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A Note on Semi-Slant Lightlike Submanifolds of PNsR-Manifolds

Tuba ACET?
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Abstract. The aim of this paper is to study semi-slant submanifolds of poly-Norden semi-Riemannian
manifolds (PNsR-manifolds). Also, we obtain some results with non-trivial examples of such submanifolds.

1. Introduction

It is well known that lightlike submanifolds differs noticable from their non-degenerate counterparts,
because of degeneracy of the induced metric. Such differences results from the fact that tangent and normal
bundle have a non-trivial intersection. This theory is developed by K. L. Duggal and A. Bejancu [1] (see
also [2]). Then the study of lightlike submanifolds have been extensively investigated ([3-5]).

In [6], as a generalization of totally real submanifolds and complex submanifolds slant submanifolds of
almost Hermitian manifolds introduced by B.Y. Chen. Then this theory was extended different manifold.
Semi-slant submanifolds in almost Hermitian manifolds were introduced by N. Papagiuc [7]. Semi-slant
submanifolds in Sasakian manifolds were studied by J. L. Cabrerizo [8] (see also [9-11]).

By use of generalization of golden mean, V.W. Spinadel introduced metallic structure [12]. Let p; and
p2 be positive integers. Thus, members of the metallic means family are positive solution

xz—plx—pzzo,

and this number, which are known (p;, p2)—metallic numbers denoted by [13]

p1+ A/p3 +4p2

0,01,(?2 = 2

A metallic manifold has a tensor field ] such that the equality J* = p1]+ p,l is satisfied, where the eigenvalues
of automorphism J of the tangent bundle are o, ,, and p1 — 0, 5, [13]. Metallic structure on the ambient
manifold provides useful results on the submanifolds, since it is an impotant tool while examining of
submanifolds (for more details [14-18]).

Also, in [19] unlike the bronze mean given in [20], a new bronze mean have been studied. A new bronze
mean given in [19] can not be expressed with g, ,,. Recently, a new type of manifold which is called almost
poly-Norden manifold has been examined in [21]. After submanifolds of poly-Norden (semi)-Riemannian
manifolds have been studied widely ([22-24]).

In this article, we studied the theory of semi-slant lightlike submanifolds of PNsR-manifolds.
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2. Preliminaries

The positive solution of x> — wx + 1 = 0, is named bronze mean [19], which is given by

w+ Vo? -4
pﬂ):f' (1)

By use of (1), B. Sahin defined a new type of manifold equipped with the bronze structure [21]. A
differentiable manifold O, with a (1, 1)—tensor field A and semi-Riemannian metric § satisfying

A% =wA -1, ()

§(A1, Ads) = wF(Ady,d2) — (D1, 02), (3)

then A is called an almost PNsR-manifold.
From (3), we get
J(Ad1,02) = §(d1, Ada),

for all 91,0, € T(TO).
Throught this article, we will assume that w different from zero (see also [25]).

Definition 2.1. [21] Let (O, §) be a semi-Riemannian manifold endowed with a poly-Norden structure A. If A is
parallel with respect to the Levi-Civita connection §, i.e.,

A =0, (4)
then (O, A, §) is called a PNsR-manifold.
Example 2.2. [21] Consider the 4-tuples real space R* and define a map by

A R'SR
(glz C2,GC3, C4) - (P(‘)gll PwC2, ﬁw%, p-a)g4)/

where p, = “XYC=4 and 5, = ©=¥0=E Thys (

R*, A) is an example of almost poly-Norden manifold.

A submanifold (O™, g) immersed in a semi-Riemannian manifold (O"*", §) is known a lightlike sub-
manifold [1], if the metric g induced from 4 is degenerate and the radical distribution RadTO is of rank
r, 1 < r < m. Assume that S(TO) is a screen distribution which is a semi-Riemannian complementary
distribution of RadTO, so,

TO = S(TO)LRadTO. (5)

Considering a screen transversal vector bundle S(TO+), which is a semi-Riemannian complementary vector
bundle of RadTO in TO*. For every local basis {C;} of RadTO, there exists a local null frame {N;} of sections
with values in the orthogonal complement of S(TO*) in (S(TO+))* such that

G(N;, G;) = 6;j and §(N;,N;) =0,

it follows that there exists a lightlike transversal vector bundle /tr(TO) locally sEanned by {N;} [1].
If tr(TO) is a complementary (but not orthogonal) vector bundle to TO in TO|p then

t(TO) = S(TOY) LItr(TO), (6)

TOlo = TO @ tr(TO), 7)

which gives
TO = S(TO)L{RadTO & Itr(TO)} LS(TO"). (8)
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Moreover, Gauss and Weingarten formulae are given as
#2,02 = 2,02 + h(91,02), ©)

fo,N = —Anor + 5 N, (10)

for all 91,02 € T(TO) and N € I'(Itr(TO)). § and ' are linear connections on TO and tr(TO), respectively.
Also, for all d1,d, € I(TO) and N € I'(Itr(TO)) and W € I'(S(TO*)), we get

§0,02 = 19,02 + 1 (1, 02) + (01, ), (11)
B2, N = —Ano1 + i, N+ D*(91,N), (12)
fo,W = —Awd1 + V3, W + D'(91, W). (13)

Denote the projection of TO on S(TO) by P. For any 91,9, € T(TO) and C € [(RadTO), we get

82,09, = §;, P9, + I1'(d1, Pd), (14)
2,0 = —Azd1 + 5 C. (15)
From above equations, we find
g(H (01, P92),C) = §(A301, Pdy), (16)
g”(h*(al,f)&z),N) = q(AN<91,I3&2), (17)
§('(01,0,0 =0, AL=0. (18)

We know that § is not metric connection and we have

(B2, 9)(D2, 93) = (' (D1, 92), 93) + (' (91, 93), D). (19)

3. Semi-Slant Lightlike Submanifolds of PNsR-Manifolds

Definition 3.1. Let O be a lightlike submanifold of a PNsR-manifold (O, A, §). Then we say that O is a semi-slant
lightlike submanifold if the following conditions are satisfied:

i) A(RadTO) is a distribution such that RadTO N A(RadTO) = {0},

ii) There exists non-degenerate orthogonal distributions y1 and y, on O such that

S(TO) = {A(RadTO) & A(Itr(TO))} Ly1 Ly,

iii) The distributions y1 is invariant, Ay, = y1,
iv) The distributions y, is slant with angle ¢p(# 0) i.e., for each x € O and non-zero vector X € (y2)x, the angle
¢ between AX and the vector space (y2)x is non-zero constant, which is independent of the choice of x € O and

Xe (yZ)x-

A semi-slant lightlike submanifold is said to be proper if y; # {0}, 72 # {0} and ¢ # 7.
From above definition, we arrive at

TO = RadTOL{ARadTO & Altr(TO)} Ly1 Lys. (20)
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Example 3.2. Let (]Rf,g“) be a semi-Riemannian manifold with signature (—,—, +,...,+,) and (¢1,¢2, ..., C12) be
standard coordinate system of R}

Tnking
ﬁwull PolU2, PolUs, p_a)u4/ pmu5/ Pwle,

Alc, ..., = _ . _ -
(1 c12) Pol7, PolUs, Pol9, PoU10, Polll, PolU12

where p,, = “”T‘H and p, = 1 — po. Thus A is a poly-Norden structure on R,
Suppose that O is a submanifold of R}? given by

C1 = PuX1 — X2+ X3, C2=X1— PuX2t+ PuX3,

G3 = X1t PuX2 + PuX3, G4 = PepX1 + X2+ X3,
C5 = PwXs, GCo6 = PwXs,
C7 = PwXs, G8 = PwXs,
C9 = PwXe, €10 = PwX7,
G11 = PwXe, G12 = PwX7-

Then TO = Sp{®;, ..., D7}, where
Dy = podx1 + Ixp + Ix3 + WXy,

Dy = —Ix1 + pudxy + PudXs + Xy,
D3 = Ix1 + pudx2 + PuXx3 + Ixy,
Dy = pudxs + Podx7, D5 = pudxe + pudxs,
Dy = pudx9 + Podx11, D7 = puwdxio + Pudxin.
Thus, RadTO = Sp{®1} and S(TO) = Sp{®D, ..., Oy} and Itr(TO) is spanned by

1
N - m (_pwaxl — &xz + 59(3 + pmax‘l)!

and S(TO*) is spanned by
W1 = pu0x5 = pudx7, Wi = pu0xs — puoXs,

W3 = pudXo — pudxii, Wz = pudX10 — PwdX12-

1t follows that A®y = @3, AN = Oy, ADy = p, Py, AD5 = p, D5 which gives that y1 is invariant, y1 = Sp{Wa, Vs}
and yy = Sp{We, W7}, is a slant distribution. Therefore O is a semi-slant lightlike submanifold of R}?.

For any vector field d; € I'(TO), we take
A(91 = t&l + 7’1&1, (21)

where td; and nd; are the tangential and the transversal part of Ad;, respectively. We show the projections
on RadTG, A(RadTG), A(Itr(TG)), y1 and y» by Ry, Rz, R3, Ry and Rs respectively. Similarly, we show that
the projections of tr(TO) on A(ltr(TO)) and S(TO*) by Q1 and Q,, respectively. Then, we get

(91 = Rlal + Rzal + R381 + Ry 81 + R5&1. (22)
Applying A to (22), we have

A(91 = AR1(91 + AR281 + AR381 (23)
+ARy 81 + AR531,
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which gives

A31 = AR1(91 + AR231 + AR381 + ARy 81
+tR581 + ﬂR5&1, (24)

where fR501 denotes the tangential component of ARsdq, 1Rs5d1 denotes the transversal component of AR5d;.
Also, for any W € I'(tr(TO)), we have

W=01W+Q,W. (25)

Applying A to (25), we have
AW = AW + AQ: W,

which yields
AW = AQ1W + bQo W + cQo W, (26)
where bQ,W denotes the tangential component of AQ,W, cQ,W denotes the transversal component of
AQ,W.
Thus, we obtain

AQIW € T(A(K(TG)), bQaW € L(y2),
cQ,W € T(S(TO%)).

4. Main Results

Now, we give the main results of our article:

Theorem 4.1. Let O be a semi-slant submanifold of a PNsR-manifold (O, A, §). Then RadTO is integrable if and
only if

i) G(H(Cr, AL), G3) = G(H (G, AT, Ga),

it) g(h*(C1, AG2), N) = §(h*(C2, AC1), N),

iii) (8, A — B2 AC1, Ad) = wi(l;, AT — 82 ALy, 1),

iv) Gy, Al — 7 ATy, t0a) + G(1° (C1, Alp) — B (Lo, Alh), ) = wi(ly Ay — B ALi, 0h),

forall ; e T(RadTO), (i =1,2,3), d1 €T (y1), 92 € I(y2) and N € I'(Itr(TO)).

Proof. 1t is well known that RadTO is integrable iff

g([CI/ CZ]/ AC3) = g([Cl/ CZ]/ AN) = g([Cl/ CZ]ral) = g([Cl/ CZ]raZ) =0

for any (; € I'(RadTO), (i = 1,2,3), d1 € I'(y1), d2 € T(y2) and N € I'(Iitr(TO)). Because of f is a metric
connection, in view of (3), (11), (14) with (21), we get

ﬁ(ﬂcl G - oG, AG)
= Gl AG — B AL G)
= G, Al +H (G, AG) + 15(G, AG), G)
—G(bo A + 1 (G, AGY) + B (G, AGY), Ga)
= GG, AL, G) — G(H (T2, AGY), G3), (27)

J([C1, C2], AG)
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& — BCi, AN)

gl AG — B AGLN)

G, Ao + H(Cy, AG) + 15(Cy, AL), N)
—§(He, ACy + K (G, AT) + (T, AT), N)
g, A, N) — G(Hi, AC1, N),

gtz A + 1*(C1, AL),N)

=g, AG + (G2, Al1), N)

gh'(C1, AG) — (G, AG), N),

—g§(A[C1, Co], Adh) + wg(A[C, G, 01)
—J(B AT — B, AT, AdY)

+@g(H, Al — i, AC1, 1)

~(tie, AC2 + W (C1, AG) + B(Cr, ALp), Adr)
+J(ti, AC1 + (G, AT) + B(Co, AGy), Adh)
+wd(f, AG + (0, AG) + 1(C, AL), 91)
—w(Be, ATy + 1'(Co, AGY) + 1(Ca, ALy), O1)
—g(fic, Ala, Adh) + G(Hi, AC1, Adr)
+wf(fic, Ala, 1) — wg(He, ALy, 1)

=g A + 1'(C1, Alp), Adh)

+g(Hy, A+ 1(C2, Aly), Adh)

+og(ty, Al + 1'(C1, AL), dh)

—wg(t, AG + (G, Aly), 01)

gz, AT — iz ALy, Adr)

+wod( AC — i Ali, d1),

—G(A[C1, G2, Ady) + wd(A[Cy, (2], 02)
—5(H, Al2 — B, ALy, ADy)
+0g(lo AG — B, ALy, 92)

—_17(5@1 AG — BCZACL tdy + ndy)
+0f(fl AG — B, AT, 92)

—G(He, ACa + 1 (Gr, AL + 15(C1, ALy), 10 + 1dy)
+3(He, ATy + B (G, AG) + (Lo, AGY), td + 1)

+wi(fe, Al + 1 (G, AL) + B (L1, AL), 02)
—wi(f, A + 1 (Co, ALY + H5(Co, ALY), 92)

37

(28)

(29)
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=~ ACy — i, AGy, )
—g(*(C1, AG) = I°(Cp, ACy), 1)
+wi(fi, ACy — He,AC1, d2)
= =gt AC + 1"(G1, AGy), t0a)
+g(t A1 + 1 (Cy, Aly), 802)
—g(*(C1, ACp) — I°(Ca, ACy), 1)
+wg(fy Al +1(C1, Alp), d2)
—wg(f, A+ 1'(Co, AGy), 92)
= =gty AC —H AGy, 1)
—g(°(C1, AG) = I°(Cp, ACy), )
+wg(ty A — iy, AGi, d2), (30)
So, we obtain the proof with equations (27)~(30). O
Theorem 4.2. Let O be a semi-slant submanifold of a PNsR-manifold (O, A, §). Then A(RadTO) is integrable if and
only if

i) GH(AG, G), G) = G(H (G, AL), G3),

ii) G(A7 Ay, Adr) = G(AL NGy, Ady),

iii) (AL AG — AL NGy, t0s) = G (Cy, AGp) — B5(Co, AGh), n05),

iv) G(ANACL, AL2) = G(ANAG, AGy),

forall (; e T(RadTO), (i =1,2,3), d1 €T (y1), d2 € T(y2) and N € I'(Itr(TO)).

Proof. In view of the definition of semi-slant lightlike submanifold then A(RadTO) is integrable iff
G(IAL, AL, DGs) = GIAL, Ala], 01) = G(IAL, AL, 92) = G(IAL, AL N) =0,
for any (; € FgRadTO), (i=1,23),0d1 €T()1), d2 € I'(y2) and N € I'(Itr(TO)). By use of (3), (11), (12), (15)
with (21) and § being a metric connection, we find
JIACLAGLAG) = §Eac Al — Bac, Al AG)
= G(A(EA G - fac0), AG)
= 0f(Alhra G — Faclr), G) = JEac G — BacC, Go)
= 0f((facCo - brcCr), AG) — §#ac o — Bac G, G)
= wi(fac, G + H(AG, &) + K (AL, G), Als)
—wi(fac,C1 + H(AG, T) + 1 (AL, C), AG)
—G(#ac, G + H(ALL, G) + K (AG, ), G)
+J(#ac,C1 + H(AGy, ©) + (AL, G), o)
= —j(H(ACL, &) — (AL, C), G3) (31)

FIALLAGL ) = Gl Al — B Al 1)
= §(AF#a, G2 - Brc 1), 01)
= JacCo — Bacli, A1)
= §tiac, G + 1AL, G) + B (AL, &), Ady)
—G#ac G + KA, G) + K (AL, Gh), Ady)
= G(#ac, Co, AD1) — G(Bac,C1, A1)
= J=ALAG + 1 G, Ad) = G(-AL Al + 1 C1, Adh)
= (AL AG - AL AG, A, (32)
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JIAC, AG) 3 = GHaq AG — B A, 92)

= §(A(Hrc G - Brnlh), 92)

= G & — Ba, G, Ada)

= G, G — Bac, i, 102 + 105)

= Gl G+ H(AG, G) + (AL, &), 10 + ndy)
—G(Hac,C1 + M (AL, C1) + BE(ALy, Gr), 10 + 1dy)

= J(Bac,C2 — agGi, t0o)
+G(W°(AGy, C) — B (AL, Cr), nda)

= G=ALAG + Y G, 1dh) = G(=AL ALy + X, Ci, 1)
+3(W°(AG, §) — B (AL, Cy), ndy)

= JAL NG — AL A, 1)) 33)
+G(W°(AG, C) — B (AC, &), nda),

G(Bac, AG2 — Bac, AGLN)
= —§(AG, BacN) + 5(AC Ba,N)
= —§(-ANAG + )\ N + DY(AC, N), AG)
+J(—ANAG + i N + D*(Aly, N), AGy)
= JANAG, AG) — G(ANAG, AG). (34)

J([AC, AGL N)

So, proof obtaines from (31)~(34). O

Theorem 4.3. Let O be a bi-slant submanifold of a PNsR-manifold (O, A, §). Then A(Itr(TO)) is integrable if and
only if

i) (AN, AN, N3) = §(An,AN1, N3),

ii) G(An, AN>, Adq) = G(An,AN1, Ady),

iii) G(An, AN — AN, AN, td2) = G(D?(AN,, N1) — D°(AN1, Ny), nd,),

iZ)) gN(AN3AN1,AN2) = _I7(AN3AN2, ANl),

forall N; € T(A(Itr(TO))), (i = 1,2,3), d1 € I(y1) and 35 € T(y2).

Proof. We know that A(Itr(TO)) is integrable iff
J([AN1, AN>], AN3) = G([AN1, AN2], d1) = G([AN1, AN2], d2) = G([AN1, AN>],N3) = 0,

for any N; € T(A(Itr(TO))), (i = 1,2,3), d1 € I'(y1) and d, € I'(2). In view of (3), (11), (12), (15) with (21) and
# being a metric connection, we get

G(IAN1, ANoL, AN3) - = G(H#an, AN2 — §an, AN1, AN3)
= G(AHan N2 — Fan,N1), AN3)
= wF(AFan, N2 — Ban,N1), N3) — G(#an, N2 — Ban, N1, N3)
= wi((Fan, N2 — Ban,N1), AN3) — G(Ban, N2 — Ban, N1, N3)
= (AN, AN; + ) N2 + D°(ANy, N2), AN3)
~wi(=An, AN + ), N1 + D*(AN2, N1), AN3)
—§(—=AN,AN1 + Ny + D°(AN1, Ny), Na)
+§(—An, AN, + N1 + D*(AN,, Ny), N3)
= §(AN,AN1 — AN, AN, N3), (35)
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FBAN, AN, — Ban, ANy, 01)
= G(A(Han, N2 — Ban,N1), 1)
= g(#an,Na — fan, N1, Ad)
= §(=An, ANy + f N2 + D*(ANy, N»), Ady)
—§(—=AN,AN; + N1 + D*(AN,, Ny), Ady)
= §(AN, AN, — AN, ANy, ADy), (36)

g([Ale ANZ]/ &1)

G([AN1,AN2],92) = G(Han, ANz — §an, AN1, 92)
= GFAEN N2 — FanN1), 02)
= G, Na — Ban, N1, Ady)
= §(Han, N2 — Ban, Ny, £ + 19,)
= §(—AN, ANy + iy No + D¥(ANy, Ny), 0, + 195)
—J(—ANn,ANa + N1 + D* (AN, Ny), 0, + 1d,)
= §(An, AN, — AN, AN, £0,)
+§(D°(AN1, N2) = D*(AN,, N1), nd), (37)

G(IAN1, AN2L,N3) = G(Han, ANz — $an, AN, N3)
= —gG(ANy, §an, N3) + G(AN7, Ban, N3)
= —j(-ANAN; + i N + D°(ANy, N3), AN)

+§(—~ANAN; + f, . N + D°(AN,, N3), ANj)
= §(An,AN1, AN2) — G(An,AN2, ANY). (38)

The proof follows from (35)~(38). O

Theorem 4.4. Let O be a semi-slant submanifold of a PNsR-manifold (O, A, §). Then y is integrable if and only if
i) G155, A1 — B Ay, 102) + G(h*(ds, Adh) — h°(d1, Ady), nd2) = wi(ly Ady — By Ads, 0a),
ll) q(ﬁ;4Aal - ﬁ;l A841 AN) = ‘q(h*(&‘l/ A81) - h*(all A&‘l)r N)/

iii) G(AnDs, Adv) = (AN, Ady),
for all 01,94 €T(y1), d2 € T(y2) and N € T(Itr(TO)).

Proof. If we consider the definition of the semi-slant lightlike submanifolds then y, is integrable iff
([0, 911, 02) = §([94, 1], N) = §([ds, 1], AN) = 0,

for any d1,ds € T'(y1), d2 € I'(y2) and N € I'(Itr(TO)). By use of (3), (11), (12), (14) with (21) and i being a
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§([ds,01],N)

J([d4,01], AN)
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G(#9,01 — £5,04,02)

~G(A(Ha,01 — §9,04), AD2) + wF(A(Ha,01 — §2,04), 02)
— Gy, Ady + 1Dy, A1) + (D4, ADY), 1y + 1)
+3(ty, Ady + (91, Ady) + 1¥(d1, Ady), 1y + 1)
+wi(Hs, Ady + (9, Ady) + h¥ (94, Ad1), D2)

—w§(Ha, Ady + (91, Ady) + H°(1, Ads), 9)
—G(#9,Ad1 — H5, AD4, td2)

— (1 (94, A1) — H5(1, Ady), ndy)

+w (B9, Ad1 — #5, A0, 92)

—g(H5, A1 + 1(da, Adh), tda)

+g(H5, Ady + (91, Ady), 1)

— (1594, A1) — H5(1, Ady), ndy)

+w iy, Ady + (04, Adh), 0,)

—wg(#y Ady + h'(d1, Ads), 92)

=g, Ad1 — 1} Ady, td2)

—§(h° (94, A1) — 1°(d1, Ady), ndy)

+w gy, Ady + 5 Ads, 92), (39)

G(#3,01 — #5,04,N)

~§(A(H2,01 — #5,04), AN) + wG(A(Hs,01 — §,00), N)
— (9, Ady + H'(ds, ) + (94, AD1), AN)

+3(Hy, Ady + 1 (91, Ads) + 1¥(91, Ads), AN)
+wi(Hs, Ady + (94, Ady) + h¥(d4, Ad1), N)

—wd(#y, Ady + (91, Ady) + h¥(d1, Ady), N)

— (o, Ad1 — 9, Ads, AN) + wif(#5, Adr — 5, Ads, N)
— (5, A1 + h'(ds, A1), AN)

+(f5, A + h' (1, Ady), AN)

+a)g“(1i;;4 AO1 + (04, A1), N)

—wg(Hy, Ads + h' (01, Ada),N)

—g(#5,Ad1 — #f5 Ads, AN) (40)
+wi(l (94, Ad1) + 1'(d1, Ady), N),

G(#a,01 — #5,01, AN)
= —§(Ad1, §5,N) + G(Ads, #5,N)
= —J(-Ands +H, N + D*(95,N), Ad1)
+§(=An01 + 5, N + D*(91,N), Ady)
= §(Ands, Ad1) = G(AnD1, Ady). (41)

So, we arrive at the proof from (39)~(41). O
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Now, we obtain the necessary and sufficient conditions for a foliation determined by distribution on a
semi-slant lightlike submanifolds of a PNsR-manifold to be totally geodesic.

Theorem 4.5. Let O be a semi-slant submanifold of a PNsR-manifold (O, A, §). Then y1 defines totally geodesic
foliation if and only if

i) G(#9,t02 — Ang,0a, Ad1) = wi(#y,t02 — Ay, 04, 01),

ii) g, Ad1, AN) = wii(h*(ds, Ad1),N),

iii) h*(ds, Ad1) has no component in I'(RadTO),

forall 01,04 € T(y1), 92 € I(y2) and N € T'(Itr(TO)).

Proof. The distribution y; defines totally geodesic foliation iff #5,01 € I'(y1) for all 91,94 € T'(y1). 13 being a
metric connection and from (3), (11), (13) and (21), we have

§(#a,01,02) = G(Ha,01,92)

= _!7(91/ aa492)

= §(Ady, Ho, (02 + nd2)) — (01, B, (802 + 1dy))

= (A, 19,102) + G(A1, By n02)
~w{i(d1, §2,t02) — (91, f3,n92)

= G(Ady, H5,t02 + (D4, 10) + h°(4, 102)
+3(Ad1, —Auo,04 + H) 10, + D*(94, 1d2))
—w§(01, 5,102 + (D4, 1) + h°(d4, 102))
~w§(d1, —Ana,0s + %4”32 + D*(d4,ndy))

= G(Ad1, H9,td2 — App,d4) — wi(1, o, 102 — Ay, 0s).

Similarly, from (3), (11) and (14), we have

7(#5,01,N)

= —j(§2, D1, DN) + wii(§s, D1, N)

= —§(t5, D1 + (s, DI1) + 1¥ (94, DI,), DN)
+wi(y, Iy + (9, D) + 1 (94, DIy),N)

= —§(#5, D1, PN) + wj(#s, D1, N)

= —g(H;, D1 + h'(s, D), DN)
+wi(y, D1 + I1'(94, D), N)

= 5(11;4@91,‘151\]) — wj(h*(ds, Dd1),N).

g(#,91,N)

Furthermore, using (3), (11) and (14), we obtain

g(#, 01, N)

= §(#9, A1 + (D4, Adh) + H°(ds, Ad1),N)
= Gl Ad + 1'(ds, Ad1),N)

= (' (d4, A1), N).

!7(118481/ AN)

So, the proof is completed. [

Theorem 4.6. Let O be a semi-slant submanifold of a PNsR-manifold (O, A, §). Then y, defines totally geodesic
foliation if and only if
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i) §(tds, #9,Ad1) + G(nds, h°(d2, Ad1)) = wi(#s,Ad1, d3),
ll) g(ﬁaz t83 - Ana3<92/ AN) = a)g(ﬁazta3 - An(93a2/ N)r

iii) §9,td3 — Ay, 02 has no component in T'(RadTO),
forall 31 € T'(y1), d2,93 € T(y2) and N € T(Itr(TO)).

Proof. The distribution y, defines totally geodesic foliation iff #5,d5 € I'(y2) for all d5, 93 € I'(y2). In view of
(3), (11) and (21) with the properties of the connection §, we get

§#2,05,01) = §(Ha,05,91)
= —§(0s,H,01)
= §(#5,A01, Ad3) — wi(Hs, A1, 93)
= §(5,A01 + W' (92, ADy) + 15(d2, A1), 103 + 1105)
~wi(t5,A01 + W (92, Ady) + 1 (D2, Ad1), 03)
= §(Hs, A0y, td3) + G(I° (D2, Ady), nd3)
—wj(#s, A1, 93).

Similarly, from (3), (11), (13) and (21), we have

§(#,05,N)

= —j(#2,A93, AN) + wj(Hs, A3, N)

= —§(85,(tds + nds), AN) + @3 ((tds + nds), N)

= —§(#,t3 + H'(9y, td3) + 1¥ (92, t33), AN)
—(=Ana,02 + ) nd5 + D9, nd3), AN)
+wi(#ly,td3 + H'(9a, td3) + 1¥(9a, t33), N)
+0(=Ana, 02 + §, 193 + D¥(9,n33), N)

= —G(#s,t03 — Ay, 02, AN) + wi(#y,t03 — An,d2, N).

9(#5,93,N)

Also, from (3), (11), (13) and (21), we get

G(#9,05, AN)

= §(#s,A03,N)

= §(85,(td5 + nds),N)

= §(#,t03 + (9, td3) + h°(0a, td3), N)
+(=Ana,02 + H), 195 + D*(d2,nd3), N)

= G(f,td3 — Ayp,02, N).

‘q(ﬁﬁza?)/ N)

which gives proof of our assertion. [
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