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Some Notes on Semi-Tensor Bundle
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Abstract. Using the fiber bundle M over a manifold B, we define a semi-tensor (pull-back) bundle tB of
type (p,q). The present paper is devoted to some results concerning with the horizontal lifts of some tensor

fields from manifold B to its semi-tensor bundle tB of type (p,q).

1. Introduction

https://www.tjoscience.com

Let M,, be an n-dimensional differentiable manifold of class C* and m; : M, — B,, the differentiable
bundle determined by a submersion ;. Suppose that () = (x*,x%), a,b,... =1,..,.n —mua, B,..=n—m+
1,..,mi,j,..=1,2,.,nis a system of local coordinates adapted to the bundle 7; : M,, — B,,, where x* are
coordinates in B,,, and x” are fiber coordinates of the bundle 7t; : M,, — B,,. If (x") = (x*,x%) is another

system of local adapted coordinates in the bundle, then we have [8]

{ = x (xb,xﬁ),

X =x¥ (xﬁ) .

The Jacobian of (1) has components

o ox AT AT
=(3)=( ¥ %)

where

’

;o ox”
B oxB”

)

Let (TZ)X (Bu)(x = m1(x), x = (x*,x*) € M,,) be the tensor space at a point x € B, with local coordinates

1

(x, ...,x™), we have the holonomous frame field

Oy 04, ® .00, ®dY @dx? ® ... ®dx/,
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forie({l,..,m,je{l,.. m}, over U C B, of this tensor bundle, and for any (p, g)-tensor field ¢ we have
[[4], p.163]:

HU = t;’]"q dyir ®04, ® .00, ®dY @dx ® ... ®dx/,

then by definition the set of all points (x/) = (x, x%, x%), x7= t;l]”q a=a+mPrI ] ..=1,..,n+mP is a semi-
tensor bundle t’; (B,,) over the manifold M,, [8], [15], [18] . The semi-tensor bundle ti;(Bm) has the natural
bundle structure over B,,, its bundle projection 7 : tZ(Bm) — B, being defined by 7 : (x", x%, x%) — (x%). If
we introduce a mapping 7, : tZ (Bw) = M, by 115 : (x*,x%,x%) — (¥*,x%), then tZ (By,) has a bundle structure
over M,,. It is easily verified that = 71 o 71, [6],[8],[15], [18].

On the other hand, let ¢ = m : E — B denote a fiber bundle with fiber F. Given a manifold B’ and a map
f : B” = B, one can construct in a natural way a bundle over B’ with the same fiber: Consider the subset

FE={(,e) e B xE|f(t') = n(e)}

together with the subspace topology from B’ X E, and denote by 7y : f'E — B’, 715 : f*E — E the projections.
f*e =m1: f'E — B’ is a fiber bundle with fiber F, called the pull-back bundle of ¢ via f [[3], [5], [8], [9], [11],
[14], [15], [18]].

From the above definition it follows that the semi-tensor bundle (tZ (Bm), 12) is a pull-back bundle of the
tensor bundle over B,, by 71 (see, for example [8], [13], [15], [18]).
In other words, the semi-tensor bundle (induced or pull-back bundle) of the tensor bundle (Ts (Bw), 7, Bm)
isthebundle (tZ(Bm), nz,Mn) over M,, with a total space tZ(Bm) = {((x“,x"‘) ,x%) € M, X (Ts)x (B : m (%, x%) = 'ﬁ(x"‘,xa) = (x°
M, X (Ts )x (Bm).To a transformation (1) of local coordinates of M, there corresponds on t§ (By,) the coordinate
transformation
X =X (xb,xﬁ),
x¥ = x¥ (xﬁ), )
£ = tﬁ'1,~--ﬁ§:/ _ Aﬁi--ﬁ;@ APy A @) 4B) B

M--p* T agBr By ()" ()™~

The Jacobian of (2) is given by [8], [15], [18]:

Al A;’ 0
A=(Al)=| O A3 P ®)
@5 AB) 4 B) 4
0 t<a>aﬁA<a> A(a’) A(a) A(a’)

where I = (a,a,), ] = (b,B,B), L, J..=1, ..., n + mP*, t§j§ = tor ol AY = 25

It is easily verified that the condition DetA # 0 is equivalent to the condition:
’ ’ (B) 4B
Det(Ay) # 0, Det(Ag') # 0, Det(A ) A,) # 0.

Also, dim tZ(Bm)zn + mP*9. In the special case n=m, tg(Bm) is a tensor bundle Tg(Bm) [[6], p.118]. In

the special case, the semi-tensor bundles £)(B,)) (p =1, g =0) and #)(B,) (p =0, g = 1) are semi-tangent
and semi-cotangent bundles, respectively. We note that semi-tangent and semi-cotangent bundle were
examined in [[1], [7], [10]] and [[12], [14], [16], [17]], respectively. Also, Fattaev studied the special class

of semi-tensor bundle [2]. We denote by 55 (t’,;(B,,,)) and 55 (By) the modules over F (tf; (Bm)) and F (B,,) of
all tensor fields of type (p,q) on tf;(Bm) and B,, respectively, where F (tf; (Bm)) and F (B,,) denote the rings of
real-valued C~ —functions on t’;(Bm) and B, respectively.
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2. Some lifts of tensor fields and y— Operator

Let X € 3; (M) be a projectable vector field [10] with projection X = X% (X*)d, i.e. X = X (2", x%) 9, +
X?*(x*) dy. On putting

ccib }?b
oy | exp |=| XP (4)
3 P N o .
coxP PG XP R g X

we easily see that X’ = A( CC}?). The vector field X is called the complete lift of X to the semi-tensor
bundle tf; (B.) [15].

Now, consider A € I} (B,,) and ¢ € 3] (B,,), then YA € Jj (tg (Bw) ) (vertical lift), yp € 3} (t;’ (B,,) ) and
YQ € S(l) (ts (Bm)) have respectively, components on the semi-tensor bundle ts (Bw) [15]

w A8 0 0

ca=eat=| ar =l 0 p=ger=fo ®
w Al PR I R w2 e :
A As g, A=t tprp, P

On the other hand, “’f the vertical lift of function f € 38 (B,,) on tf; (B) is defined by [15]:
“f=Cfomy=fomomy=form. (6)

LetS e 9. 21 (By) now. If we take account of (3), we see that S’ = A(yS) - yS is given by

0 0 0
yS=(09)) =| © 0 0, 7)
Br P1--B
0 X, Sy Eayay 0

with respect to the coordinates (x?, x*, x*) on tf; (B:), where Sg‘ are local components of S.

LetS € S; (Bm) now. If we take account of (3), we see that yS’ = A(yS) - yS is given by

0 0 0
yS=((9))=| © 0 0 8)
q Be 0.
0 Zy:l Sﬁ,\ é/ﬁ...siﬁq 0

with respect to the coordinates (x*, x%, x*) on tZ (B;,), where Sg‘\ are local components of S.

3. Horizontal lifts of vector fields and y—Operator

Let X € J4(M,) be a projectable vector field [10] with projection X = X*(x*)d, i.e. X = )?“(x”,x"‘)&a +
X%(x%)d,. If we take account of (3), we can prove that "HX’ = A (HH )’Z), where FHX is a vector field defined
by

xb
X =| XP , 9)
1 q S SN 4 A X1 E)
X (Z‘y:l F;ﬁy t,sl...gf.ﬁ[, T =1 rls tﬁl,,_ﬁq ")

with respect to the coordinates (x, x?, xg) on tg (B,). We call HH X the horizontal lift of the vector field of the
vector field X to (B, [18].
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Theorem 3.1. For any vector fields X on M, and S,T € 3} (Byy), ¢ € 31 (Bu), A€ J Z (Bwm), we have
(@) (yS)“X =y (Sx),

(i) (y5) (*A) = 0

(i) (yS)(yep) =

(i) (yS(T) =

Proof. (i) Using (4) and (7), we have

0 0 0 X
(Sx=|0 0 0 Z“
0 Xh shehnt o UGS G W NI G
0 0 ]
- 0 — 0 _
- = =y (Sx).
A= 15?5(“ """"" ﬁan A= 1531 """" Prsx)l
(i) Using (5) and (7), we have
0 0 0 0
(S) (A =| 0 0 0 ff 0 =0.
/5\ i fp $1--Pp
0 ZA 1 Sﬁ ay..ay "0 Aﬁlmﬁq
(iif) Using (5) and (7), we have
0 0 0 0
oS)ye)=| 0 0 0 ff 0 =0.
P P cProB PPt
0 Z/\:1 Sﬁ:‘gm...aqp 0 A=1 /31 Bq p(Pé
(iv) Using (7), we have
0 0 0 0 0 0
Sy =| 0 g T | I 0 |=o.
p A P ) O e a,
0 Z/\ 1513 éal...ar; 0 O ZAII (Pé ¢l--~ﬁbq O
O

Theorem 3.2. For any vector fields X on M,, and S, T € i‘s% Bm), p € 3% (Bn),A€ SZ (B,y,), we have
(i) (yS) = y (Sx),

(ii) (yS) (WA) = 0,

(iii) (yS)(ye) =

(iv) (yS)(yT) =

Proof. Using (4), (5) and (8), similarly, we obtain Theorem 3.2. [
Theorem 3.3. If X € 3} (M,),S € 3} (By), then

0S) (MMX) =y (5x).

Proof. By (7) and (9), we obtain

0 0 0)\( X*
HH _ 0 0 0 )G
(VS)( X) - 14 TP o R B ] q . D1 Ay (Pleeenn ol
0 Z _ S ‘Sal...aq 0 X ( Ie ¢t p _ Ty p)

=17 oy, e g /\ 17 le 10y
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0
0
p1

= B1eee. B " = 7/ (SX) .
L Sheb T xe ( Yh_ syl

O

Theorem 3.4. If X € 3} (M,),S € 3} (Bu), then

@9) (*HX) = 7 (Sx).
Proof. Using (8) and (9), similarly, we have Theorem 3.4. O
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