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aDepartment of Mathematics, Faculty of Sciences and Arts University of Pamukkale, Türkiye
bDepartment of Mathematics, Kafkas University, Kars Türkiye

cDepartment of Mathematics, Faculty of Sciences and Arts University of Pamukkale, Türkiye

Abstract. In this study, we considered a different sequence with bicomplex coefficients. We investigated
some important properties of this new number sequence that we created by giving the q− form and finding
the exponential generating function. Moreover, we obtained the fundamental combinatorial identities
related with these sequences.

1. Introduction

Bicomplex numbers form a commutative algebra, which is a generalization of complex numbers. Unlike
algebra of complex numbers, bicomplex algebra is isomorphic to the direct sum of two algebras on complex
numbers[3]. In this one, apart from the obvious idempotent elements, two idempotent elements, the zero
divisors and the orthogonal element e1 and e2 can be created. With the help of these idempotent elements,
every bicomplex number z can be written in a unique way. These idempotent elements {e1, e2} form a
base for the bicomplex numbers on the scalar field complex numbers. Most of the properties of complex
numbers are still provided in bicomplex algebra[13]. Bicomplex numbers are used in many fields. Some
of its uses are describing fractals, studying integer sequences, and computer graphics applications[8, 14].
In [5], the author introduced bicomplex numbers whose coefficients were selected from the sequence of
Jacobsthal-Lucas numbers and studied some known identities. In [2], the author has studied bicomplex
third-order Jacobsthal numbers and gave the Binet formula, generating function and some properties of
this sequence. In [8], the authors have investigated new families of Fibonacci and Lucas octonions with q
integer components in detail. In [4], the author has defined and also examined the Horadam bicomplex
numbers. Any bicomplex number z is written by complex coefficients[12].

z = z11 + z2j = (z1 − i z2) e1 + (z1 + i z2) e2 (1)

where z1 = b0 + i b1, z2 = b2 + i b3, i2 = j2 = −1. Bicomplex numbers whose are coefficients from Jacobsthal
and Jacobsthal-Lucas numbers are defined as follows[5]:

BCJn = Jn + Jn+1i + Jn+2j + Jn+3ij, BC jn = jn + jn+1i + jn+2j + jn+3ij. (2)

Corresponding author: ŞÇ mail address: sule9220@gmail.com ORCID:0000-0002-4514-6156, SH ORCID:0000-0002-8071-0437, ÖD
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Jn and jn are nth Jacobsthal and Jacobsthal-Lucas numbers:

Jn =
1
3

(
2n
− (−1)n) , jn =

(
2n
− (−1)n) . (3)

Since quantum calculus plays an important role in physics, number theory, and other areas of mathematics,
we consider two different types of bicomplex sequences with components involving quantum integers.
Therefore, we have briefly summarized some properties of quantum integers. For any integer number n,
the equations [n]q and [−n]q are satistified.

[n]q =

n−1∑
k=0

qk, [−n]q = −

n∑
k=1

q−k. (4)

Where [1]q = 1 and [−1]q = −
1
q . The number [−n]q is also called a q− integer [6]. Also, −qn[−n]q = [n]q,

n < 0, is satisfied. Considering the ring of integers, in case q = 1, the quantum integers turn into known
integers. The following algebraic operations are frequently used in quantum calculations, with m,n being
natural numbers.

[m + n]q = [m]q + qm [n]q, [mn]q = [m]q[n]qm . (5)

Elements of second-order integer sequences and q−integers can be converted to each other. Therefore,
studying q−integers has great advantages in terms of computational ease and usability. An example is the
work of Pashaev and Nalci’s Golden quantum oscillator, and Binet-Fibonacci calculus[11]. We can write
down some of the work done using these numbers. In [7], the authors have derived families of multilinear
and multilateral generating functions for some polynomials based on q integers. Akkus and Kızılaslan have
examined the quantum approach to Fibonacci quaternions in a study they conducted in 2019[1]. Kome
et al., on the other hand, have made a quantum calculus approximation to the dual bicomplex Fibonacci
numbers[9]. In [8], the authors have studied q octonions and gave Binet formulas, exponential generating
functions. In the studies performed in the references [10, 12], the authors examined in detail the arithmetic
operations in bicomplex space and the structures of bicomplex functions.
In this study, we created a different number sequence using q−Jacobsthal bicomplex numbers. In addition,
we made it easier to calculate some identities, which give the basic structures of integer sequences and
occupy an important place in the literature, by using q calculus.

2. Bicomplex sequence with coefficients from q−Jacobsthal numbers and its properties

In the studies performed in the references [1, 9], the authors examined the q−Fibonacci bicomplex
numbers and duals in detail.
In this section, we give bicomplex numbers using the nth q-Jacobsthal and Jacobsthal-Lucas numbers.
These numbers are denoted by Jn

(
α, q

)
and jn

(
α, q

)
and are as follows.

Jn
(
α, q

)
=
αn
− βn

α − β
=
αn
−

(
qα

)n

α − qα
=

1
2
αn[n]q (6)

and
jn

(
α, q

)
= αn + βn = αn (

1 + qn) , (7)

respectively. In here, α = 2 and q = −1
α .

Now, using the q−Jacobsthal and Jacobsthal-Lucas numbers, respectively, let’s define the nth terms of two
different bicomplex number sequences as follows.

BCJn
(
α, q

)
=

1
2
αn

{
[n]q + iα [n + 1]q + jα2 [n + 2]q + ij α3 [n + 3]q

}
(8)

and
BC jn

(
α, q

)
= αn

{(
1 + qn) + i α

(
1 + qn+1

)
+ j α2

(
1 + qn+2

)
+ ij α3 (1 + qn+3)

}
. (9)
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We can also write the following equation as a separate notation for this sequence.

BC jn
(
α, q

)
= αn

[2n]q

[n]q
+ iαn+1

[2n + 2]q

[n + 1]q
+ jαn+2

[2n + 4]q

[n + 2]q
+ i jαn+3

[2n + 6]q

[n + 3]q
. (10)

We have listed below some of the equations provided by the general terms of the sequences we have just
defined.

BCJn
(
α, q

)
± BCJm

(
α, q

)
=

1
1 − q

{
α
(
αn−1

± αm−1
)
− γ

(
αn−1qn

± αm−1qm
)}
. (11)

BC jn
(
α, q

)
± BC jm

(
α, q

)
= α (αn

± αm ) − γ
(
αnqn

± αmqm)
. (12)

BCJn
(
α, q

)
BCJm

(
α, q

)
=
αm+n−2(
1 − q

)2

{
(α2
− qmα γ − qnα γ + qm+nγ2

}
. (13)

BC jn
(
α, q

)
BC jm

(
α, q

)
= αm+n

{
(α2 + qmα γ + qnα γ + qm+nγ2

}
. (14)

In the following Corollary, we have given some basic equations that the general terms of the sequences we
have examined provide according to the standard basis

{
1, i, j, ij

}
.

Corollary 2.1. The following equalities related to numbers BCJn
(
α, q

)
and BC jn

(
α, q

)
are satisfied.

BCJn
(
α, q

)
+ BC Jn

(
α, q

)
= 2Jn

(
α, q

)
. (15)

BCJn
(
α, q

)
+ BCi Jn

(
α, q

)
= 2

{
Jn

(
α, q

)
+ j Jn+2

(
α, q

)}
. (16)

BCJn
(
α, q

)
+ BCj Jn

(
α, q

)
= 2

{
Jn

(
α, q

)
+ i Jn+1

(
α, q

)}
. (17)

BCJn
(
α, q

)
+ BCij Jn

(
α, q

)
= 2

{
Jn

(
α, q

)
+ ij Jn+3

(
α, q

)}
. (18)

BC jn
(
α, q

)
+ BC jn

(
α, q

)
= 2 jn

(
α, q

)
. (19)

BC jn
(
α, q

)
+ BCi jn

(
α, q

)
= 2

{
jn

(
α, q

)
+ j jn+2

(
α, q

)}
. (20)

BC jn
(
α, q

)
+ BCj jn

(
α, q

)
= 2

{
jn

(
α, q

)
+ i jn+1

(
α, q

)}
. (21)

BC jn
(
α, q

)
+ BCij jn

(
α, q

)
= 2

{
jn

(
α, q

)
+ ij jn+3

(
α, q

)}
. (22)

As it is known, one of the most commonly used formulas in the analysis of integer sequences is the Binet
formula. This formula is widely used in practice as it characterizes the elements of the sequence.

Theorem 2.2. For the bicomplex q− Jacobsthal sequences, Binet formulas are

i) BCJn
(
α, q

)
= αn−1

α − qnγ

1 − q

 .
ii) BC jn

(
α, q

)
= αn

(
α + qnγ

)
.

Where
α = 1 + iα + j α2 + ij α3, γ = 1 + iαq + j (αq)2 + ij (αq)3. (23)

Proof. i) From the equality (8), we write

BCJn
(
α, q

)
=

1
2
αn

{
[n]q + i α [n + 1]q + j α2 [n + 2]q + ij α3 [n + 3]q

}
,

BCJn
(
α, q

)
=

αn

2
(
1 − q

) {(
1 − qn) + i α

(
1 − qn+1

)
+ j α2

(
1 − qn+2

)
+ ij α3

(
1 − qn+3

)}
,
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BCJn
(
α, q

)
=

αn

2
(
1 − q

) (
1 + i α + j α2 + ij α3

)
+

(αq)n

2
(
1 − q

) (
1 + i αq + j (αq)2 + ij (αq)3

)
.

If we substitute the values of the alpha line and beta line in the last equation then we get

BCJn
(
α, q

)
= αn−1

α − qnγ

1 − q


which completes the proof.
ii) From the equality (9), we can write

BC jn
(
α, q

)
= αn

{(
1 + qn) + i α

(
1 + qn+1

)
+ j α2

(
1 + qn+2

)
+ ij α3

(
1 + qn+3

)}
,

BC jn
(
α, q

)
= 2αn−1

(
1 + i α + j α2 + ij α3

)
+ 2(αq)n−1

(
q + i αq2 + j α2q3 + ij α3q4

)
.

If necessary operations are performed on the last equation, the following equation is obtained, which
completes the proof. So,

BC jn
(
α, q

)
= αn

(
α + qnγ

)
.

We would like to point out right away that if the values α, q are substituted in the above last formula, then
the Theorem 2.4 in [5] is obtained.

The algebraic operations and relations between the elements of these sequences that we examined are given
in the Corollary below. We noted that q calculus is very useful in reviewing all the properties involving
sequence elements.

Corollary 2.3. For the numbers BCJn
(
α, q

)
, the following equalities are satisfied.

BCJn+1
(
α, q

)
+ BCJn

(
α, q

)
= αnα. (24)

BCJn+1
(
α, q

)
+ BCJn−1

(
α, q

)
=
αn−2

1 − q

{
5α − 2qn−1γ

}
. (25)

BCJn+1
(
α, q

)
− BCJn

(
α, q

)
=
αn−1

1 − q

(
α + 2qnγ

)
. (26)

BCJn+1
(
α, q

)
− BCJn−1

(
α, q

)
=
αn−2α

1 − q
. (27)

Proof. It is sufficient to see that only one of these equalities is true. For this purpose,

BCJn+1
(
α, q

)
+ BCJn−1

(
α, q

)
=

1
1 − q

{
αn−2α

(
α2 + 1

)
− αn−2qn−1γ

(
1 + α2q2

)}
,

BCJn+1
(
α, q

)
+ BCJn−1

(
α, q

)
=
αn−2

1 − q

{
5α − 2qn−1γ

}
which is desired.

Corollary 2.4. For BC jn
(
α, q

)
, the following equalities are satisfied.

BC jn+1
(
α, q

)
+ BC jn

(
α, q

)
= 3αnα. (28)

BC jn+1
(
α, q

)
+ BC jn−1

(
α, q

)
= αn−1(5α − 2qn−1γ). (29)

BC jn+1
(
α, q

)
− BC jn

(
α, q

)
= 2αn

(
α − qnγ

)
. (30)

BC jn+1
(
α, q

)
− BC jn−1

(
α, q

)
= 3αn−1α. (31)
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Proof. It is sufficient to see that only one of these equalities is true. For this, we write

BC jn+1
(
α, q

)
+ BC jn

(
α, q

)
= αn+1α + (αq)n+1γ + αnα + (αq)nγ,

BC jn+1
(
α, q

)
+ BC jn

(
α, q

)
= αnα (α + 1) + (αq)nγ

(
αq + 1

)
= 3αnα.

The relations between the terms BCJn and BC jn are given in the following Theorem.

Theorem 2.5. For BCJn
(
α, q

)
and BC jn

(
α, q

)
the following equalities are satisfied.

i) BCJn+1
(
α, q

)
+ 2BCJn−1

(
α, q

)
= BC jn

(
α, q

)
.

ii) BC jn+1
(
α, q

)
+ 2BC jn−1

(
α, q

)
= 9BCJn

(
α, q

)
.

Proof. i) One can get

BCJn+1
(
α, q

)
+ 2BCJn−1

(
α, q

)
=
αn−1α (α + 1) − (αq)n−1γ

(
1 + αq2

)
1 − q

,

BCJn+1
(
α, q

)
+ 2BCJn−1

(
α, q

)
=

2
{
3αn−1α − 3

2 (αq)n−1γ
}

3
,

BCJn+1
(
α, q

)
+ 2BCJn−1

(
α, q

)
= 2

{
αn−1α − α−1 (αq)n−1γ

}
,

BCJn+1
(
α, q

)
+ 2BCJn−1

(
α, q

)
= αnα + (αq)nγ

and
BCJn+1

(
α, q

)
+ 2BCJn−1

(
α, q

)
= BC jn

(
α, q

)
.

ii) For the BC jn
(
α, q

)
, we write

BC jn+1
(
α, q

)
+ 2BC jn−1

(
α, q

)
= αn+1α + (αq)n+1γ + 2αn−1α + (αq)n−1γ,

BC jn+1
(
α, q

)
+ 2BC jn−1

(
α, q

)
= αnα (α + 1) + αnqn−1 γ

(
1 + αq2

)
,

BC jn+1
(
α, q

)
+ 2BC jn−1

(
α, q

)
= 6αn−1

(
α − qn γ

)
,

BC jn+1
(
α, q

)
+ 2BC jn−1

(
α, q

)
= 9BCJn

(
α, q

)
.

So, the proof is completed.

The exponential generating function for the q− Jacobsthal and q− Jacobsthal-Lucas bicomplex numbers are
given in the following theorem.

Theorem 2.6. For the bicomplex numbers BCJn
(
α, q

)
,BC jn

(
α, q

)
, we have

i)
∞∑

n=0

BCJn
(
α, q

)xn

n!
=

1
2
(
1 − q

) (
α eαx

− γ eαqx
)
.

ii)
∞∑

n=0

BC jn
(
α, q

)xn

n!
=

(
α eαx + γ eαqx

)
.
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Proof. i) In the generating function definition if we use the Binet formula of the BCJn
(
α, q

)
, then we get the

following equalities.
∞∑

n=0

BCJn
(
α, q

)xn

n!
=

∞∑
n=0

αn−1
α − qnγ

1 − q
xn

n!
,

∞∑
n=0

BCJn
(
α, q

)xn

n!
=
α

1 − q

∞∑
n=0

αn−1 xn

n!
−

γ

1 − q

∞∑
n=0

αn−1 qn xn

n!
,

∞∑
n=0

BCJn
(
α, q

)xn

n!
=

1
2(1 − q)

(
αeαx

− γeαqx
)
.

ii) We calculate the exponential generating function for the numbers BC jn
(
α, q

)
as

∞∑
n=0

BC jn
(
α, q

)xn

n!
=

∞∑
n=0

{
αnα + (αq)n γ

} xn

n!
,

∞∑
n=0

BC jn
(
α, q

)xn

n!
= α

∞∑
n=0

αn xn

n!
+ γ

∞∑
n=0

(αq)n xn

n!
,

∞∑
n=0

BC jn
(
α, q

)xn

n!
=

(
α eαx + γ eαqx

)
.

Thus, the proof is completed.

In the next section, we give some fundamental identities involving the terms BCJn
(
α, q

)
,BC jn

(
α, q

)
and

are related to each other in this study.

3. Some fundamental identities of involving the terms BCJn
(
α, q
)

and BC jn
(
α, q
)

First, using q calculus we give the Cassini’s identity which has an important place in the literature for
Fibonacci-like number sequences.

Theorem 3.1. For n ∈ Z+, we have

i) BCJn+1
(
α, q

)
BCJn−1

(
α, q

)
− BCJn

2 (
α, q

)
=
α2(n−1)α γ qn

(
2 − q − q−1

)
(
1 − q

)2 .

ii) BC jn+1
(
α, q

)
BC jn−1

(
α, q

)
− BC jn2 (

α, q
)
= α2nα γ qn

(
q + q−1

− 2
)
.

Proof. i) From the Binet formula, we write

LHS =
α2n−2(
1 − q

)2

{
α2
− α γqn−1

− α γ qn+1 + q2nγ2
− α2 + 2α γqn

− q2nγ2
}
,

BCJn+1
(
α, q

)
BCJn−1

(
α, q

)
− BCJ2

n
(
α, q

)
=
α2(n−1) α γqn

(
2 − q − q−1

)
(
1 − q

)2 .

ii) The proof of this equality can be done in a similar way.

In the following theorem, we give the Catalan’s identity for the q−Jacobsthal and q−Jacobsthal-Lucas
bicomplex numbers. The Catalan’s identity, which is a generalization of Cassini’s identity, was given by
E.C. Catalan(1814-1894).
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Theorem 3.2. For n ∈ Z+ and n ≥ r, we have

i) BCJn+r
(
α, q

)
BCJn−r

(
α, q

)
− BCJ2

n
(
α, q

)
=
α2(n−1)α γ qn (

2 − qr + q−r)(
1 − q

)2 .

ii) BC jn+r
(
α, q

)
BC jn−r

(
α, q

)
− BC j2n

(
α, q

)
= α2nα γqn (

qr + q−r
− 2

)
.

Proof. i)

LHS =
α2(n−1)(
1 − q

)2

{
α2
− α γqn−r

− α γqn+r + q2nγ2
− α2 + 2α γqn

− q2nγ2
}
.

So, we obtain

BCJn+r
(
α, q

)
BCJn−r

(
α, q

)
− BCJ2

n
(
α, q

)
=
α2(n−1)α γqn (

2 − qr + q−r)(
1 − q

)2 .

ii) Using a similar method, we get

LHS =
(
αn+rα +

(
αq

)n+rγ
) (
αn−rα +

(
αq

)n−rγ
)
−

(
αnα +

(
αq

)nγ
)2
,

LHS = α2nα2 + α2nqn−rα γ + α2nqn+rα γ +
(
αq

)2nγ2
− α2nα2

− 2α2nqnα γ −
(
αq

)2nγ2,

BC jn+r
(
α, q

)
BC jn−r

(
α, q

)
− BC jn2 (

α, q
)
= α2nqnα γ

(
qr + q−r

− 2
)
.

Note that the last equality gives the Catalan’s identity for the q− Jacobsthal-Lucas bicomplex numbers.
Thus, the proof is completed.

Specifically, in Theorem 3.2 if we write r = 1, then we get the Cassini identities for the terms BCJn(α, q) and
BC jn(α, q).
In the following Theorem, we give the d’Ocagne identity involving the terms BCJn(α, q) and BC jn(α, q).

Theorem 3.3. For m,n ∈ Z+, we have

i) BCJm(α, q)BCJn+1(α, q) − BCJn(α, q)BCJm+1(α, q) =
αm+n−1α γ(

1 − q
)2

(
q − 1

)
(qm
− qn).

ii) BC jm(α, q)BC jn+1(α, q) − BC jn(α, q)BC jm+1(α, q) = αm+n+1α γ
(
1 − q

)
(qm
− qn).

Proof. i) Using the Binet formula in the LHS, we obtained

αm−1

α − qmγ

1 − q

αn

α − qn+1γ

1 − q

 − αn−1

α − qnγ

1 − q

αm

α − qm+1γ

1 − q

 .
From this fact

BCJm(α, q) BCJn+1(α, q) − BCJn(α, q) BCJm+1(α, q) =
αm+n−1α γ(

1 − q
)2

(
q − 1

)
(qm
− qn)

can be written. Thus, the proof is completed.
ii) The value BC jm(α, q) BC jn+1(α, q) − BC jn(α, q) BC jm+1(α, q) is equal to this(

αmα +
(
αq

)mγ
) (
αn+1α +

(
αq

)n+1γ
)
−

(
αnα +

(
αq

)nγ
) (
αm+1α +

(
αq

)m+1γ
)
.

BC jm(α, q) BC jn+1(α, q) − BC jn(α, q) BC jm+1(α, q) = αm+n+1α γ
(
1 − q

)
(qm
− qn).

Thus, the proof is completed.
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Theorem 3.4. For the terms BCJn(α, q) and BC jn(α, q), we have

i) BCJn−1
(
α, q

)
BCJm

(
α, q

)
+ BCJn

(
α, q

)
BCJm+1

(
α, q

)
=
αm+n−3(
1 − q

)2

(
A + α2B

)
.

ii) BC jn−1
(
α, q

)
BC jm

(
α, q

)
+ BC jn

(
α, q

)
BC jm+1

(
α, q

)
= αm+n+1

(
C + α2D

)
.

Proof. i) For m,n ∈ Z+, LHS of equality is as follows.

LHS = αn−2

α − qn−1γ

1 − q

αm−1

α − qmγ

1 − q

 + αn−1

α − qnγ

1 − q

αm

α − qm+1γ

1 − q

 ,
LHS =

αm+n−3(
1 − q

)2

{(
α2
− (qm + qn−1)α γ + qm+n−1γ2

)
+ α2

(
α2
− (qm+1 + qn)α γ + qm+n+1γ2

)}
.

We get the following equality by doing the necessary calculations.

BCJn−1
(
α, q

)
BCJm

(
α, q

)
+ BCJn

(
α, q

)
BCJm+1

(
α, q

)
=
αm+n−3(
1 − q

)2

(
A + α2B

)
,

where,
A = α2

− (qm + qn−1)α γ + qm+n−1γ2,

B = α2
− (qm+1 + qn)α γ + qm+n+1γ2.

ii) For LHS, we calculate

LHS =
(
αn−1α +

(
αq

)n−1γ
) (
αmα +

(
αq

)mγ
)
+

(
αnα +

(
αq

)nγ
) (
αm+1α +

(
αq

)m+1γ
)
,

LHS = αm+n−1
{(
α2 + (qm + qn−1)α γ + qm+n−1γ2

)
+ α2

(
α2 + (qm+1 + qn)α γ + qm+n+1γ2

)}
.

Then, we get
BC jn−1

(
α, q

)
BC jm

(
α, q

)
+ BC jn

(
α, q

)
BC jm+1

(
α, q

)
= αm+n+1

(
C + α2D

)
,

where
C = α2 + (qm + qn−1)α γ + qm+n−1γ2, D = α2 + (qm+1 + qn)α γ + qm+n+1γ2.

Thus, the proof is completed.

In the next Theorem, we give Vajda’s identity, which is a generalization of the Catalan’s identity and has
an important place in integer sequences.

Theorem 3.5. For n ∈ Z+, we have

i) BCJn+i
(
α, q

)
BCJn+ j

(
α, q

)
− BCJn

(
α, q

)
BCJn+i+ j

(
α, q

)
=
α2(n−1)+i+ jqnα γ(

1 − q
)2

(
q j
− 1)(qi

− 1
)
.

ii) BC jn+i
(
α, q

)
BC jn+ j

(
α, q

)
− BC jn

(
α, q

)
BC jn+i+ j

(
α, q

)
= α2n+i+ jqnα γ

(
1 − qi)(q j

− 1
)
.

Proof. i) For LHS, we can write

LHS = α2(n−1)+i+ j


α − qn+iγ

1 − q


α − qn+ jγ

1 − q

 −
α − qnγ

1 − q


α − qn+i+ jγ

1 − q


 ,
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LHS =
α2(n−1)+i+ jqnα γ(qi+ j + 1 − q j

− qi)

(1 − q)2 ,

LHS =
α2(n−1)+i+ jqnα γ(

1 − q
)2

(
q j
− 1)(qi

− 1
)
= RHS.

ii) BC jn+i
(
α, q

)
BC jn+ j

(
α, q

)
− BC jn

(
α, q

)
BC jn+i+ j

(
α, q

)
is equal to this.(

αn+iα +
(
αq

)n+iγ
) (
αn+ jα +

(
αq

)n+ jγ
)
−

(
αnα +

(
αq

)nγ
) (
αn+i+ jα +

(
αq

)n+i+ jγ
)
.

If we make the necessary calculations and arrangements, then we obtain

BC jn+i
(
α, q

)
BC jn+ j

(
α, q

)
− BC jn

(
α, q

)
BC jn+i+ j

(
α, q

)
= α2n+i+ jqnα γ

(
q j + qi

− qi+ j
− 1

)
,

BC jn+i
(
α, q

)
BC jn+ j

(
α, q

)
− BC jn

(
α, q

)
BC jn+i+ j

(
α, q

)
= α2n+i+ jqnα γ

(
1 − qi)(q j

− 1
)
.

Thus, the proof is completed.

Another generalization of the Catalan identity is Gelin-Cesaro identity. In the following Theorem, we give
the Gelin-Cesaro identity involving the terms BCJn(α, q) and BC jn

(
α, q

)
.

Theorem 3.6. Gelin-Cesaro identities involving the terms BCJn(α, q) and BC jn
(
α, q

)
are follows.

i) BCJn−2
(
α, q

)
BCJn−1

(
α, q

)
BCJn+1

(
α, q

)
BCJn+2

(
α, q

)
− BCJn

4 (
α, q

)
=

(
αn−1

1 − q

)4

(K1 + K2) .

ii) BC jn−2(α, q)BC jn−1(α, q)BC jn+1(α, q)BC jn+2(α, q) − BC jn4(α, q) = −α4n(K1 − K2).

Where
K1 = α γqn−2(α2 + γ2q2n)

(
−q4
− q3 + 4q2

− q − 1
)
, (32)

K2 = α
2γ2q2n−3

(
q6 + q4

− 4q3 + q2 + 1
)
. (33)

Proof. i) BCJn−2(α, q)BCJn−1(α, q)BCJn+1(α, q)BCJn+2(α, q) − BCJn
4(α, q)

=

(
αn−1

1 − q

)4 {(
α − qn−2γ

) (
α − qn−1γ

) (
α − qn+1γ

) (
α − qn+2γ

)
−

(
α − qnγ

)4
}
,

=

(
αn−1

1 − q

)4{
−α3γqn+2

− α3γqn+1 + α2γ2q2n+3
− α3γqn−1 + α2γ2q2n+1

− αγ3q3n+2
− α3γqn−2

+α2γ2q2n−1
− αγ3q3n+1 + α2γ2q2n−3

− αγ3q3n−1
− αγ3q3n−2 + 4α3γqn

− 4α2γ2q2n + 4αγ3q3n
}
.

If we do the necessary arrangements, then we get

=

(
αn−1

1 − q

)4 {
αγqn−2

(
α2 + γ2q2n

) (
−q4
− q3 + 4q2

− q − 1
)
+ α2γ2q2n−3

(
q6 + q4

− 4q3 + q2 + 1
)}
.

After sum and simplification, the following equation is obtained.

BCJn−2(α, q)BCJn−1(α, q)BCJn+1(α, q)BCJn+2(α, q) − BCJn
4(α, q) =

(
αn−1

1 − q

)4

(K1 + K2) .
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ii) Let us now show the truth of the second claim of the Theorem.

LHS =
(
αn−2α +

(
αq

)n−2γ
) (
αn−1α +

(
αq

)n−1γ
) (
αn+1α +

(
αq

)n+1γ
) (
αn+2α +

(
αq

)n+2γ
)
−

(
αnα +

(
αq

)nγ
)4
,

LHS = α4nqn−2α3γ
(
q4 + q3

− 4q2 + q + 1
)
+ α4nq2n−3α2γ2

(
q6 + q4

− 4q3 + q2 + 1
)

+α4nq3n−2αγ3
(
q4 + q3

− 4q2 + q + 1
)
,

LHS = α4n
{
α γqn−2(α2 + γ2q2n)

(
q4 + q3

− 4q2 + q + 1
)
+ q2n−3α2γ2

(
q6 + q4

− 4q3 + q2 + 1
)}
.

From the last equality, we get

BC jn−2(α, q)BC jn−1(α, q)BC jn+1(α, q)BC jn+2(α, q) − BC jn4(α, q) = −α4n (K1 − K2) .

Thus, the proof is completed.

With the help of the classical binomial definition, q−Jacobsthal and Jacobsthal-Lucas bicomplex numbers
are given in the following Theorem.

Theorem 3.7. For nonnegative integer n, we have

i)
n∑

k=0

(
n
k

)(
α[2]q

)k(
−α2q

)n−k
BCJk

(
α, q

)
= BCJ2n

(
α, q

)
.

ii)
n∑

k=0

(
n
k

)
(α[2]q)k(−α2q)

n−k
BC jk(α, q) = BC j2n(α, q).

Proof. i) From the Binet formula, we write

LHS =
n∑

k=0

(
n
k

){
α
(
1 + q

)}k
(
−α2q

)n−k
αk−1

α − qkγ

1 − q

 ,
LHS =

α

2
(
1 − q

) n∑
k=0

(
n
k

){
α2 (

1 + q
)}k(
−α2q

)n−k
−

γ

2
(
1 − q

) n∑
k=0

(
n
k

){
α2 (

1 + q
)}k(
−α2q

)n−k
.

Thus, we get
n∑

k=0

(
n
k

)(
α[2]q

)k(
−α2q

)n−k
BCJk

(
α, q

)
= α2n−1

α − q2nγ

1 − q

 = BCJ2n(α, q).

ii) For the second equality we can use the same method.

LHS =
n∑

k=0

(
n
k

){
α
(
1 + q

)}k
(
−α2q

)n−k (
αkα +

(
αq

)kγ
)
,

LHS = α
n∑

k=0

(
n
k

){
α2 (

1 + q
)}k(
−α2q

)n−k
+ γ

n∑
k=0

(
n
k

){
α2 (

1 + q
)}k(
−α2q

)n−k
.

Thus, we get
n∑

k=0

(
n
k

)(
α[2]q

)k(
−α2q

)n−k
BC jk

(
α, q

)
= α2nα +

(
αq

)2nγ = BC j2n
(
α, q

)
.

Thus, the proof is completed.
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4. Conclusion

In this study, we investigated bicomplex numbers whose coefficients are q−Jacobsthal and q−Jacobsthal-
Lucas numbers. We obtained some fundamental and important properties of newly defined numbers. And
then, we calculated the Binet formula for these numbers. In addition to this, we derived some basic
identities for these numbers, such as Cassini and Catalan identities, which have an important place in the
literature.
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