds(a,d) I*F/dtds (b,c) I*F/tds (b,d)
4(a+1)(B+1)

Theorem 1.10. (See[7]) Let F : A = [a,b] X [c,d] — R be a partial differentiable mapping on A = [a, b] X [c,d] and

em (a+c) em (a+d) em (b+c) e (b+d)

then the has

'F(a,c)+F(a,d)+F(b,c)+F(b,d) +A‘

4
b-a)d-o
- 4
4 wHw%@@P WH&%W@V |02F /9tds (b, c)|'  |0°F /9tds (b, d)|'
pla+1)P(B + 1) + e @+ e (@+d) e +9) + gex (b+d) ’

wherep™ +q7! =

For more information on types of exponential convexity in coordinates and s-convexity functions in the
first sense, we recommend readers the following articles ([8]-[20]).

2. Second Section

Definition 2.1. Let us consider the bidimensional interval A = [a,b] X [c,d] in R*> witha < band ¢ < d. The

mapping f : A — R is exponential s-convex in the first sense on the co-ordinates on A, if the following inequality
holds,

fx,y)

a(x+y)

fzw)

f(tx +(1-1)z ty + 1-1 ZU) = ts +(1-F )ea(erw)

forall (x,y),(z,w) € A,a € R,s€(0,1]and t € [0,1].

A definition equivalent to the exponential s— convex function definition in the first sense can be made
as follows.

Definition 2.2. Let us consider the bidimensional interval A = [a,b] X [c,d] in R*> witha < band ¢ < d. The

mapping f : A — R is exponential sy—convex in the first sense on the co-ordinates on A, if the following inequality
holds,

flx+ A -0y,sz+ (1 -s)w)
s f( 2) flx,w)

oz(x+z ea(x+w)

forall (x,z), (x,w),(y,z),(y,w) € A,a €R,s; € (0,1] and t,s € [0,1].

f(y,

a(y+w)

f(y,2)

ea(y+z)

<

+E(1 - s%)

+(1-t")s™ +(@A -1 -
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Lemma 2.3. A function f : A — R will be called exponential s-convex in the first sense on the co-ordinates on A,
if the partial mappings f, : [a,b] — R, f,(u) = e®Y f(u,y) and f, : [c,d] — R, f(v) = e** f(x,v) are exponential
s-convex in the first sense on the co-ordinates on A, where defined for all y € [c,d] and x € [a, b].

Proof. From the definition of partial mapping f,,we can write

frtoy+ (1 =Hvp) = e f(x, tvy+(1—1)vy)
= Mftx+(Q-tx,tv; + (1 -1 vy)

f( ,01) s flx,v2)
< N e T ) ey
_ ﬁf§§ﬂ+(l fﬁzﬁ
_ tsfx(Ul) - fx(v2)

eav1 eavz

Similarly,

fy(tur + (1 = t) up) eV f(tur + (1 = t)uy, y)

= eayf(tul + (1 — t) U, ty + (1 — t)y)

e
_ f( 1,y) i f(;ifzy)
fy 1) fy(u2)

— S S
=t i (1-t )—eau2 .
Proof is completed. O

Theorem 2.4. Let f : A = [a,b] X [c,d] — R be partial differentiable mapping on A = [a,b] X [c,d] and f € L(A),
a € Rand s; € (0,1]. If f is exponential si-convex in the first sense on the co-ordinates on A, then the following

inequality holds;
1 b d
Taa ), J S

1 f@o 51 (f(a,d) f(b,C))+ st fb,d)

(51 +1)2 @) T (5 4 1) \ealard) T palbro (51 + 1)2 2D
Proof. By the definition of the exponential s;-convex in the first sense on the co-ordinates on A, we can write
fta+ (1 -1b,sc+(1- s)d)
e f00 S0

ea(a+c)

£(b,0) iyt — gy /D)
pa(b+0) +(1 =1~ a(h+d)

<

+£1(1 - — s

(a+d) +(1

By integrating both sides of the above inequality with respect to t,s on [0,1]?, we have

1 1
j‘j ﬂm+ﬂ—ﬂhx+u—g®m¢

51 51 51 s1 /d)
f f t a+c) dtd + f f t - Wdtds
51\ &S / ) s s f(b’ d)
+f(; f(; (1-£"s 1_€a(b+c) dtds + fo fo (1-£1)(1-s%) e dids.

By computing the above integrals, we obtain the desired result. O




S. Aslan, A. O. Akdemir, / TJOS 8 (2), 85-92 89

Remark 2.5. If we choose & = 0 and s; = 1 in the above Hadamard-type inequality, the result coincides with the
Hadamard-type inequality proved by Dragomir (See [1]).

Remark 2.6. Ifwe choose o = 0 in the above Hadamard-type inequality, the result coincides with the Hadamard-type
inequality proved by Alaromi and Darus (See [19]).

Remark 2.7. If we choose s1 = 1 in Theorem (2.4), the result will match Theorem (1.8)

Theorem 2.8. Let f : A = [a,b] X [c,d] — R be partial differentiable mapping on A = [a,b] X [c,d] and f € L(A),
a € Rand s; € (0,1]. If | f | is exponential si-convex in the first sense on the co-ordinates on A, p > 1 then the
following inequality holds;

1 b
‘m[ fdf(x/y)dxdy‘

( 1 ]If(u 0| [ ps; ](If(a ,d)| If(b,c)1]+( p2s? ]5 (b, d)

(PS1 + 1) eala+c) (PS + 1) eala+d) ea(b+c) (PSl N 1)2 pab+d)

Proof. By the definition of the exponential s;-convex in the first sense on the co-ordinates on A, we can write

fta+ (1 -1b,sc+(1- s)d)

o £0.9 oy f@d) £, f®,d)

S S S S S
s ) + (1 - a(u+d) +(1-£)s™ ealbto) + (1= 1)1 ~57) pa(b+d)

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to f,s on [0, 1]? , we can write

1
‘f f f(ta+ (1 —1)b,sc+ (1 —s)d)dtds
0o Jo

1 1 1 1
S1 slf( ’C) S1 f( d)
fo fo 5% ey | dids + B =)y | dtds
1 1
S1 51 (b ) S1 S1 f( )
(1= )'dtd +f f = )1 = s | deds

If we apply the Holder’s inequality to the right-hand side of the inequality, we get

1 b
‘(b—a)(d—c)fff(x’y)d"dy‘

[ [ ) (] mo-rmasf ([ [ o
+(f: f:(l _ tsl)pslﬂsldtds)p (j(; f(; ];EZ:) dtds )
+(f01 fol(l —Pya _ssl)Pdtds); (folfo Jefo(t(bbj)) dtds )
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By using the fact that |1 -(1- 1?)6|'g <1-(1- 1,‘)9/3 for 6 > 0,8 > 0[5], we can write

1 b
‘mf ff(X,y)dxdy‘

[ e ([ 1] o[ o] [ 28]
o | L a- f”ﬁ)smdtds)’]’ [ 1 f 60 thds);
( f f (1- Psl)(l_swl)dtds) ( f f J;E(ij) )

By computing the above integrals, we obtain the desired result. [

Theorem 2.9. Let f : A = [a,b] X [c,d] — R be partial differentiable mapping on A = [a,b] X [c,d] and f € L(A),
a € Randsy € (0,1]. If | f | is exponential s;-convex in the first sense on the co-ordinates on A, p,q > 1, % + [11 = 1,then
the following inequality holds;

1 b d
l(b—a)(d—c)fa f ﬂx’”‘””'

(1+psl+p2s%]+1 (if(a,ol" faal" [feo |fea
q

p (psl + 1)2 eaq(a+c) eaq(a+1:l) eaq(b+c) eaq(b+d)

Proof. By the definition of the exponential s;-convex in the first sense on the co-ordinates on A, we can write

f(ta+(1- t)b, sc+ (1 —s)d)
51651 f( f(a’d

ealatc) eala+d)

fb,0) f(,d)

< ) A=) =57 ea(b+d) *

) f 1)

(1= £

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to f,s on [0, 1]? , we can write

1l
‘f f f(ta+ (1 —1)b,sc+ (1 —s)d)dtds
o Jo

1 1 1 1
[/ [ Lo [ [
0 0 ea(a+c) 0 0
1 1 b, 1 1
+ff f—( 9 dtds+ff
0 0 0 0

ca(b+o)

a
s s 4
£l -s 1)ea( +d)

f( ,d)

_ $51)g51
s wabrd)

— 1)1 - dtds
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If we apply the Young’s inequality to the right-hand side of the inequality, we get

1 b
‘(b—a)(d—c)fff(x’y)dxdy‘

1 Al 1 q
1ffif”slspsldtals +1 ff f@o dtds
p\Jo Jo q ’3‘1(”“)
1 1 d
+%( fo fo t”sl(l—ssl)’”dtds) ( ‘;d)) dtds)
1 1 b
+1(f f(l—tsl)ps”sldtds) (ff 9 dtds)
ea(b+c)

£(b,d)

oa(b+d)

AT Lo-rro-sme] [ [

By using the fact that |1 -(1- t)G’ﬁ <1-1-1)%foro> 0,8 > 0[5], we can write

1 b
‘m[ fdf(X,y)dxdy’

dtds) .

1( f 1 f 1 tﬂslsﬁs‘dtds) ( f f e{ij) dtds)
(f f o1 — g dtds) (ff eagj))thds)
+;-7( fo fo (1—t”51)s”s1dtds) ( f f eaig dtds)

f@,d)|
ea(b+d)

AL P (1

By computing the above integrals, we obtain the desired result. O

dtds) .

Proposition 2.10. If f,g : A — R are two exponential sj-convex in the first sense on the co-ordinates on A, then
f + g are exponential s;-convex in the first sense on the co-ordinates on A,

Proof. By the definition of the exponential s;-convex in the first sense on the co-ordinates on A, we can write
fa+ 1 -tb,sc+(1—-s)d)+g(ta+(1-1t)b,sc+ (1-s)d)

ea(a+c) ea(a+c) a(a+d ea(u+d)

o [f.0) g(b,o) g - g (fED |, 90,9)
(1= s (ea(bJrc) + W)+(1_t )a- )( ) ea(ber))'

Namely,

(f+9)(ta+ (1 —1Hb,sc+ (1 —s)d)
pge 9 @0 (f +9) (a,d)

eala+c) gll(fHd)

(f+9) (b0 sy +9) b, d)

S
= calb+0) (1= =) ealb+d)

+£1(1—5") +(1- )%

Therefore (f + g) is exponential s;-convex in the first sense on the co-ordinates on A. [J

Proposition 2.11. If f : A — R is exponential si-convex in the first sense on the co-ordinates on A and k > 0 then
kf is exponential si-convex in the first sense on the co-ordinates on A.
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Proof. By the definition of the exponential s;-convex in the first sense on the co-ordinates on A, we can write

fta+ (1 —1t)b,sc+ (1—s)d)
g f(a,c) f(a,d)

ea(a+c) ea(u+d)

b,
r1—ps LD g ey e
ea(b+c)

f(b,d)

< .
= pa(b+d)

+£1(1-5")

If both sides are multiplied by k, we have,

(kf)(ta+ (1 - )b, sc+ (1 —s)d)
5 (kf) (@, ) (kf) (a, d)

ea(a+c) e(a+d)

(kf) ¥, ¢)

ea(b+c)

)

<
s pa(b+d)

+ (1 — ) +(1— )8 +(1-t)(1-sY)

Therefore (kf) is exponential s;-convex in the first sense on the co-ordinates on A. [J
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