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Rough Ideal Convergence in 2-Normed Spaces

Mukaddes ARSLAN?, Erdine DUNDAR?

Ministry of National Education, Ibn-i Sina Vocational and Technical Anatolian High School, Thsaniye, Afyonkarahisar, Turkey.
bDepartment of Mathematics, Afyon Kocatepe University, Afyonkarahisar, Turkey.

Abstract. In this study, using the concepts of 7-convergence and rough convergence, we introduced the
notion of rough 7-convergence and giving example investigated the relation between 7-convergence and
rough I-convergence in 2-normed space. Also, we defined the set of rough 7-limit points of a sequence in
2-normed space and obtained two rough 7-convergence criteria associated with this set in 2-normed space.
Then, we proved that this set is closed and convex in 2-normed space. Also, we examined the relations
between the set of 7-cluster points and the set of rough 7-limit points of a sequence in 2-normed space.

1. Introduction and Background

Throughout the paper, N denotes the set of all positive integers and R the set of all real numbers.
The concept of convergence of a sequence of real numbers has been extended to statistical convergence
independently by Fast [15] and Schoenberg [36]. The idea of J-convergence was introduced by Kostyrko et
al. [28] as a generalization of statistical convergence which is based on the structure of the ideal J of subset
of IN.

The concept of 2-normed spaces was initially introduced by Gahler [16, 17] in the 1960’s. Since then,
this concept has been studied by many authors. Giirdal and Pehlivan [21] studied statistical convergence,
statistical Cauchy sequence and investigated some properties of statistical convergence in 2-normed spaces.
Giirdal and Acik [23] investigated 7-Cauchy and 7*-Cauchy sequences in 2-normed spaces. Sarabadan and
Talebi [34] studied statistical convergence and ideal convergence of sequences of functions in 2-normed
spaces. Arslan and Diindar [2, 3] investigated the concepts of 7-convergence, J*-convergence, J-Cauchy
and I*-Cauchy sequences of functions in 2-normed spaces. Futhermore, a lot of development have been
made in this area (see [9, 22, 30, 35, 37-39]).

The idea of rough convergence was first introduced by Phu [31] in finite-dimensional normed spaces. In
[31], he showed that the set LIM"x is bounded, closed, and convex; and he introduced the notion of rough
Cauchy sequence. He also investigated the relations between rough convergence and other convergence
types and the dependence of LIM'x on the roughness degree r. In another paper [32] related to this subject,
he defined the rough continuity of linear operators and showed that every linear operator f : X — Yisr
-continuous at every point x € X under the assumption dimY < oo and r > 0 where X and Y are normed
spaces. In [33], he extended the results given in [31] to infinite-dimensional normed spaces. Aytar [7]
studied of rough statistical convergence and defined the set of rough statistical limit points of a sequence
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and obtained two statistical convergence criteria associated with this set and prove that this set is closed
and convex. Also, Aytar [8] studied that the r-limit set of the sequence is equal to the intersection of these
sets and that r-core of the sequence is equal to the union of these sets. Recently, Diindar and Cakan [11-13]
introduced the notion of rough 7-convergence and the set of rough 7-limit points of a sequence and studied
the notions of rough convergence, J,-convergence and the sets of rough limit points and rough 7,-limit
points of a double sequence. Arslan and Diindar [4, 5] introduced rough convergence and investigated some
properties in 2-normed spaces. Also, Arslan and Diindar [6] investigated rough statistical convergence.

In this paper, using the concepts of J-convergence and rough convergence, we introduced the notion of
rough 7-convergence and the set of rough 7-limit points of a sequence in 2-normed space and obtained two
rough 7-convergence criteria associated with this set. Then, we proved that this set is closed and convex in
2-normed space. Also, we examined the relations between the set of 7-cluster points and the set of rough
J-limit points of a sequence in 2-normed space. We note that our results and proof techniques presented
in this paper are analogues of those in Phu’s [31] paper. Namely, the actual origin of most of these results
and proof techniques is them papers. The following our theorems and results are the extension of theorems
and results in [4, 5, 31].

Now, we recall the some fundamental definitions and notations about the our issue. (See [1-4, 6—
8,10, 14, 18-29, 31-34, 38—42]).

Throughout the paper, let r be a nonnegative real number and R"” denotes the real n-dimensional space
with the norm ||.||. Consider a sequence x = (x,) C R".

The sequence x = (x,) is said to be r-convergent to L, denoted by x, — L provided that Ve > 0 Jn, €
N: n>n.>|x,—Ll|<r+e.

The set LIM'x = {L € R" : x,, —> L} is called the r-limit set of the sequence x = (x,). A sequence x = (x;)
is said to be r-convergent if LIM'x # (. In this case, r is called the convergence degree of the sequence
x = (x,). For r = 0, we get the ordinary convergence.

Let K be a subset of the set of positive integers IN, and let us denote the set {k € K : k < n} by K,,. Then
the natural density of K is given by

5(K) = lim

n—oo MN

where |K,| denotes the number of elements in K,,. Clearly, a finite subset has natural density zero, and we
have 6(K°) = 1 — 6(K) where K° := IN \ K is the complement of K. If K; C K5, then 6(K;) < 6(K3).

A sequence x = (x,) is said to be r-statistically convergent to L, denoted by x, =1L provided that
the set {n € IN : [|x, — L|| > r + ¢} has natural density zero for ¢ > 0; or equivalently, if the condition

st — limsup |lx, — L|| < r is satisfied. In addition, we can write x, L I if and only if the inequality
|lx, — LI| < 7 + € holds for every ¢ > 0 and almost all n.
Let X be areal vector space of dimensiond, where2 < d < co. A2-normon Xisa function||-, ]| : XxX — R

which satisfies the following statements:

() llx, yll = 0if and only if x and y are linearly dependent.
(1) lx, yll = lly, xII.
@iii) llax, yll = lalllx, yll, @« € R.
@v) lix, y + zIl < llx, yll + llx, zI|.

As an example of a 2-normed space we may take X = IR? being equipped with the 2-norm |x, y|| :=
the area of the parallelogram based on the vectors x and y which may be given explicitly by the formula
llx, yll = Ix1y2 — xay1l; x = (x1,%2), ¥ = (11, ¥2) € R

In this study, we suppose X to be a 2-normed space having dimension d; where 2 < d < co. The pair
(X, 1I-, -l is then called a 2-normed space.

A sequence (x,) in 2-normed space (X, [|-, -||) is said to be convergent to L in X if ;}1_{1010 llx, = L,yll = 0O, for
every y € X. In such a case, we write }1_{210 X, = L and call L the limit of (x,,).

Let X # 0. A class 1 of subsets of X is said to be an ideal in X provided:
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i)0e1,ii)A,Be T implies AUBe 1,iili))A€1,BC AimpliesB € 1.

7 is called a nontrivial ideal if X ¢ 7. A nontrivial ideal J in X is called admissible if {x} € 1, for each x € X.
Let X # 0. A non empty class ¥ of subsets of X is said to be a filter in X provided:
i)0¢ F,ii)A,Be F implies ANB e ¥,ili)AeF,ACBimpliesB e F.

Lemma 1.1. [28] If T is a nontrivial ideal in X, X # 0, then the class F(I) = (M c X : (JA e I)(M = X\A)} isa
filter on X, called the filter associated with 1.

Example 1.2 ([28], Example 3.1.). Denote by Is the class of all A € IN with 6(A) = 0. Then Is is non-trivial
admissible ideal and I s-convergence coincides with the statistical convergence.

Throughout the paper we take 7 as an admissible ideal in IN.

A sequence x = (x;) is said to be Z-convergent to L € R”, written as 7-limx = L, provided that
{ieN:|lx;—L|| > ¢} € 7, for every ¢ > 0. In this case, L is called the 7-limit of the sequence x.

c € R" is called a 7-cluster point of a sequence x = (x;) provided that {i € IN : [|lx; — c|| < €} ¢ I, for every
£ > 0. We denote the set of all 7-cluster points of the sequence x by 7 (I'y).

A sequence x = (x;) is said to be 7-bounded if there exists a positive real number M such that {i € IN :
llxill > M} € 1.

For a sequence x = (x;) of real numbers, the notions of ideal limit superior and ideal limit inferior are
defined as follows:

I—limsupx={ su_pofx ’ er gxig

and

infA, , if Ax#0

+oo , if Axy=0"
where A, ={aeR:{ieIN:x;<a}l¢IT}and B, ={beR:{ieN:x;>b} ¢ I}.

A sequence x = (x;) is said to be rough 7-convergent to x., denoted by x; =L x, provided that {i € IN :
llx; — x.ll > 7+ ¢} € I, for every € > 0; or equivalently, if the condition

J —liminfx = {

I —limsup|lx; — x|l <7 (1)

. . .\ . -7 . . .
is satisfied. In addition, we can write x; —> x, iff the inequality ||x; — x.|| < r + ¢, holds for every ¢ > 0 and
almost all .

A sequence (x,) in (X, ||., .|[) is said to be rough convergent (r-convergent) to L, denoted by x, uy L,if

Ve>0,An,e N:n>n. = ||x,—L,z||<r+¢ (2)
or equivalently, if for every z € X
limsupllx, =L, z|]| <. 3)

If (2) holds L is an r-limit point of (x,), which is usually no more unique (for » > 0). So, we have to
consider the so-called r-limit set (or shortly r-limit) of (x,) defined by
LIMSx = {L € X : x, 225, L}, (4)
The sequence (x,) is said to be rough convergent if LIM7x # 0. In this case, 7 is called a convergence degree
of (x,). For r = 0 we have the classical convergence in 2-normed space again. But our proper interest is case
r > 0. There are several reasons for this interest. For instance, since an orginally convergent sequence (1)
(with y, — L) in 2-normed space often cannot be determined (i.e., measured or calculated) exactly, one has
to do with an approximated sequence (x,) satisfying ||x, — yu,zll < 7, for all n and for every z € X, where
r > 0is an upper bound of approximation error. Then, (x,;) is no more convergent in the classical sense, but
foreveryz € X, |lx, — L, zl| < |Ixn = Y, zll + llyn — L, zl| < 7+ |lyn — L, zl| implies that is -convergent in the sense
of (2).
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Example 1.3. Let X = R%  The sequence x = (x,) = ((—1)",0) is not convergent in (X,|l.,.||) but it is rough
convergent for every z € X. It is clear that LIM)x = {y = (y1,y2) € X : ly1l < v =1, |ya| < r}. In other words

ro 0 , if r<1
LIM2"‘{E((—LO)mE((l,on ,ifr>1,

where E,(L) ={yeX:|ly-Lzl <r}.

A sequence x = (x,,) in (X, |[., .||) is said to be rough statistically convergent (r,st-convergent) to L, denoted

by x, Mrzst L, provided that the set {n € IN : ||x, — L, z|| > r + ¢} has natural density zero, for every ¢ > 0

and each nonzero z € X; or equivalently, if the condition st — lim sup [|x,, — L, z|| < r is satisfied. In addition,

Il--I

we can write x, ==, L, if and only if, the inequality ||x, — L, z|| < 7 + ¢, holds for every ¢ > 0, each nonzero
z € X and almost all .

In this convergence, r is called the statistical convergence degree. For r = 0, rough statistically convergent
coincide ordinary statistical convergence.

In general, the rough statistical limit of a sequence x = (x,,) may not be unique for the roughness degree
r > 0. So, we have to consider the so-called r-statistically limit set of the sequence x in X, which is defined
by

st— LIMjx = {L € X : x, 22b, L}, )

The sequence x is said to be r-statistically convergent provided that st — LIM/x # 0.

Lemma 1.4 ([4], Theorem 2.2). Let (X, ||.,.|l) be a 2-normed space and consider a sequence x = (x,) € X. The
sequence (x,) is bounded if and only if there exist an r > 0 such that LIMjx # (0. For all r > 0, a bounded sequence

(xy) is always contains a subsequence x,, with LIM(;”*‘ )'rxnk #0.

Lemma 1.5 ([4], Theorem 2.3). Let (X, ||.,.|[) be a 2-normed space and consider a sequence x = (x,) € X. For all
r > 0, the r-limit set LIM}x of an arbitrary sequence (x,) is closed.

Lemma 1.6 ([4], Theorem 2.4). Let (X,|l.,.l) be a 2-normed space and consider a sequence x = (x,) € X. If
Yo € LIMYx and y; € LIM]'x, then y, := (1 - a)yo + ay; € LIM;l_a)W“”x, for a €[0,1].
2. Main Results

Definition 2.1. A sequence x = (x,) said to be rough ideal convergence (roJ-convergent) to L in 2-normed space X,

denoted by x, Mrz 1 L, if for every € > 0 and each nonzero z € X

melN:|x,—Lz|l|>r+¢e}el
or equivalently, if the condition
I —limsup|lx, - L,zl]| <r (6)

is satisfied. In addition, we can write x,, M),Z 1 L, ifand only if, the inequality

Il = L, zll <7+,
holds for every € > 0, each nonzero z € X and almost all n.

Remark 2.2. If I is an admissible ideal, then classical rough convergence implies rough I-convergence in 2-normed
space.
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In this convergence, r is called the roughness degree. For r = 0, rough ideal convergence coincide
ordinary ideal convergence in 2-normed space.

In a similar fashion to the idea of classical rough convergence, the idea of rough ideal convergence of a
sequence in 2-normed space can be interpreted as follows.

Suppose that a sequence y = (y,) in X is 7-convergent and cannot be measured or calculated exactly,
one has to do with an approximated (or 1 approximated) sequence x = (x,) in X satisfying |lx, — v, zll < 7,
for all n and each nonzero z € X, (or for almost all n, thatis, {n € IN : ||x, — y,, z|| > 7} € 1.) Then, the
sequence x = (x,) is not J-convergent in 2-normed space anymore, but since the inclusion

meN:|ly,—L,zllze}2{neN:|x, - L, z|| 2 7 + &} (7)
holds for each nonzero z € X and we have
meN:|ly,—L,zllzr+e}eT

and so
fneN:|x,-L,z||l>r+elel

that is, the sequence x is rough 7-convergent in 2-normed space (X, ||., .||) in the sense of Definition 2.1

In general, the rough-7 limit of a sequence x = (x,) may not be unique for the roughness degree r > 0
in 2-normed space (X, [[., .|[). So, we have to consider the so-called rough-7 limit set of the sequence x in X,
which is defined by

ll--I
I -LIMyx:={L e X :x, —>,,r L}. (8)

The sequence x is said to be rough 7-convergent provided that 7 — LIM’x # 0.

We have that LIMjx = 0 for an unbounded sequence x = (x,). But such a sequence might be rough
I-convergent. For instance, let 7 be the 75 of N and define

©)

(n,n) , otherwise

. .:{ (-1)m,0) , if n#k (keN)

in X. Because the set {1,4,9,16, ...} belongs to 7, we have

0 , if r<l,

- LIMpx ::{ B(-1,0)nBA(,0) , if r>1,

and LIMjx = 0 for all > 0.

From the example above, we have LIMjx = @ but 7 — LIM}x # 0. Because 7 is an admissible ideal,
LIM’x # @ implies 7 — LIMx # 0, that is, if x = (x,) € LIM}x, then, by Remark 2.2, x = (x,) € 7 — LIM)x, for
each sequence x = (x,). Also, if we define all the rough convergent sequences by LIM}x and if we define all
the rough 7-convergent sequences by 7 — LIM,x, then we have

LIM}x C 7 — LIM)x.
That is, we have the fact
{r>0:LIMjx # 0} C{r>0:7 - LIM,x # 0}

and so
inf{r > 0 : LIMjx # 0} > inf{r > 0: 7 — LIM}x # 0}.

It also directly yields
diam(LIM5x) < diam(Z — LIM)x).

As mentioned above, we cannot say that the rough 7-limit of a sequence is unique for the degree of
roughness r > 0. The following conclusion related to this fact.
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Theorem 2.3. Forasequence x = (x,) in (X, ||., .Il), we have diam(I —LIMjx) < 2r. Also, generally, diam(Z —LIM,x)
has no smaller bound.

Proof. Suppose that diam(Z — LIM}x) > 2r. Then, there exist y, t € 7 — LIMjx such that ||y —¢,z|| > 2r, for each
nonzero z € X. Choose ¢ € (0, M - r). Since y,t € 7 — LIM}x we have

T, = T1(€) € I and T, = TQ(E) (S I,
where
T1=Ti(e)={neN:|x,—yzl|l >r+ ¢}

and
Ty =Tye)={neN:|x,—tz||=>r+¢}

for every ¢ > 0 and each nonzero z € X. By the properties of ¥ (), we have (T] N T5) € ¥(Z) and so for all
n € T{ N T5, and each nonzero z € X, we can write

ly—tzll < llxn =y, zll +llx. — ¢, 2l
< 2(r+e¢)
-tz
< 2(r+ w —r)

= lly—-tz

which is a contradiction.
Now let’s do the second part of the proof. Let a sequence x = (x,) in (X, ||, ]|) such that 7 — limx, = L.
Then, for every ¢ > 0 and each nonzero z € X, we can write

nelN:|x,—-L,z|>e¢}eT.
So, for each nonzero z € X, we have

b=,z <l =Lzl + L=y, 2

< ey =Lzl +7,

foreach y € E(L) =={y e X:lly—L,zll £ r}. Then, for every ¢ > 0 and each nonzero z € X we get
llxn =y, zll <r+e,

foreachn € {n € N : ||lx, — L, z|]| < €}. Since the sequence x is 7-convergent to L, for each nonzero z € X, we
have
(neN:|x, —L,z|| < e} € F ().

Hence, we have y € 7 — LIMjx. As a result, we can write
T - LIMjx = B.(L).

Since diam(B,(L)) = 2r, this shows that in general, the upper bound 2r of the diameter of the set 7 — LIMjx
can no longer be reduced. [

By [[4], Theorem 2.2], there exists a nonnegative real number r such that LIMjx # @ for a bounded
sequence. Because the fact LIMjx # 0 implies 7 — LIM,x # 0, we have the following result.

Result 2.4. Ifasequence x = (x,) is bounded, then there exists a nonnegative real number r such that T —LIMjx # 0.

The opposite implication of the above result is not valid. If we let the sequence to be 7-bounded in 2-normed
space, then we have the converse of Result 2.4. Hence, we give the following theorem.
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Theorem 2.5. A sequence x = (x,,) is I-bounded if and only if there exists a nonnegative real number r such that
I —LIMJx # 0. Also, for all r > 0 and an I-bounded sequence x = (x,) always contains a subsequence (x,,) with

(X )7
I—LIM2 k Xn, F 0.

Proof. Let x = (x,,) be a I-bounded sequence. Then, there exists a positive real number M such that for each
nonzero z € X,
{neN:|x,zl|>M}e 1.

Now, we let r1 := sup{llx,, zl| : n € T°}, where T := {n € IN : ||x,, z|| > M}, for each nonzero z € X. Then, the
set 7 — LIM}'x contains the origin of X. Therefore, we have I — LIM,' x # 0.
If 7 - LIM’x # () for some r > 0, then there exists an L such that L €I -LIMJx, ie,

fneN:|x,—-Lzl|>r+e}ed,

for each € > 0 and each nonzero z € X. Then, we say that almost all x,’s are contained in some ball with any
radius grater than r. So the sequence x is 7-bounded. [

By [[4], Proposition 2.1], we know that if X’ = (x,,) is a subsequence of x = (x,), then 7 — LIMjx C
7 — LIM5x’. But this fact does not hold in the theory of ideal convergence. For instance, let 7 be the 7 of
IN and define

(n,n) , if n=k,(keN)
Xn 0,(-1)") , otherwise

of realnumbers. Then, the sequencex’ := ((1, 1), (8, 8), (27,27), - - - ) isa subsequence of x. We have 7 —-LIM,x =
B,((0,-1)) N B,((0,1)) and T — LIM}x’ = 0, for r > 1.

So we can present the statistical analogue of Arslan and Diindar’s result [[4], Proposition 2.1] in the
following theorem without proof.

Theorem 2.6. If x" = (x,,) is a nonthin subsequence of x = (x,), then
I - LIMjx € T — LIMyx

Now, we give the topological and geometrical properties of the rough 7-limit set of a sequence in
2-normed space.

Theorem 2.7. The rough I-limit set of a sequence x = (x,) in 2-normed space is closed.
Proof. 1f T — LIMjx = 0, proof is clear. Let 7 — LIM/x # (. Then, we can choose a sequence
(yn) € I — LIM5x

such that y, — L, for n — oo. For the proof we have to show that L € 7 — LIM)x.
Since y, — L, for every ¢ > 0 there exists an ns € IN such that

&
llyn — L, zll < >

for all n > n and each nonzero z € X. Now choose an ny € IN such that ny > ns. Then, we can write
Iy, — L, zll < 5. On the other hand, since (y,) € Z — LIM;x, we have y,, € I — LIM}x, that is,

{nelN:||xn—yn0,z||2r+§}ef.

Now let us show that the inclusion

{n €N : |lxy — Ynp, 2l <7+ g} CneN:|x,—Lzl|l<r+c¢} (10)
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holds for each nonzero z € X. Letk € {n € N : ||x,, — yn,, zll < 7 + 5}. Hence, for each nonzero z € X we have
I3
Xk = Yy, 2l <7+ 7

and so

3 3
i = L, 20 < 10 = g 2+ llyng = L2l <74 5+ 5 =1 46,

that is,
ke{fnelN:|x,—L,z|]| <r+¢},

which proves (10). So we have
(neN:|lx,—Lzll2r+e} € {n €N :|lxy — Yy, 2ll = 7+ g},

for each nonzero z € X. Since {n €N :|lxy — Yu, zll =7+ %} € I, for each nonzero z € X we have
(nelN:|x,—L,z[|>r+¢} e,
(i.e. L € I — LIMjx), which completes the proof. [
Theorem 2.8. The rough I-limit set of a sequence in 2-normed space is convex.
Proof. Let yo, y1 € I — LIM)x for the sequence x = (x,). For every ¢ > 0 and each nonzero z € X, we define
Ti(e) :={n e N:|lx, —yo,zll = v+ e} and To(e) ;== {n € N : |lx, — y1, 2|l = ¥ + &}.
Since vy, y1 € I — LIM)x, we have Ti(¢) € 7 and T»(¢) € Z. Hence, for each n € T;(e) N T5(¢) we have
len = [(1 = Dyo + Ayal, zll = (1 = A)(xn = yo) + Alxn — y1), 2l <7 + €
for each A € [0,1] and each nonzero z € X. Since, T{(¢) N T5(¢) € F (1) by definition ¥ (Z), we have
fn e N: [y — [(1 - Dyo) + ALzl 2 r+e) € T,

that is,
[(1 = A)(yo) + Aya] € T — LIM)x,

for each nonzero z € X. This proves the convexity of the set 7 — LIMjx. [

Theorem 2.9. A sequence x = (x,) is rough I-convergent to L, if and only if there exists a sequence y = (y,) such
that I —limy = L and ||x, — y,, zl| < 1, for each n € N and each nonzero z € X.

Proof. Let x, M)rz 1 L. Then, by definition for each nonzero z € X we have

T —limsup|x, —L,z|| <. (11)

Now, for each nonzero z € X we define

L , dfllx, =Lzl <7
Yn = { X, + r”xi:’szn ,  otherwise. (12)
Then, for each nonzero z € X we can write
_ 0 , ifllx, =Lzl <7
llyn = L,2ll = { llx, =Lzl =7 , otherwise (13)
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and by definition of y,, we have
Iy — yn, zll < 7, for all n € IN.

By (11) and the definition of y,, for all n € IN we have 7 — limsup ||y, — L,z|| = 0, which implies that
I —limy, = L.
Conversely, since 7 —lim y, = L, we have

nelN:|ly,—Lzl2etel,
for each ¢ > 0 and each nonzero z € X and so, it is easy to see that the inclusion
meN:|lx,-Lzll2r+efS{nelN:|ly, — Lzl > ¢}

holds. Since
meN:|ly,— Lzl >2e}el,

for each nonzero z € X, we have
fneN:|x,-Lzl|l>r+elel,

which completes the proof. [
If we replace the condition
"llxy — Y, zll <7, foralln € N and for each nonzeroz € X,”
in the hypothesis of the above theorem with the condition
"InelN:|lx, — yu,zll > 1} € 17,
then the theorem will also be valid.

Definition 2.10. Let 7 c 2N an admissible ideal. ¢ € X is called a ideal cluster point of a sequence x = (x,) provided
that the set
nelN:|x,—czll<el ¢l

for every & > 0 and each nonzero z € X. We denote the set of all T-cluster points of the sequence x by I (T'2).
Now, we give an important property of the set of rough 7-limit points of a sequence.

Lemma 2.11. Let 7 C 2N anadmissible ideal. For anarbitrary c € I(T'2) of asequence x = (x,), we have||L—c,z|| < r,
forall L € T — LIM’x and for each nonzero z € X.

Proof. Assume on the contrary that there exists a point ¢ € 7(I2) and L € 7 — LIM}x such that
IL—=czl>r

w. Then, for each nonzero z € X we can write

for each nonzero z € X. Define ¢ :=
meN:|x,-Lzl|>r+e2{nelN:|x, —cz| < ¢}. (14)

Since ¢ € Z(I'2), for each nonzero z € X we have

nelN:|x,—czl|<e} ¢ 1.
But from the definition of 7-convergence, since

fnelN:|x,—Lzl|>r+e}e 1,

so by (14), for each nonzero z € X we have

melN:|x,—cz|>¢ele T,
which contradicts the fact ¢ € 7(I'2). On the other hand, if ¢ € 7(I'2) then,

(neN:|x,—L,z||>r+ ¢}

must not belong to 7, which contradits the fact L € 7 — LIM’x. This completes the proof. [
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Now we give two J-convergence criteria associated with the rough 7-limit set.

Theorem 2.12. Let I C 2N an admissible ideal. A sequence x = (x,) is ideal convergent to L if and only if
I — LIM,x = B,(L).

Proof. Since x = (x,) is ideal convergent to L, by the proof of Theorem 2.3 we have

T — LIMjx = B.(L).

Since 7 — LIM)x = B,(L) # 0, then by Theorem 2.5 we can say that the sequence x is 7-bounded. Assume
on the contrary that the sequence x has another J-cluster point L’ different from L. Then, the point

- r

L=L+—(L-L
L=,

satisfies
— r
IL-L, 2| = (— + 1) IL—L 2| =r+|[L—L,z|>r
IIL - L, z||

Since L’ is a Z-cluster point of the sequence x, by Lemma 2.11 this inequality implies that L ¢ 7 — LIMjx.
This contradicts the fact _ _
IL-L,zl|l =rand I — LIMjx = B,(L).

Therefore, L is the unique J-cluster point of the sequence x and so, we can say that the sequence x is
ZI-convergent to L. Hence L is the unique J-cluster point of the sequence x as a bounded sequence (by
Theorem 2.5) in some finite-dimensional normed space. Consequently, we can say that

Xn M) 7 L.
This completes the proof. O

Theorem 2.13. Let I C 2N an admissible ideal, (X, ||., .||) be a strictly convex space and x = (x,) be a sequence in
this space. If there exist t1,t, € I — LIMAx such that ||t; — tp, z|| = 2r for each nonzero z € X, then this sequence is
T-convergent to 3(t + t).

Proof. Assume thatt e I (T2). Then, t,t, € T — LIM)x implies that
|t —t,zl| <rand ||t; — t,z|| <7 (15)
for each nonzero z € X, by Lemma 2.11. On the other hand, for each nonzero z € X, we have
2r=|lt1 -ty zll < |Itn — 2l + lIt2 — £, 2, (16)

and so
It =t zll = It = t, 2|l = 7,

combining the inequalities (15) and (16). Since for each nonzero z € X,

S =) = 21t~ )+ (2 ) 17)

and ||tl tZIZH 21/ “eha"e
|2( ) N
t2 tl /Z 7

By the strict convexity of the space and from the equality (17), we get

1
E(fz—t1)=t—t1=fz—t,
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for each nonzero z € X, which implies that
1
t==(l1 +t).
St +h)
Hence, t is the unique 7-cluster point of the sequence x = (x,). On the other hand, the assumption

t1, tp € I — LIMjx implies that
T — LIMx # 0.

By Theorem 2.5, the sequence x is 7-bounded. Consequently, the sequence x is 7-convergent, that is,
, 1
I —limx = E(i’l + tg).
O

The following Theorem is the ideal extension of [[5], Theorem 2.5].

Theorem 2.14. (i) If c € I(T?) then,

T — LIMjx C B,(c). (18)
(ii)
T-LMyx = () Bio) = (L e X: I(I?) C B,(L)). (19)
ceI(T2)

Proof. (i) Let ¢ € I(I'2). Then, by Lemma 2.11, for each nonzero z € X we have
IL—czl|<r forall L € I — LIM)x,

otherwise we get
neN:|x,—Lzl>r+e})¢ 1,

for ¢ := w Since c is an J-cluster point of (x,), this contradicts the fact L € 7 — LIM}x.
(ii) From the inclusion (18), we get

T-uMixc () Bio). (20)
ceI(I2)

Now, letye N Er(c). Then, for each nonzero z € X, we have
ceI(T?)

ly—czl<r,

for all ¢ € I(I'2), which is equivalent to
I(T?) € By),

that is,

ﬂ Bi(c) C{L € X: I(T?) C B,(L)}. (1)
ceI(T2)

Now, let y ¢ I — LIM,x. Then, there exists an ¢ > 0 such that for each nonzero z € X,

meN:|x,~yzllzr+e}l ¢ 1,
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which implies the existence of a 7-cluster point ¢ of the sequence x with
ly—czlzr+e,

that is, _ _
I(T2) ¢ B(y)and y ¢ {L € X : I(T%) C B,(L)}.

Hence,
yel —-LIM)x

follows from _
ye(leX: 1) B WD),

that is,
{LeX:I(?) CBA(L)}CTI-LIMjx. (22)

Therefore, the inclusions (20)-(22) ensure that (19) holds, that is,

T - LIMjx = ﬂ Bi(c) = {L € X : I(T?) C B,(L)}.
ceI(T2)

O

We end this work by giving the relation between the set of 7-cluster points and the set of rough 7-limit
points of a sequence.

Example 2.15. Consider the sequence x = (x,) defined in (9) and let I be the 15 of IN. Then, we have
I(r3) ={(=1,0),(1,0)}.

It follows from (19) that
T — LIM"x = B,((-1,0)) N B,((1,0)).

In this last part of the study, we give the relation between the set of 7-cluster points and the set of rough
Z-limit points of a sequence in 2-normed space.

Theorem 2.16. Let x = (x,) be a I-bounded sequence in X. If
r = diam(Z (T2)),

then we have
I(T2) c T - LIMjx.

Proof. Letc; ¢ T — LIM)x. Then, there exists an ¢; > 0 such that, for each nonzero z € X
meN:|x,—c,zll>r+e1) ¢ 1. (23)

Since the sequence is 7-bounded and from the inequality (23), there exists another 7-cluster point c, such
that, for each nonzero z € X,
ller = co,2ll > 1 + &,
€
where & 1= El Hence, we get

diam(Z(T2)) > r + &3,

which proves the theorem. [
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