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Katugampola Fractional Integrals within the Class of Convex Functions
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Oz: Bu calismanin amac1; Katugampola kesirli integraller yardimiyla birinci mertebeden tiirevlerinin mutlak
degeri s-konveks olan fonksiyonlar i¢cin Hermite-Hadamard tipli integral esitsizlikler elde etmektir.

Anahtar Kelimeler — s-konveks fonksiyon, Hermite-Hadamard tipli esitsizlikler, Katugampola kesirli
integraller.

Abstract: The aim of this paper is to the Hermite-Hadamard type inequalities for functions whose first
derivatives in absolute value is s-convex through the instrument of generalized Katugampola fractional

integrals.

Keywords — s-convex function, Hermite-Hadamard type inequalities, Katugampola fractional integrals.

1. INTRODUCTION

The most well-known inequalities related to the integral mean of a convex function are the
Hermite-Hadamard inequalities. Let f: 1 ¢ R — R be convex function defined on the interval |
of real number and a,be |, with a<b. Then the following double inequality is known in the

literature as the Hermite-Hadamard’s inequality for convex functions [7]:

f(a;bjﬁéj‘:f(x)dxﬁ—f(a); fb) (1.0)

The beginning fractional integral calculus accompanies the beginning of the integral calculus,
developed by Riemann. It originates in the research of Liouville from 1832 related to practical
technical problems. Now we point few stages in evolution of the fractional calculus, as needed in
developing the new results. More details on the fractional differentiation and integration are in
(see, [6, 11, 13]), for example. The Riemann-Liouville fractional integral is, from historic point
of view, at the origin of the fractional calculus. It comes from the following Cauchy n —times
iterative integration process,
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X th_1 1 x a1
[dt,["dt,...[ f(tn)oltn_m [ (=t £ (et

forn € N.

By formally replacing n by a number « >0, one gets the classical Riemann-Liouville
fractional integral, defined by:

Definition 1.1. Let f € L[a, b]. The Riemann-Liouville integrals J::f and J;ﬁf of order ¢ >0

with a>0 are defined by

(J:; f Xx) = % j:(x —tf i)t (x>a) (1.2)

N—

and
(0 )= %a) [e-xy* @t (x<b), (1.3)

where T'(a)= [ e™x“dx is the Gamma function.

Hadamard developed in the second method of fractional integration based on the generalization
of another iterative integral. Katugampola ([9] and [10]) considered the following iterative
process in 2011:

[trat, ["tydt,... [t £ ¢, ), = (o+2f" [ et (2,

(n-1)

for n € N. This generates Katugampola’s concept of fractional integral, defined in [9] and also in
[10].

Definition 1.2. ([9]) Let f € L[a, b], the left-sided Katugampola fractional integral » I;f of
order a € C, Re(ar)> 0 is defined by

1-a X -1
Ntz L[ ()t x>a, (L1.4)

F(a) a (XP _tp)l‘a

the right-sided Katugampola fractional integral ” I;ﬂf of order @ € C, Re (a)> 0 is defined by

l-a -1
Ntz 2 [Pt x<b. (L5)

F(a) X (tp _Xp)l‘a

Katugampola’s operators are generalizations of A. Erdélyi and H. Kober operators introduced in
1940 (see [5] and [12]), as well. Other similar approaches on moving iterative integrals and
derivatives into fractional framework in connection with theoretic and practical applications are
in the mathematical literature of the last decade. For example, the results of Cristescu [4] in 2016.
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Remark 1.1. If p=1 then the Katugampola fractional integrals become Riemann-Liouville
fractional integrals.

Now we reviewed some definitions and theorems which will be used in the proof of our
main cumulative results.

Definition 1.3. ([1]) Let s €(0,1]. A function f :[0,00)—[0,00) is said to be s—convex (in the
second sense), or that f belongs to the class KZ, if

f(AX+A-x)y)< 2 f(x)+@1-A) f(y)
forall x,y[0,0) and 1 ¢(0,1}

An s—convex function was introduced in Breckner’s paper [1] and a number of properties and
connections with s— convexity in the first sense were discussed in paper [8].

The main purpose of this paper is to introduce new type Hermite Hadamard and midpoint integral
inequalities with the aid of generalized Katugampola fractional integral for s— convex functions

and establish some results connected with the them (see for example, [2], [3] and [14]).
2. MAIN RESULTS

In this section, we will give Hermite-Hadamard type inequalities for the Katugampola
fractional integrals by using s— convex functions.

Theorem 2.1. Let f:[a”, bP] — R be a function on with 0<a<b and f e ch(ap,bp). If fis
also a s—convex on [a,b], then the following inequalities hold:

s P L P
2—f(a Zb J 2.1)
P

) 2% p (g +1) e f(bp)+p “ f(ap)

(b —a7f [ambp] [apsz]

2
. 2“*)B, (a,5+1)
+ 2
pla+s) p

![Re(zi zlJv Re[Z’t < OJV 2% z R] ARe(p)>0ARe(ap)> O]

<2[f(a)+ f(b°)

where

1

B,(a,s+1)= jfu"”(l—u)sdu
2
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the fractional integrals are considered for the function f(x") and evaluated at a and b,
respectively.

Proof. Since f is s— convex function on [a,b], we have for x,y e[a,b]

f(xp+y”J< f(x7 )+ f(y”)

2 2
P _tp P _tP
for x” :%ap+2Ttbp and y” :%bp+2 t a”, we obtain
P P P _tp P _tp
2 f| A [V 2 g [ Ve, 2 2.2)
2 2 2 2 2

Multiplying both sides of (2.2) by t*™, >0 and then integrating with respect to t over [0,1],
we get

s P L WP
2—{& Zb J 2.3)
P

p _tp P Y.
< [t Vi 27U dt+ [t U 278 o gt
0 2 2 0 2 2

JZp et ) e e ffar)

(br —a”) {ambp ] [ap;bp]

2
and the first inequality is proved. For the proof of the second inequality (2.3), we first note that if
f isa s—convex function, it yields

f[ﬁau 2=t bp)sE f(a)+ 2-v] £(b°)

2 2 2° 2°

and
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_tp P _tr¥ 3
f Z_tap +t_bp SM f(ap)+t_ f( P)
2 2 2° 2°

By adding these inequalities together, one has the following inequality:

(Gor 25w e g s bl bl o

Then multiplying both sides of and (2.4) by t*“and integrating the resulting inequality with
respect to t over [0,1] we obtain

zapa—ll"(a+1) Pl +f(bp)+p |« 7f(ap)

(br —a”f [ampr [apgbp]

2
2*)B, (a,5+1)

SZ‘S[f(ap)+f( ”) p(a1+s)+ Zp ,

![Re(zfi 21} v Re[Z’lJ < OJ v 2% ¢ R] ARe(p)>0ARe(ap)> O]

In this way the proof is completed.

Corollary 2.1. If we write p =1 in inequality (2.1), we obtain;

s .(a+h <2“F(a+1) . e a
Zf( j_ [u o)+ Jf()]

RECURIC R

<27[f(a)+ f(b){ L o) Bl(a,s+1)}

(a+s5) K

with Re(er)> 0.

Remark 2.1. Choosing s =1 in Corollary 2.1, we obtain following inequality

f[a+bj<zalr(“+1)[|“ f(b)+1° jf(a)]<—f(a)”(b)

2 ) oy e e T

which was given by Sarikaya and Yildirim in [15].
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Now, we need to give a lemma for differentiable functions which help us to prove our main
theorems.

Lemma 2.1. Let f: [a”, b”] — R be a differentiable mapping on (ap,b") with 0<a<b, then the
following equality holds:

27 p T(a+1)| , . )+ _f(ap)_f(a”bpj (2.5)

P _apr aP +bP a” +b” 2
b -2 [f] )
_ p t? _tP
v -ajp jtapf 2= gt jt“ﬂf U 1 271 ot
2 2 2

Proof. Integrating by parts gives

Lo et 17 2-t”
lejotpf(?au 2 jdt (2.6)

2 f[ap+b’“’}L 2‘”11“(a+232+1p % +f( p),

p(bp _ ap) 2 P (bp _a” [apmpJ
2

and

A 2-t”
szjotﬂf(?bu , a”jdt (2.7)

a+l P
_ ,,2 . a’+b” ) 2 r(a+12[+1 P f(a)
p(b —a ) 2 pl a(bp_ap) [apmp}
2

by subtracting equation (2.7) from (2.6), we have

-4 a’ +b”
Hl_H2:p(bp_aP)f( 2 j

2“*11"(a +1) pya f(b)+p | f(a) _

—a +1 + -
pl ( p_ap)" [ampr [ap;bp]

2
By re-arranging the last equality above, we get the desired result.
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Theorem 2.2. Let f: [a?,b?] — R be a differentiable mapping on (a”,b”) with 0<a<b. If ]

IS s—convex on [ap,bp], then the following inequality holds:

2°7 pT(a +1) Y +f(b'”)+p e 7f(ap) _ f[apszj

‘ (bp — ap)a [ap+bp] a” +b”

2

< (bpz;?p)ﬂf'(apl—i_‘f‘( p)‘:p(a fs)+l+2[a+s+pj Bl(a-i—%,s-l-l)];

[Re(p) >0An Re(ap) > —1}

B, is defined as in Theorem 2.1.
2

Proof. Taking modulus of (2.5) and using s — convexity of ‘f‘ , We have

2a71p“1“(a+1) ple f(bp)-i-p |« _f(ap) B f(ap +bpj

\<b“a”f WT SRR
e G
(H
el e[ e (5
e[ e (5 e

dt

+ _th w»

25+2

[Re(0)>0ARe(ap)> -1}
where B, is defined above. Thus, the proof is completed.

2
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Corollary 2.2. If we write p =1 in inequality (2.8), we obtain;

M@ f(b)+1° jf(a)]f(ibj

bear |y T

< (b_a)ﬂf'(ajjt‘f'(bj{ 1 e B, (a +1,s+1)}.

2%+ a+s+1 :

Remark 2.2. Choosing s =1 in Corollary 2.2, we obtain following inequality

M@ f(b)+1° jf(a)]f(ib)

bear |y T

. b-a) [ (a)+|f ©)]

Mo +1)

which was given by Sarikaya and Yildirim in [15].

Theorem 2.3. Let f: [a?,b?] — R be a differentiable mapping on (a”,b”) with 0<a<b. If ‘f"q

,q>1,is s—convex on [ap,b’”], then the following inequality holds:

2“_lpar(a+1) Pla f( p)+p |« 7f(ap) _ f(ap-i-bpj (29)

‘ (br -ar [ambp]* {ap;bp]

2

Q|-

P
2 p 2°(ps+1)

A (1,s+1j\f‘(ap}q + )

. (Re(p)=0)

where i+E =1 and B, is defined as in Theorem 2.1.
P q 2
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Proof. Taking modulus of (2.5) and using well-known Hoélder inequality, we obtain

Za—lpar(a+1) oy +f(bp)+p | _f(ap) B f(af’;bpj

P _AaP aP +bP a” +b”
et e ]

P _tp
f'(t—ap+2 t b”j

2 2

p 4P
f'[t—buz t apjdt}

2 2

1

Sw( fremat)
4 0
1|
i
Since ‘f"q, q>1,is s—convex, we have
I“f'(zap S22 b”J
0 2 2

. Eﬁ%}s‘f'(ap)q (2 ﬂdt

dt

_br-a”)p { [t
L2l

+ jolt w»

P 4P
3 P Y
2 2

1
“ \a p 4P
dtJ +(j:‘f'(%bp+22t a”J

q
dt

g ar - (Re(p)20)
and similarly
jo“f‘(%buz_ztp apJ dt
(%HJ Lsitlt@) oy
S 2 B;(p, 1j\f () () o))

2°p T2 (s +1)’

By substituting inequalities (2.11) and (2.12) into (2.10), we get the desired result (2.9).
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Corollary 2.3. If we write p =1 in inequality (2.9), we obtain;

2 T(a+1)| |, Ll N a+b
o I[M]+f(b)l f(a) f[ j

2

2(5+1)Bl(1,s+1)(f'(a)|q ‘f'(b)‘q
2 +
2° 2°(s+1)

Remark 2.3. Choosing s =1 in Corollary 2.3, we obtain following inequality

2 T(a+1)| o Ll )| ¢[a+h
o {nmf(b) I(Mjfu] f(250)

2

g(b_a)( 1 ]i ‘f'(ajq+3‘f£b)‘q

4 lap+l 4

<(b%a)[if)ﬂf(a)(+‘f'(bﬂ

ap+1
which is the same result given by Sarikaya and Yildirim in [15].
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