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Abstract. We introduce and investigate in this paper new subclasses of bi-univalent functions associated
with the Gegenbauer polynomials in the open unit disc which satisfy subordination conditions defined in
a symmetric domain. For these new subclasses, we obtain estimates for the Taylor-Maclaurin coefficients
|az], |as| and Fekete-Szego inequality |a3 - ya§| .

1. Introduction

Let A represents the class of functions whose members are of the form

f@=z+) 2", (zeA), )
n=2

which are analyticin A ={ze€ C: |z] <1}.

A subclass of A with members that are univalent in A is indicated by the symbol S. The Koebe one-
quarter theorem [9] guarantees that a disk with a radius of 1/4 exists in the image of A for every univalent
function f € A. As a result, each univalent function f has a satisfied inverse function f~!

_ _ 1
fHF@) =2z ed) and f(f7 @) = @, (ol < ro(), 10(f) = ).
If fand f -1 are univalent in A, then we say that f € A is bi-univalent in A. The class of bi-univalent

functions defined on the unit disk A is denoted by X. Due to the fact that f € X has the Maclaurin series
described by (1), a calculation reveals that g = f~! has the expansion

g(w)=f_1(a)):w—a2w2+(2a22—a3)w3+.... )
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We know that the class X is not empty. For example, the functions

1+z

@ == @)= 10g1 ,f3(2) = —log(1 - z)

with their respective inverses

Za) e —1

f (a)) /’ f2 ()_ 2(u f3 ()_

belong to X.

Also, the Koebe function does not belong to .

The research of analytical and bi-univalent functions is reintroduced in the publication [25]; previous
studies include those of [6],[7],[12],[17],[18],[20],[21]. Several authors have introduced new subclasses of
bi-univalent functions and obtained bounds for the initial coefficients (see [6]-[8],[17],[22],[24],[25]).

Let f and g be the analytic functions in A. We say that f is subordinate to g and denoted by

f@)=<g(z) (z€h),

if there exists a Schwarz function w, which is analytic in A with w(0) = 0 and [w(z)| < 1 (z€A) such that
f2) =g (w(z)) (z€h).
If g is a univalent function in A, then
f@<g@)=f(0) =g(0) and  FA)CH(A).

In [17], by means of Loewner’s method, the Fekete-Szegt inequality for the coefficients of f € S is that
—2u
|a3—ya2|<l+2exp —a forO<u<1.

As y — 17, the elementary inequality ‘ﬂ3 - a§| < 1is obtained. Moreover, the coefficient functional

Fu(f) = a3 —Wg

on the normalized analytic functions, f in the open unit disk A plays an important role in geometric function
theory. The problem of maximizing the absolute value of the functional F,(f) is called the Fekete-Szegt
problem.

The Fekete—-Szego inequalities introduced in 1933, see [11], preoccupied researchers regarding different
classes of univalent functions [10],[14],[19],[26]; hence, it is obvious that such inequalities were obtained
regarding bi-univalent functions too and very recently published papers can be cited to support the assertion
that the topic still provides interesting results [1],[3],[28].

Orthogonal polynomials have been extensively explored in recent years from a variety of angles because
of their relevance in mathematical statistics, engineering, mathematical physics and probability theory. Clas-
sical orthogonal polynomials are the most typically encountered orthogonal polynomials in applications
(Hermite polynomials, Laguerre polynomials, and Jacobi polynomials). The general subclass of Jacobi
polynomials is the set of Gegenbauer polynomials, this class includes Legendre polynomials and Cheby-
shev polynomials as subclasses. For a recent connection between the classical orthogonal polynomials and
geometric function theory, we mention [1]-[4],[13],[15],[27].

The Gegenbauer polynomials [16] are defined in terms of the Jacobi polynomials PY?, witho = u =

- 2l, (A > =3, A #0), which are described by

T (n+2)T (A+1) pki-b

A ) = .
T @A)T (n+A+1)

n
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_ (n—l +2A)Z”: (”)(2A+n)k(z— 1)".

) FEET ©)

k=0 2 )k

From (3), it follows that B} () is a polynomial of degree n with real coefficients and
B 1) = (” 1J'M) wh11e the leadlng coefficient of B} (I) is 2" (”” 1) According to Jacobi polynomial
theory, foru=v=A7A - 2 ,with A > —5, and A # 0, we have

By (1) = (-1)'B; ().

In [16] and [23], Gegenbauer polynomials’ generating function is provided by

243 _(A-D
A-2z+ 21—+ izt = @

and this equivalence may be deduced from the Jacobi polynomial generating function.
From (4), we obtain

By (1", (4)

o} (2) = ZB,’} Oz",zeA, le[-1,1], A e (_—1,+oo)\{0}, (5)
n=0

(1 21z + 2

and the proof is given in the papers [15]-[17].

When A = 1 the relation (5) yields the ordinary generating function for the Chebyshev polynomials,
and when A = 3, we get the ordinary generating function for the Legendre polynomials (see [5]).

The Taylor-Maclaurm series expansion for the function ¢ (2) is as follows:

0 @) =z+ B D2+B N2+ B (D +--+ B 2D +..., ©6)

where
BN =18 ()=2AL,B, () =2A(A+ 1) > = A =2(A),> - A. (7)

and (A), is the Pochhammer symbol defined by

1, n=20
(/\)n={ AA+1)...A+n-1), neN.

Many researchers have recently explored bi-univalent functions associated with Gegenbauer polyno-
mials, refs. [2]-[4],[13],[27].

In this paper, we introduce and investigate novel subclasses of bi-univalent functions that are associ-
ated with the Gegenbauer polynomials, defined within the open unit disc. These functions are subject to
subordination conditions that are established in a symmetric domain. By considering these specific sub-
classes, we provide detailed estimates for the Taylor-Maclaurin coefficients |a;| and |a3|, which are crucial in
understanding the behavior and properties of these functions. Additionally, we delve into the analysis of
the Fekete-Szeg6 inequality, focusing on the expression |a3 — uaj|, where y is a constant, to investigate the
extremal properties of these coefficients. The results obtained in this work not only provide new insights
into the structure of bi-univalent functions associated with the Gegenbauer polynomials but also contribute
to the broader theory of coefficient estimates and inequalities in complex analysis, particularly in the context
of subclasses of univalent functions.

2. Main Results

First, we define new subclasses of bi-univalent functions, associated with Gegenbauer polynomials.
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Definition 2.1. We say that f the form (1) is in the class Gy ( 1/\) ((l€0,1]) (l # %), if the following subordinations

hold:
22f'(2)

- <@ ©
and 20 f (@)

z,w € A, ¢ is given by (6), and g = [~ is given by (2).

Definition 2.2. We say that f the form (1) is in the class Kx (cpf) ((I € 0,1]), if the following subordinations hold:

Z[Zf’(z)], A 10
e —f(—z)]/ <7 (2) (10

and )
2wf’(w)] < qb;‘(a)), (11)

[f @) —f(-w)]
z,w € A, ¢} is given by (7), and g = f~" is given by (2).

Lemma 2.3. [21,p.172]. Suppose w(z) = Y. ;-q wnz", z € A, is an analytic function in A such that [w(z)| <1,z € A.
Then,
w1l < 1 Jwal < 1= w11 =2,3,....

3. Initial Taylor Coefficients Estimates for the Class Gy ((l)?)

For the functions belonging to a class Gy (¢)IA) , we will obtain upper bounds for the modulus of coeffi-
cients a, and as.

Theorem 3.1. If the class Gy, (qbf‘) contains all the functions f given by (1), then

AIN2AI
lay| € ——, (12)
Jla-2n)]
and
las] < AI(1 + Al). (13)
Proof. Let f € Gy (gb;\) and g = f~!. We have the following from the definition in formulas (8) and (9)
22f'(2) A
——— =D/ (v(z 14
F@-fa - M) (%
and 20f (@)
wf'(w
—— =0 (v(w 15
Fo) —fla) - O (v (w)) (15)
where the analytical v and v functions have the form
v@E)=cz+ 0+, (16)

v(w) = diw + doa® + ..., (17)
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andv(0)=0=v(0), [v@z) <1, v(w) <1, zweA.
It follows that, from Lemma 2.3, that

ol <1,

d]-| <1, where j € N.
If we replace (16) and (17) in (14) and (15), respectively, we obtain

2 !
/’(Z)Z]:—j(f?)—Z) =1+8{ Do +B DV’ @) +...,
and ror e
J#f(w—w) =1+8} )v(w) + B, DV (@) +....

In view of (1) and (2), from (19) and (20), we obtain
1420z +2a32% + ...
= 1+8{(Derz+[B8] D2+ B) (N cr?]| 2 + ..
and
1-2mw + (403 - 23) @ + ..
= 1+ 8} dw+[B} Ddr + B O] ? + ...
It gives rise to the following relationships:
2a, = B{‘(l)cl,
2a3 = B} (D ey + B; (1) 3,

and
—2a; = B?(l)dh

4a,% — 203 = B} (1) dr + B; (1) d2.

From (21) and (23), it follows that
c1 = —dy,

and )
842 = [BQ(Z)] (3 +d7)

2
, BlO] (2 + &)
= ——a—
Adding (22) and (24), using (26), we obtain
A 3
|81 D] (c2 + o)

2 _
a, =

A8 0] -88:0)

Using the relation (7), from (18) for c; and d, we get (12).
Using (25) and (26), by subtracting (24) from the relation (22), we get

B()(E-B)+ B D(e2—d)
a = 2 a;

2
BA(1) (e - da) + BL(D(E - d?) . [B10)] (3 + )
4 8
Once again applying (18) and using (7), for the coefficients ¢y, d1, ¢z, d>, we deduce (13).

O

130

(18)

(19)

(20)

(21)
(22)

(23)
(24)

(25)

(26)

(27)

(28)
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Corollary 3.2. If the class Gy, (q)%) contains all the functions f given by (1), then

laal < V2,

and
las| < 2.

Corollary 3.3. If the class Gy, (gbll) contains all the functions f given by (1), then
2

V2

|az] < -

ﬂnd
4'

Corollary 3.4. If the class Gy, (ﬁ) contains all the functions f given by (1), then

arl < —

21 S — =,
22
and

a3l <
=16

4. The Fekete-Szego problem for the Function Class Gg (([);‘)

Due to the Zaprawa result, which is discussed in [28], we will obtain the Fekete-Szeg6 inequality for the
class Gy (qi)f) .

Theorem 4.1. If f given by (1) is in the class Gy, (cpf) where 1 € R, then, we have

Al if  |h(w)
|113 —Wé) 5{ 471 |h(y) , i ‘h(y)

1
<

1
21

where
(1- AP

MW= GF 20+ DE-D

Proof. If f € Gx ((p;‘) is given by (1), from (27) and (28), we have

B (1) (c2 = da)
4
3
B () —d)  (1=w[B} O] (c2+ o)
1 * 2
4[@ (1)] — 88.(I)
o 4 (-p[Blofe L (-8 0] dz

B()|=-—=+
A A ymol -sB0 4B 0] -88)0

= B} () [(h (n) + }I)CZ + (h (W) - ji)dz],

as — pa; +(1 - p)aa
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where
a-w[s o]
4B o -s8i0)
Now, by using (7)
a3 — paz = 2A1 [(h (u) + }I)CZ + (h (W) - }I)dz],
where

B (1— AP
MW= r e+ DE-D
Therefore, given (7) and (18), we conclude that the required inequality holds. [

Corollary 4.2. If f given by (1) is in the class Gy, (gb%) where u € R, then, we have

1, if |p-1
- { iy, 5

Corollary 4.3. If f given by (1) is in the class Gy, (qi)ll) where u € R, then, we have
2

L
Loof l-u<1
|a3—!vl“§|5{|%, if |1-pl=1.

Corollary 4.4. If f given by (1) is in the class Gy, (cf) ) where . € R, then, we have

1 .
_ 2 Y Zf |1_M‘S2’
s %'S{F%’i, if L-y/z2

TSN

5. Coefficients Estimates for the Class Ky (q);‘)
We will obtain upper bounds of |a,| and |a3| for the functions belonging to a class Kx ((1)?) .

Theorem 5.1. If the class Kz (gbf) contains all the functions f given by (1), then

AIV2AL

-4z - )\12)|,

Al A%
|ﬂ3| < ? + T (30)

|az| <

(29)

and

Proof. Let f €Ky (qb{\) and g = f~'. We have the following from the definition in formulas (10) and (11)

20zf' )]

— = 31
T o

and ,
2w f ()] .

———— =07 (v(w)) 32

Fo o] 0@ 2
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where the analytical v and v functions have the form
V@) =az+ P +...,

v(w) =diw + doa® + ...,

andv(0)=0=v(0), [v@2) <1, |v(w) <1,z,weA.
It follows that, from Lemma 2.3, that

|C]| S 1/

dj| <1, where j € N.
If we replace (33) and (34) in (31) and (32), respectively, we obtain

2[zf' ()]

—— = 1+8M B2 (1) v?
Fa-reay o OrerEsirer

and )
dAof @] _

[f (@) ~f(-)]
In view of (1) and (2), from (36) and (37), we obtain

1+4azz+611322+...
= 1+8{ Dz + |8 O+ By ()| 2+ ...

and

1-4dayw + (12a22 — 6a3) @ + ...

= 1+ 8} () dw+ B} dr + B O3] ? + ...

It gives rise to the following relationships:
4a, = B} ()cy,

61 = B} () ca + B) (1) 3,

and
—4a; = B?(l)dh

12,2 — 6as = B) (1) dy + B) (1) 2.

From (38) and (40), it follows that
c1=—d,

and )
3203 = [B1 ()] (& + ),

2
. [BlO] (3 + &)
LT
Adding (39) and (41), using (43), we obtain
3
|81 O] (2 +da)

el of -8B o)

=1+8! )v(w) + B DV (@) +....

133

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
(41)

(42)

(43)

(44)
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Using the relation (7), from (35) for ¢, and d, we get (29).Using (42) and (43), by subtracting (41) from the
relation (39), we get

B (2 —d2) + B] (1) (c2 — do)

2

a5 = w T 5
B (2 —dp) + BIOE — ) [BLO] (& +d2)
= 12 + o (45)

Once again applying (42) and using (7), for the coefficients ¢y, d1, ¢2, d2, we deduce (30). O

Corollary 5.2. If the class Ksx. (gb%) contains all the functions f given by (1), then

laz| < 3
and
sl < =
12
Corollary 5.3. If the class Kz ((1)11) contains all the functions f given by (1), then

V3
|as| < 3

and

|a|<11
ST

Corollary 5.4. If the class Ksx. (cp%) contains all the functions f given by (1), then

and

6. The Fekete-Szego problem for the Function Class Ky (q);‘)
We obtain the Fekete-Szego inequality fort he class K, (qb;‘) due to the result of Zaprawa; see [28].

Theorem 6.1. If f given by (1) is in the class Ky (qb?) where u € R, then, we have

I ™)
)”3‘W§|S{4Alﬁz(y)1, if ‘h(u)

1

127

1
7

<
2 13

where )
_ -l
M) = AE e+ DE=T)
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Proof. If f € Ky ((j)?) is given by (1), from (44) and (45), we have

A —
a3 —pay = L0 - &) (l)iczz d2)+(1— a3
Bl()(e-d) (- w8 0] (e + )

12 4(3[1% o] - 88} 1)

o & (-8 ol G- w8 o]

= B?(Z)E_ﬁ-’-

= 8 [(h(y) + —)Cz + (h () - —)dz]

where .
by = P 31 0]
468} )] - 882 (1))
Now, by using (7)
a3 — paz = 2A1 [(h (u) + —)c2 + (h (w) - —)dz]
where

(1= AP
(W) = 75— )
12A2 -2Q2A+1)2-1)
Therefore, given (7) and (35), we conclude that the required inequality holds.

Corollary 6.2. If f given by (1) is in the class Ky ((1)%) where u € R, then, we have

<_
21

1
0 3 if
& %'S{%!l—uf if

Corollary 6.3. If f given by (1) is in the class Ky (qbll where u € R, then, we have

|as — pad| <{ ’
[¢1)

Corollary 6.4. If f given by (1) is in the class Ky [

if [1-u <
la3 — pa3| < ’ if [1-u>

£ -l
A S ES!

N\»—l [T

where u € R, then, we have

7

QI QI

7. Conclusions

1@[B) 0] -8B 1) 408! 0)] -8B (1))

135

In this paper, we introduced and investigated a new subclass of bi-univalent functions in the open unit
disk defined by Gegenbauer polynomials and satisfies subordination conditions. Furthermore, we obtain
upper bounds for |a,], |a3] and Fekete-Szeg6 inequality )ag - ya22| for functions in this subclass. Also, the
approach presented here has been extended to establish new subfamilies of bi-univalent functions with the

other special functions. The related outcomes may be left to the researchers for practice.
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