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Oz: Bu calismada, fonksiyonlarin harmonik konveksligi iizerine calistik. Ilk olarak, reel sayr dogrusu
tizerinde bu fonksiyonlar i¢in bazi yeni genellestirilmis Hadamard tipi ve Ostrowski tipi esitsizlikleri elde
ettik. Ayrica, harmonik konveks fonksiyonlar igin iki-boyutlu operatorii kullanarak yukarida séz edilen
esitsizlikleri genellestirdik.

Anahtar Kelimeler — harmonik konveks fonksiyon, Hermite-Hadamard tipli esitsizlikler, Ostrowski tipli
esitsizlikler.

Abstract: In this study, we studied on the harmonically convexity of functions. Firstly, we obtained some
new generalized Hadamard’s type and Ostrowski’s type inequalities for these functions on the real number
line. Besides, we generalized the above mentioned inequalities using two-dimensional operator for
harmonically convex functions.

Keywords — harmonically convex function, Hermite-Hadamard type inequalities, Ostrowski’s type
inequalities.

1. Introduction and Preliminaries

It becomes famous the Hermite-Hadamard inequality for convex functions [1] in the recent
years. Alomari [2] generalized this classical Hermite-Hadamard type inequality for every
convex function and obtained the Ostrowski’s type inequalitiy for every positive convex
function on [a, b]. Recently, Dragomir [3] proved the classical Hermite-Hadamard type
inequality for convex functions on the coordinates. Like as Alomari [2], Mwaeze [4] proved
some generalizations inequalities of the above mentioned inequalities on the coordinates.

The Hermite-Hadamard type integral inequality for convex functions has received renewed
attention in recent years and the remarkable varieties of refinements and generalizations have
been found in [1]-[13]. In this context, the Hermite-Hadamard type inequalities for
harmonically convex functions were obtained by many researchers in literature (see, [8]-[13]).
Also, Iscan [8] showed definition of harmonically convex as follows:

Definition 1.1 ([8]). Let I c R\ {0} be a real interval. A function f:I c R\ {0} - R is said
to be harmonically convex, if
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for all x,y €I, A€][0,1]. If the above inequality is reversed, then f is said to be
harmonically concave.

Proposition 1.1 ([8]). Let f: I < R\ {0} — R be a function then

1) if I c (0,) and f is convex and nondecreasing function then f is harmonically convex,
i) if I c (0,0) and f is harmonically convex and nondecreasing function then f is convex,
iii) if I € (0,0) and f is harmonically convex and nondecreasing function then f is convex,
iv) if I c (0,00) and f is convex and nondecreasing function then f is harmonically convex.

Theorem 1.1 ([8]). Let f:1 c R\ {0} » R be harmonically convex function and a,b € I
witha < b. If f € L[a, b] then the following inequality holds

b
2ab ab f(a) + f(b)
() 2 e 110

a+b

Now, Let us see definition of two-dimensional harmonically convex function by Noor et al.
[9]. Consider A= [a,b] X [c,d] € R? \ {0} witha < b and ¢ < d.

Definition 1.2 ([9]). 4 function f:A— R is said to be a harmonically convex on A, if the
following inequality holds

bd
/ </’la + (a1c— Dc’ b+ (1 - A)d) <A =MDf(ab) +2f(c,d)

for all (a,b),(c,d) € A and A € [0,1]. If the above inequality is reversed, then f is said to be
a harmonically concave on A.

Definition 1.3 ([9]). 4 function f:Ac R? \ {0} > R is said to be a harmonically convex on
the co-ordinates if the partial mappings f;:[a,b] € R\ {0} - R, f;(w) == f(u,s) and
fiilc,d] c R\ {0} - R, f;(v) == f(t,v) defined for all t€ [a,b] and s € [c,d] are
harmonically convex.

Theorem 1.2 ([9]). Suppose that f:Ac R? \ {0} > R is harmonically convex on the co-
ordinates. Then the following inequality holds

b d
<2ab 2cd><1 ab fl (t 2Cd)dt+ cd fl <2ab )d
fa+b'c+d ~2|b—a tzf ‘c+d d—c szf a+b’)®

a c

b d
abcd 1
<oou=s) | G e

b

d
1| ab [1 d (1
<3 ba_ aft—z(f(t,c) +f(t,d))dt+ﬁfs—2(f(a,s) + £(b,s))ds

fad+flad+fbo+fbd
< 2 :
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Concordantly, in present study, we obtained some important generalized inequalities for
harmonically convex functions on real number line and on the coordinates, respectively.

2. Main Results

This section contains two sub-sections. In the first sub-section we obtained the generalized
Hadamard’s type and Ostrowski’s type inequalities for harmonically convex functions on the
real number line. In the second sub-section we verified the above mentioned inequalities for
harmonically convex functions on the coordinates.

2.1. Generalized Inequalities for Harmonically Convex Functions on the Real Line

Let us obtain the generalized Hadamard’s type inequality for related functions.

Theorem 2.1. Let f:1 c R\ {0} = R be a harmonically convex function and f € L[a, b].
Then the double inequality holds

b—ax (Ztk 1tk> f() 2.1)

nab te_1 + t t?

k= a

<o b[f( >+sz(tk)+f(b)

where t; = a + k=%, k = 1,2,..,n; n € N.

Proof. Using harmonically convexity of f on each sub-interval [t,_q,tx] S [a,b], k =
1,2,...,n,thenforall 1 € [0,1]

le—1tk
F G ) S M) + (=D ey 22)

Integrating (2.2) with respect to A on [0,1]

1

tr-1tk f(tk—1) + X (&)
Oj At + (1 — A)tk> dr < 2 ' (23)
Changing of variable ¢ = ﬁ in (2.3)
f ft(z) < Ztk_ 2t ) + 1)),
Taking the sum over k from 1 to n, we get
2 @d = @d e UG
=1¢,., p k=1 k1
1 te — ths
< gmax (o —2 }Z(ﬂtk D+ £(6)

n—-1
= onb Z [f (to) + f(ty) + Z(f<tk_1) +£(t)) + f(tar) + F(t)

k=2
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J— a i
=5 [f(a) +2 ;ﬂtk) + f(b)]- 24)

Because of harmonically convexity of f on [t;_4, t,], then for 2 € [0,1]

f( 2ty 1t ) [ ( te-1tk >+f< U1tk )]
teer +t) ~ 20 g + (1= Dty Atp_q + (1= Dty

1
< > [f (At + (1 — Dtg_q) + f((1 = Dty + Atg_1)]. (2.5)

Applying on (2.5) by using similar way in (2.2)-(2.4)

b—ax (Ztk 1tk) f() (2.6)

nab te_1 + tk t?

k= a

From (2.4) and (2.6), we have (2.1).

Let us give firstly the generalized Ostrowki’s type inequality for related functions

Theorem 2.2. Letf:I c R\ {0} —» R, be a positive harmonically convex function and
f € L[a, b]. Then the inequality holds

(10, (o O

tZ

(2.7)

— [ (@) + zEﬂtk) +£(b)

a

for all s € [a, b], where t, = a + k%‘ k=12,..n, neN.

Proof. Fix s € [ty_q,tx], kK = 1,2,...,n. Since f is harmonically convex on [a, b], then f so
is harmonically convex on each subinterval [t;_4, t], in particular on [t,_4, s], then

ty-1S _
4 ()ltk_l +(1— ,1)5) <A+ A =Df -1,k =12,..,n (2.8)

Integrating (2.8) with respect to A on [0,1] we get

1

jf( tg-1S )dl < f (k1) + f(S) (2.9)

Atrr + (1= A)s 2
0
Changing of variable t = #&Sm in (2.9), then
k-1 -
(f( )
7t < 5 e () + ), (2.10)
tk—1

Similarly for [s, t;]

icy sl

t2 _2

(f(s) + £(t)- 2.11)
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Adding the inequalities (2.10) and (2.11)

f@d+ f(zt)dtz ft(zt)d

<5 i 1(f(tk 1)+f(8))+—(f(8)+f(tk))

<Be et 1)+f(tk>}+ 2 £, 2.12)

Ztk 1tk

Taking the sum over k from 1 to n, we get

S0 f( )
k2=1t t_zdt Ztk ty (f(tk 1)+f(tk))+sz(S)

S%ma {t ~ e 1}Z(f<tk 1)+f<tk))+ ZF(s)

k tk 1tk

424 f (s)

[f (to) + f(t:) + Z(f (1) + f(6) + f (tn-1) + £ (t)

b—
+ f(S)

[f(a) +2 z £t + £(b)

Remark 2.2. In Theorem 2.1 for n = 1, then the clasicall Hermite-Hadamard inequality for
harmonically convex functions is obtained.

2.2. Generalized Inequalities for Two-dimensional Harmonically Convex Functions

Throughout this section, consider A: = [a, b] X [c¢,d] € R? \ {0} with a < b and ¢ < d. Let
us obtain the generalized Hadamard’s inequality for related functions:

Theorem 2.3. Let f: 4 ¢ R? \ {0} — R be harmonically convex on the coordinates on 4. The
following inequality satisfies

n b ZSkSk 1 ) n d 2tp_qly )
d— Zf Sk 1+Sk b Zf tk 1+tk ds
2ncd Znab

k=1q k=1¢
- abcd fff(t s)
T (b—a)(d—-c) (ts)?
< [f(t c)+ (t,d)] t+ [(a s) + f(b, S)]
- 4ncd t2 4nab 52

[
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n-1 b n 1 d
+d—czj‘f(t,sk) b — ff(tk,s) 2.13)
2ncd t2 Znab '
k=1q k=1c¢
where t;, = a+k—a, Se=c+ ku, k=1,2,.,n;n€N.

Proof. Using Theorem 2.1 for f;:[c,d] € R\ {0} - R, f:(s) = f((t,s))

d—cx ( 25kSk-1 ) ft( )

t
ncd Sk—1 + Sk 5?2
k=1 c

T |fi(e) +2 Z fi (50 + ft(d)]

Thus

d
z ( 2SkSk-1 f(t,s)
> ds
Sk 1+Sk S
(o]

n—
—C
T |0+ fed) +2 Z £t sk)]. (2.14)
Integrating all sides of (2.14) on [a, b] and multlplylng , We have
ZSkSk 1 b df( )
Sk 1 + Sk t,S
<
ncd ZJ t_j (ts)? dtd
a ¢
(fE0 L [fed R s
t,c t, t, Sy
ST 2 dt+J 2 dt + 2 J 2 dt|. (2.15)
a a k=1q
Similarly
Ztk 1tk b d
t,
Zf t" 1+t" ssff it S)dtd
nab
a
n-1 d
f(ul,S) f(uZ'S f(tkrs)
<5 S ds+ | /3 +2 f (2.16)
c k=1¢

Adding (2.15) and (2.16), one gets (2.13). That completes the proof.

Remark 2.3. Under the assumptions of Theorem 2.3, the classical Hermite-Hadamard
inequality for harmonically convex functions is obtained on the coordinates and we have the
following inequality

n n

2ab Zsksk—l Ztk_ltk 2cd
D e e RO WA ot
e~ a+b Sk-1 + Sk e~ tk—l + tk c+d
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d 2ab b 2cd
naiff a+b ds+ mw.ff(tc+d)d
a
b

d c

c

ncd f[f(a )+ f (b, S)] 54 ab f[f(t C)+f(t’d)]dt

d—c 52 b—a t2
C a

= f(a,c) +f(a,d) +f(b,C) +f(b,d) + E[f(a'sk) +f(b,$k) +f(tk,C) +f(tk'd)]
k=1

Let us prove the generalized Ostrowki’s type inequality for related functions.

Theorem 2.4. Let f: 4 c R? \ {0} » R, be harmonically convex on the coordinates. Then
the following inequality holds

b d
f f((;)sz) dtds
b—al " Fas) L fe " F(b,s)
si—lo+n [E52as 2k=1! * ds (n +1) = ds‘

-1

[ b b
d_ ) )
Y LT e 1>ff( ]

S

==
Il

where t, and s are defined as in Theorem 2.3.

Proof. Using Theorem 2.2 for f;: [a,b] c R\ {0} - R, f;(t) = f((t,s))att=b

fs(t)

t2

(o) <3 [zz(a)+22ﬂ<tk)+ﬁ(b)]

Thus

b n-1
: b
j ACDPNS (5 ) fs =2 [f(a, 5)+ z;f(tk.@ + £ (b, s)]- (2.17)

Integrating all sides of (2.17) on [c, d] and multiplying lz , We get

(1
ice

C

no1 d
Znablff(a 9 4s +(1+2n )ff( ka (t"’s) s‘. (2.18)

Using Theorem 2.2 for the mapping f; at t = a and integrating over [c, d]
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D
S
.ff (ts)? dtd
n-1 d
f@s) f< 9 4 f(tis)
(1+2 )f ;! 7 ds (2.19)
Using (2.18) and (2.19)
i 4 .
b d (n+1) f ! (“;S) (b;s) s
f@ S) —-a ;S J s
f f (ts) Znab n-1 df(t 9 : (2.20)
a ¢ +2 f kzl dS
- k=1¢ s
Similarly
[ b
b d (n+1)jf(t’c) :
f.ff(tl S) d—c
dtds < —— " : (2.21)
(ts)? 2ncd nz:l f ‘e Sk)
. +2

The desired inequality is obtained by adding (2.20) and (2.21).

Remark 2.4. Under the assumptions of Theorem 2.4, then

l

fdf(t,) _d- cj’ f(tc)+f(td) b- af f(as)+f(bs)]

(ts)? ~ 2cd Zab
‘lf S) P37 o) + 27 (6. 255 + 3t )|
ff (ts) 8cd f t? dt

o [[3F@s) + 27 (22 5) + 37 (b,9)]
8ab 52 ds

c
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4. Conclusion

In this paper, we obtained important generalized inequalities for harmonically functions on
the real number line and on the coordinates. One can verify some generalized inequalities for
various classes of convex functions.
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