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Recent Advances in Integral Inequalities of Hardy-Hilbert Type

Mehmet Sabir BINGOL?, Mehmet Zeki SARIKAYA?

®Department of Mathematics, Faculty of Arts and Sciences, Diizce University, Diizce, Tiirkiye

Abstract. Our aim in this study will be to obtain a new kinds of Hardy-Hilbert inequalities in which the
weighted function is homogeneous function. Other results are also obtained.

1. Introduction

Hardy-Hilbert’s integral inequalities constitute a significant cornerstone in the field of mathematical
analysis, offering profound insights into the behavior of integral operators and their associated func-
tions. Named after the eminent mathematicians G.H. Hardy and D. Hilbert, these inequalities have found
wide-ranging applications across various branches of mathematics, including functional analysis, partial
differential equations, and harmonic analysis.

The well-known Hilbert’s inequality and its equivalent form are presented first [2]:

Theorem 1.1. If f,g € L, ([0, 00)), then the following inequalities hold and are equivalent

fff( g(y)dxdy< ff (x)dxfg (y)dy | 1)
0 0

2

f f ydx dy < m® ff () dx

0o \o
where T and 7 are the best possible constants. .

and

The classical Hilbert’s integral inequality (1) had been generalized by Hardy- Riesz (see [1]) in 1925 as

the following result. If f, g are nonnegative functions such that 0 < f fP(x)dx < coand 0 < f g7 (x)dx < oo,
0 0
where ’1—7 + %] =1, then

1

(o8]

fffx)f;y)d dy Sm ffp (x) dx fgq (y)dy ﬂ @)
0 0

0

Corresponding author: MZS: mzekisarikaya@duzce.edu.tr ORCID:0000-0002-6165-9242, MSB ORCID:0009-0001-3974-0116

Received: 30 January 2024; Accepted: 14 March 2024; Published: 30 April 2024

Keywords. Hardy-Hilbert-type integral inequality, Holder’s inequality.

2010 Mathematics Subject Classification. 26D10, 26D15.

Cited this article as: Sarikaya, M. Z., & Bingtl, M.S. (2024). Recent Advances in Integral Inequalities of Hardy-Hilbert Type. Turkish
Journal of Science, 9(1), 19-31.



M. S. Bingol, M. Z. Sarikaya /T]OS 9 (1), 19-31 20

where the constant factor Sm( ) is the best possible constants. When p = g = 2, inequality (2) is reduced

to (1). Recently, a number of mathematicians had given lots of generalizations of these inequalities. We
mention here some of these contributions in this direction: Li et al. [3] have proved the following Hardy-
Hilbert’s type inequality using the hypotheses of (1):

([ ( (
ffx+y+max {x, v} dxdyﬁc{ffz(x)dxfgz(y)dy}
0 0 0 0

Where the constant factor ¢ = \/E(n -2—tan! 2) is the best possible. Other mathematicians have
presented generalizations or new kinds of the above Hardy-Hilbert inequalities, as follows:

1

Theorem 1.2. [7] Let f,g > 0.1fp>1, g>1,and | + ; =1, are such that

0< fﬂ"l‘}‘f” (x)dx < coand 0 < ftq‘l‘qu (y)dy < oo,
0 0

then one has )

T 228 o] o]
0 0 0 ¢

where the constant factor is the best possible.

Theorem 1.3. [11] Let f,5 > 0.Ifp>1,A>0, s+ ¢ =1,and 0 <A =2— 1 + L <1, then one has

ffj%gy()g)dxdygk{fﬂ’ x)dx] [fgq(y)dy]}l.
0 0 0

Here, k depends on p and q; only if 5 + 7 =1, A =2~ . + 1 =1, kiis the best possible.

We also recall that a nonnegative function f (x, y) which is said to be homogeneous function of degree A
if f (tx, ty) = t'f (x,y) for all t > 0. And we say that & (x, y) is increasing if & (1, u)and & (u, 1) are increasing
functions.

In 2008, Sulaiman [10] gave new integral inequality similar to the Hardy-Hilbert’s integral inequality.

Ifa,b>0,p>1, ’17 + %7 =1,0< A< min{(l -b) s, 1-a) g} , h(x,y) is a positive increasing homogeneous
function of degree A, and f,g > 0 and

X

Fx)=| f(dt, Gx)= | g(t)dt,
from oo |

0

then, for all T > 0, we have

M FFoew )
x) G (y) dx
lIE=sE ©

T » T
< T{pKafaKe [ f (T-t)P! (t)f(t)dt] [ f (T-1GT (t)g(t)dt]
0 0
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1 1
ub=1du 31
S o e o
0 0

In recent years, some Hilbert-type integral inequalities with homogeneous functions were established
[10] by Sulaiman. By means of the technique of real analysis and the weight functions, Sroysang [8]
obtained an equivalent statements of a Hilbert-type integral inequality with the generalized homogeneous
function. In [9], Sulaiman also presented a new Hardy-Hilbert-type integral inequality with homogeneous
functions of order A. This extension significantly broadened the scope of these inequalities, allowing
for their application to a wider range of mathematical contexts. Building upon Sulaiman’s groundwork,
Wei and Lei further contributed to the advancement of this field in [13] by offering an alternative proof
technique for Hardy-Hilbert type inequalities. Despite addressing the same functions and kernels, Wei-Lei’s
approach introduced novel insights and methodologies, enriching the mathematical discourse surrounding
these inequalities. Regarding Hardy-Hilbert integral inequalities regarding different types of functions and
approximations see [4], [5], [6], [12], where further references are given.

In this paper, we present a generalization of the integral inequality (3) and its applications. We also aim
to extend the existing body of knowledge by introducing a new class of inequalities, drawing upon insights
from the aforementioned studies. Our investigation will delve into the intricacies of these inequalities,
exploring their implications and potential applications in various mathematical contexts.

where

2. Main Results
To prove our main results, we require the following lemma:

Lemma 2.1. Let k : R* — R* is nondecreasing, h : R* x R* — R" be increasing function and 0 < y +1 < a. Set
fors>1,
Bl

- t‘Udt
W(s)=s fh(l,t)max{k(t‘l)rk(t)}

0

and
S

» tdt
@) =s fh(t,l)max{k(f_l)/k(t)}

0

Then
W(E)<W() and O(s) <O(1).

Proof. With the help of derivative under the integral sign, we get

S

sh=a . pd
YO = i ymax ke ke 1fh(1,t)max{k(t—1),k(t)}

0

gh—a as—e1 ;
h(1,s)max{k(s71),k(s)} - h(1,s)max{k(s71),k(s)} ft“dt
0

1- <0.
h(1,s)max{k(s71),k(s)} u+1

This shows that W is nonincreasing and hence W (s) < W (1) . The other part has a similar proof. O
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Theorem 2.2. Assume that f,h, k>0, h,k: R* x R* — R*, I be increasing, homogeneous of degree A,
. p q
0 <A <min (1—b)a, (1—a)I; ,4,b>0,

and k is nondecreasing, p > 1, % + % =1. Set

F(x):ff(t)dt
0

Then
i) k(x) # 1, or in general, k(x) # c, (c is constant)
T( T F)d P T
X)dx L
| dvsprrn [@-or o fo @
bf[fh(x y)max y) k(f)}] e J
where
1 1
_f b 1du _f a 1du .
~J h(u,1)max{k(u), k1) Ja= h(1,u) max {k (u=1),ku)} ©)
0 0
i) k(x) =1,
T( T P T
| [ [ f‘;)dx] dy < () [P 0 ©
0 \o 0
where :
1
ubdu w1
Kl:fh(u,l)’ Kzth(l,u)du' @)
0 0

Proof. i) From Holder’s inequality, we get

f' F(x)dx
e pmax ()40

1

[fT YU (x) dx ] [ j’ xP~1dx ]q
J D,y max (ke (2) K (2)) Y (x, y) max {k (2), k (£))

x 0 X

which yields

T P
F(x) dx
8)
[of vy max k() k(g)}]

f Yy UFP (x) dx [f xdx
| T aman kGBI G mes A

X

~

®

S—

—_——

N ——
=
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Change variable in the integral inside with x = yu, we have, in view of Lemma 2.1, by writing a =
b+(1-a)l-
P

T

bl
f (a-1)1 = x y (9)
9y (x, y)max(k (%) k()

a-a)i+b-a (T ¢ I)_a ub~tdu
Y (y) (y th(u,nmax{k(u),k(u—l)}

1
y(1—a)g+b—a—ATa f "ldu .
h (u, 1) max {k (u) , k (u=1)}
0

—D+p—a—
— y(l ﬂ)p+b 22 ATajl — Ta]l-

I

IA

Hence, from (8) and (9), we get

X

T

ar L YL (x) dx
< T%JI .
- hof e yymax e (3) K (2))

Integrating with respect to the y variable , we get

ol r F()d i
X)ax
dy (10)
of [of h(xfwmax{k(%)fk(%)}]

T T
R Y LFP (x) dxdy
%)

10f0fx(b Vi ey mafe (5).k (2))

IA

X

T T
ot b ydy
T4 | FP d
”f‘%!@“wwmwgmex

0 X

By calculating the inner integral above, with the same method as above, in view of Lemma 2.1, by writing
a=a+(1-bE-A,
q

T
f -1k L y (1)
g xR G y)maxdk (’-;)fk(z)}

_ (1 b —af u 1du
h(1, u) max {k (u=1), k (u)}

1

L0 -a=Ara f u*du
h (1, u) max {k (u=1), k (u)}
0

IN
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24
xﬂ+(1*b)§*a*)\Ta]2 — TaIZ»
If (11) is substituted into (10) we get
T P
f f F(x)dx
dy
; [ G yymaxk(3). k(%)}]
T
< T‘*]ZT“q]f fF” (x)dx = T“"’Izjlg fFP (x) dx.
0 0
Since . .
Pw= [Eora-p [Froos (12
0

0
and after interchange of the order of intergration we have

I\ eyt k<z>}]pdy

IA

X

T «x
PT“”IzIf’ f f FPL(8) f (t) dtdx
0 0

T
pT)o]; f (T-tF~L () f(t)at.
0

which shows that the inequality (4) holds.
ii) Similarly, according to Holder’s inequality, we get

T T - -
F(x) Fx)yr X7

dx = d

of h(x,y) g (f [ e

7 [y yT

T ; T
yUEP (x) dx y f Xt 1dx
h,y) "7 )Y hEy) y©

<=

h(xy)]P x

==

which yields

T P T 1pp T - ;
th @ el < (by_l)g—(x)dx f ﬁdx . (13)
J . y) J 7 ih(ny) |y vy UPh(xy)

We consider the above last integral in view of Lemma 2.1, by writing & = a + (1 — b)

7

T

T
! gy = DA xdx
-1 r =Y
vy h(xy) J

0
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then we can obtain

<

T P T
F(x) 2 v (x)
d TKq)d —d
[ofh(’”/) ] = f Gy

yu+(1—b>g—a—ATa K = T°K;,

0

Integrating with respect to the y variable , we get

T T
-1
P
dy<(TaK1)sz L © ity

T(T E(o)
[

T
= (T°K)7 | FP ()
/

T

a—1
0 x 1 h (xl y)

25

(14)

Now, change variable in the integral inside with ¥ = xu, we have, in view of Lemma 2.1, by writing

a=a+(1-bL-

T

a-1
[
g x ih(x,y)

IN

T

SEROION
* ' x/) \x h(1,u) du

0
Nl —a—
xu+(1 b)q o /\TaKz — TaKz.

This final result is written instead of (14), it follows that

f[fh(xy) ]dy

which shows that the inequality (6) holds.

Theorem 2.3. Assume that f,g,h,k >0, h,k: R* x R* — R*, h homogeneous of degree A,

IA

IA

O

T
T%K, (Ky)1 | FP (x)dx
/
T «x
pTVKy (K1)' | [ 7 (0) f (1) dtdx
/]

T
pTKy (Kp)7 f (T-t)F~'(t) f (D dt
0

O</\<min{(1—b)g, (1—a)g}, ab>0,

and k is nondecreasing, p > 1, ’1—7 + % =1. Set

F) = | fhdt, G = | g(t)ar.
from. oo |

Then

X

0
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i) k(x) # 1, or in general, k(x) # c, (c is constant)

T

f f F (X)G(y)dxdy
h(x, y)max k(z)}

0 X

T ST i
T*{fp2l7h [ f (T~ PP~ (8) £ () dt] [ f (T-HG (B g (B dt]
0 0

where 1 and ], are defined by (5).

i) k(x) =1,
T T
ffl—" (%) G (y) dxdy
J ) k)

T P T
< T (pKa)? (qKy) [ f (T -ty P! (t)f(t)dt] ( f (T—-t)GT! (t)g(t)dt]
0 0

1

q

where Ky and Ky are defined by (7).

Proof. i) By using Holder’s inequality, we have

T

f f F(x)G(y)dxdy
h(x, y)max " k(%)}

0

_ ([ Y7 F(x) | 27 G(y) ’
R sy e T

==

1
I

U

0 0 X
. f f 161 (y) dudy E
0 Yy maxk(2) K (2))
- M’Ni

We first consider the following integral:

T T
YL (x) dxdy
M=
bf‘ofx(b Vi e yymaxi (3) k(3))

X

] f”mu¥HWuw;Z<>uw%”

X

26

(15)

(16)

(17)

(18)
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Change variable in the integral inside with y = xu, we have, in view of Lemma 2.1 , by writing a =
a+(1-bE-
q

fT y*'dy
g 20 ) max k(%) k()

_ ,-bi-a (;)a (g)—a Of i m::_{;iz_g,k(u)}

I
X

a+(1-b)L—a-A af —ldy
h (1, u) max {k (u=1), k (u)}
0

< xﬂ+(1—b)g—a—ATtx]2 — T“]z-

If this last result is substituted into (18), we have

T

T T
= v (x) dxdy . o
M Ofbfxb 1)1h(x y)max{ (y) k(i)} T fsz () dx.

X 0

Since
X

F (x) = f [FF () dt=p f FPh(t) f () dt (19)
0 0
and after interchange of the order of intergration we have

T

T «x
M < pT?], f f FPL(t) f (t) dtdx = pT°], f (T - FP7L(t) f(t) dt
0 0

0

Similarly, the other part follows by using Lemma 2.1, « = b + (1 — a) % — A to obtain

N <qT*]; f (T-1)GT () g (t)dt.
0

If M and N are written in (17), we have

T

f f F(x)G(y) dxdy
h(x, y)max y) k(%)}

0

1
q

T P T
< T*{phialh [ f (T -ty (t)f(t)dtJ [ f (T-HG"! (t)g(t)dt]
0 0

which shows that the inequality (15) holds.
ii) Similarly, according to Holder’s inequality, we get

T

/ f = hc(iyz)/f & 20)

0
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T -1

[ [ o,
[h(x, )] x 7 h(x vy

0

foFp () y*~ 1dxdy ffG‘? (y) x*~ 1dxdy
Sy oy (e y) y

T P
_ p@ _ydy |
X Vih (x, y)
0 7

0

T A %
xb_ldx
X[qu(y){Ofm]dy] .

0

IA

We consider the above last integrals with change of variables, by using Lemma 2.1 witha = a+ (1 — b) 5 -

we have
T

T

f _YTdy i f - 1dy (21)
-1t B
x"Vih(x, y)

0

a—ldu
< a+(1—b){1—a—ATa u - TOK
= 0 n(1, ) 2

o

andwitha=b+(1_g)g_

p b-1 ~ob
x"tdx )i X" Hdx
f—(a-w = 0 f . (22)
0 Y hx,y) Y ( y/y>

IA
<
=
+
=
|
=
|
|
T
=
~
<
O%H
:W‘
.
[
=
Il
~
<
=z

Therefore, (21) and (22) are written into (20), it follows that

T T b g
ff F (x)hcziy);led]/ < (T*K,)? (T°K;)1 fﬁ’ (x) dx] [f G (y) dy] .
0 0
By using (19), and after interchange of the order of intergration we have

f‘fF (%) G (y) dxdy
) h(xy)

0

0
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x % T Yy
L) f(b) dtdx] ( G (1) g (1) dtdy]
/ I

0
ST
(T-HF () f (t)dt] [ f (T-1GI () g(t)dt]
0

1
q

T (pKa)? (K1)7

IA

1

T (pK2)? (9K1)?

I
f

which shows that the inequality (16) holds.

3. Applications
Corollary 3.1. Under assumptions of Theorem 2.2 witha = b = %, then

D) k(x) #1,
T( T E () dx P T
x
- dy <pT¥]E | (T—HFL(t) f (t) dt
Of[oj‘h(x,y)max{k(y),k(%)}J BJ
where .
utldu
Ja = fh(l, ) max [k (i), k (1)}
1
i) k(x) = 1,
T( T F) P T
X ap P _ -1
f[fh(x,y)de dy <pT ”K3f(T EFP=(t) f (t)dt
0o \0 0
where .
uz "y
k= [T
1
Furthermore, when h(x,y) = (x + y)A , we have
T( T P T
f f F@ _dx| dy < pTVB? (4, 4) f (T = ) FP~L () £ (1) di.
J | @+ 22/
Proof. Fora=0b= %, from result (i) in Theorem 2.2 we get
1 1
uldu utldu
ho= fh(u,l)max {k(u), k@) - fh(u, uu~) max {k (u) , k (u™1)}
0 0
B j’ w2 ldu B ji uz ldu
a h(1,u"Y)max{ku), k@)~ J h(1,u)max{k(w),ku"))
1

29

(23)

(24)

(25)

and similarly J, = J3. Thus, we obtain desired equality (23). From result (ii) in Theorem 2.3, with a similar

above method , we get

=

=

1 X
-1y uz~du
K = = = Kj.
1j‘mn fh@m ’
0 1



M. S. Bingol, M. Z. Sarikaya /T]OS 9 (1), 19-31 30
On the other hand by putting 1 (x, y) = (x + y)" , we have
A

r zldu AA
S e
1

which the desired result can now be obtained. [

Corollary 3.2. Under assumptions of Theorem 2.3 witha = b = %, then
i) k(x) #1,
A F(x) G (y) dxd
f f (x) (y) xdy . 26)
0 h(x, y)max y) k(E)}

1
q

T P T
< T"‘]g,{/ﬁ{/ﬁ[ f (T-t)F L) f (t)dt] [ f (T-1HGI7 (1) g(t)dt]
0 0

where 3 is defined by (24).
i) k(x) =1,

T

J e

0
1

T P T %
< T*Ks<fpfq [ f (T-HF (1) f () dt] { f (T-HG"" (g ®) dt]
0 0
where Ks is defined by (25).
Furthermore, when h(x,y) = (x + y)A , we have

T T G () dx
=

T booT i
< T“Kg,{/ﬁ{/ﬁ[ f (T-t)F L) f (t)dt] [ f (T-1)GI7 (1) g(t)dt] )
0 0

Proof. The proof is completed with a method similar to the proof in Corrolary 3.1 [J

4. Conclusion

In conclusion, the works of Sulaiman in 2008 and 2010 and Wei-Lei in 2011 represent significant advance-
ments in the theory of Hardy-Hilbert type inequalities. Sulaiman’s generalization widened the applicability
of these inequalities by accommodating homogeneous kernels of order A, thereby extending their utility
across various mathematical domains. Wei-Lei’s alternative proof technique not only provided a fresh
perspective but also introduced new methodologies, further enriching the understanding and discourse
surrounding Hardy-Hilbert type inequalities. Collectively, these contributions lay a strong foundation for
future research endeavors, encouraging continued exploration and innovation in this field.
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