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Oz: Bu caligmada ikinci mertebeden kompleks aralik matris aileleri icin Lyapunov esitsizliginin ortak
diyagonal ¢oziimlerinin varlig1 ve degerlendirilmesi problemi ele alinmistir. Ele alinan probleme dair gerek
ve yeter kosullar verilmistir. Ayrica bilinen yeterli kogullarin ortak ¢oziimleri vermedigi durumlar igin
ornekler verilmistir.

Anahtar Kelimeler — Kompleks aralik matris; Lyapunov esitsizligi; Diyagonal kararlilik; Ortak Diyagonal
¢ozim.

Abstract: In this paper for second order complex interval matrix family we consider the problem of
existence and evaluation of common diagonal solutions for the Lyapunov matrix inequality. Necessary and
sufficient conditions are given. Numbers of examples are given, where known sufficient conditions do not
give common solutions.

Keywords — Complex Interval Matrices; Lyapunov Inequality; Diagonal Stability; Common Diagonal
Solution

1. Introduction
Leta 2x2 complex interval matrix family

a +ja, a,+ja
AZ{{I Jh & jz}m.ﬁa.Sa*

e
.N —lta; <a;<a],a  <a,<a’ i=1,..4 (1)
a, + ja, a,+ ja,

be given. Define the following 8-dimensional box
O=la,,a/1x---x[a;,a;]x[a; ,a"]x---x[a,,a,] (2)
For 4, >0, A, >0 define positive definite diagonal matrix D = diag(4,,4,).
Definition 1. If there exists positive diagonal D such that for all 4e€ A
A*D + DA <0, 3)
where A" is the conjugate transpose of A, that is A" =(A)", the matrix D is called common

diagonal solution to the Lyapunov matrix inequality (3). In the above the symbol “ <" stands for the
negative definiteness.

Diagonal stability problems of dynamical systems have many applications in economics, large
scale systems, neural networks, see [1] and the references therein. The existence problems of the
diagonal type solutions for different systems are considered in [1-16]. Among them it should be noted
the works [1, 2, 7, 9, 13-16], more related to our present work. The monograph [1] presents a
collection of results, observations on the results on diagonal stability and diagonal type Lyapunov
functions. [2] gives sufficient conditions for the common diagonal stability of real interval matrices.
[7] contains simple criterions of diagonal stability for second and third order matrices. In [9] an
algorithm is presented for the checking of diagonal stability of a single real matrix. The algorithm is
iterative and requires solving a linear programming problem at each step. In [13] a necessary and
sufficient condition for the existence of a common diagonal solution of a pair of positive matrices is
given.
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In [14] the same problem has been solved for second and third order real interval matrix families. [14] con-
tains a sufficient condition in the general case as well. For general complex interval families the same
problem is studied in [15]. For third order real matrix polytopes the common diagonal solution problem
is considered in [16]. For the general case the problem is solved by the cutting-plane algorithm. In
the above mentioned works criterions for the existence and evaluation of common diagonal solutions for
second order complex interval families did not considered. Our present work aims to fill this gap.

In [15], two sufficient conditions for common diagonal stability of complex interval systems are given.
The first sufficient condition is stated as follows. Given n x n complex interval family B = [a;;] + j[as;],

where a;; < a;; < a:rj, a; < ag < EL;; (1, =1,2,...,n) define the real matrix U = [u;;], where

az, ifi=j
ul] - — o~ — —_ .~+ + o~ + .~+ . . . (4)
max{|a;; + ja|. la;; + jaj|, |a;; + jagl laj; + jajft, it i # j.

Theorem 1 ( [15]). The family B has a common diagonal solution if p™ (U) < 0, where p™ (U) = max{Re(\;(U)) :
i=1,2,...,n}.

The formulation of the second theorem is cumbersome, therefore we do not give here its formulation. As
noted in [15] the second theorem cannot be applied if

TERIEE R

a4ait ~ a . +at al—a;; al—a;,
Whel"eA(): <U21J)7A0: ( 1.72 ”>,RA: ( u2 ij ,RA: % .

In this paper for the family (1), we consider the problem of existence and evaluation of common diagonal
solutions of Lyapunov inequality (3). We give necessary and sufficient conditions for the existence of common
diagonal solutions. Number of examples are given, where common diagonal solutions are evaluated, whereas
known results do not give such solutions.

The paper is organized as follows. In Section 2 we give a necessary and sufficient condition for robust
diagonal stability for the second order family (1). In this stability each member is diagonally stable and each
member has own diagonal solution for the Lyapunov matrix inequality (3). In Section 3 we give necessary
and sufficient conditions for the existence of common diagonal solutions to the inequality (3). The cases
0¢ [ay,af]N[a;,af] and 0 € [ay , a5 ]N[ay , a3 ] are considered seperately. Number of examples are given. In
Example 1 the familiy is robust diagonally stable, but there is no a common diagonal solution. In Examples
2 and 3 there are common diagonal solutions, which are obtained from Theorems 3 and 4, whereas known
sufficient conditions from [15] do not give common solutions.

2. Robust diagonal stability

A necessary condition for the existence of a common diagonal solution is the robust diagonal stability. In
this section we give a necessary and sufficient condition for the robust diagonal stability of the family A.

Recall that, the family A is said to be robust diagonally stable if for every A € A (equivalently for all
a=(ay,...,aq4,a1,...,04) € Q) there exists positive diagonal D such that

A*"D+ DA <O.

Proposition 2. The family A (1) is robust diagonally stable if and only if

T ' in(F?2 — 4F in F
ay <0, a; <0, ggél( G) >0, gélg >0, (6)
where
F = 4aja4 — 2aa3 + 28243, B = a3+ a3, G = a2 +a. (7)
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Proof. Without loss of generality all 2 x 2 positive diagonal matrices D may be normalized to have the form
D = diag(t, 1), where ¢t > 0. For A € A,

a1+ jay  ag + jao D t
= .~ .~ B p—
as +jas a4+ jaq 0

—_= O
—_

the matrix inequality A*D + DA < 0 becomes

or

" 2a.t (agt + as) + j(ast — as)
A"D+ DA = o N <0
[ (agt + a3) — j(aqot — as) 2a4
201t <0, 2a5<0  and  det(A*D + DA) = —Et> + Ft — G > 0, (8)

where F, E and G are defined by (7).
We are looking for conditions under which for each a € @ there exists ¢ > 0 such that all three inequalities
in (8) are satisfied. The first and the second are satisfied if and only if

aj <0, af <0.

It is possible two cases.

Case 1.

Case 2.

0¢lay,a3]or0¢ [ay,a;].

In this case E > 0 for all a € Q. The existence of ¢t > 0 such that Et> — Ft + G < 0 is equivalent to
the following inequalities

F+ VA
A=F_4EG>0, V2., 9)
2F
for all a € Q. The second inequality is equivalent to
min F' > 0. (10)

acQ

Indeed, if (10) is satisfied the second inequality in (9) is true. Conversely, if F 4 +/A > 0 then from
F?2 > F? —4EG we have |F| > VA & F < —V/A or F > /A. The inequality F < —v/A is impossible
due to F 4+ VA > 0. The second F > VA gives F > 0 for all a € Q, that is (10) is satisfied.
Consequently (6) is true.

0 € [ay,a5] and 0 € [a;,ag].

In this case the inequality £ > 0 is not true. Define
Q1 ={a€Q:E(a) >0}, Q2 ={a€Q: E(a) =0}. (11)

Obviously, Q2 = {a € Q : az = a3 = 0}.

If @ € Q1, the statement that for all a € Q1 there exists ¢t > 0 such that Et?> — Ft + G < 0 is equivalent
to (see Case 1)
min (F? —4FG) >0,  min F > 0.

ac€Qy a€Q:
Additionally, min (F? — 4EG) = min F? = (4a;a})? > 0, min F = 4a}a} > 0.
a€Q2 a€Q> a€Q2

If a € Q, the statement that for all @ € Qo there exists ¢ > 0 such that Et> — Ft+ G = -Ft+ G <0
is satisfied automatically since F' = 4ajay > 0, G > 0.

In summary the conditions (6) are necessary and sufficient for robust diagonal stability.
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3. Common diagonal solutions
In this section we give necessary and sufficient conditions for the existence of common diagonal solutions.

Theorem 3. Let the interval family A (1) be given and the inequalities () are satisfied. Assume that
0 ¢ [a5,af] or 0 ¢ [a;,ad]. There exists a common diagonal solution to the Lyapunov inequalities if and
only if the following inequality is satisfied

= I;leaécxl(a) < B:= gélgxg(a) (12)
where
F—+F?—-4EG F++VF?—4EG
z1(a) = , xo(a) = . (13)

2K 2K
If (12) is satisfied, for everyt € (a, ) the matriz D = diag(t,1) is a common diagonal solution.

Proof. Note that under the hypothesis of the theorem E > 0 for all a € Q.
=: Assume that there exists a common D = diag(¢.,1) (t, > 0), it means that there exists ¢, > 0 such
that for any a € @

2a1t4 (agts + az) + j(ast. — as)

(agt* + ag) — j(dgt* — (~13) 2a4 <0

A*D+ DA =
Then
ay <0, af <0, FE2-Ft,+G<0

and for all @ € Q
z1(a) <ty < za(a).

where x;(a) and xo(a) defined by (13). Consequently, max z1(a) < t. < miél z9(a) and (12) is satisfied.
a€c ac

<: Assume that (12) is satisfied and t. € («,3). Then for all ¢ € @ we have z1(a) < t. < za(a) or
Et? — Ft, + G < 0. Consequently D = diag(t., 1) is a common solution.

Example 1. Consider the following family

A= [_27_1]+j[172] [374]+j[172]
-5, -1 +4[05,1] [-2.-15+j[1,2] |°

This family is robust diagonally stable. Indeed,

af =-1<0, af =-15<0,
ming(F? —4EG) =119 >0, min, F =13 > 0.

By Proposition 2, the family (1/) is robust diagonally stable. On the other hand there is no a common
diagonal solution, since

a :=maxz(a) = 1.0213 > f := minzy(a) = 0.7122
a a

and by Theorem 3 there is no a common solution.
Example 2. Consider the family

[—10.875,0.865] 4 j [0.8,0.9] (0.1,0.2] + 0.1
[0.5,0.501] + 5 [0.3,0.4]  [~0.265, —0.165] + j [0.1,0.3]

This family is robust diagonally stable by Proposition 2, since af = —0.865 < 0, af = —0.165 < 0,
min, (F? — 4EG) = 0.31636 > 0, min, F' = 0.5909 > 0. The numbers a and 3 from (12) are o = 0.71249,
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B8 = 13.196629. By Theorem 3, for every t € (0.71249,13.196629) the matrix D = diag(t,1) is a common
solution. Note that for this ezample the sufficient conditions from [15] are not satisfied.
Indeed, (see (1))

U— —0.865  0.223606
~ | 0.641093 —0.165

] . pH(U) = max; ReX;(U) = 0.000609 > 0

and Theorem 1 fails. The second sufficient condition does not work as well, since (see (5))

H Ay Ag o Ry R; _
p ([ Ay A +p R; Ra = 4.845511 > 0.

Theorem 4. Let the family A (1) be given, the inequalities (6) are satisfied and 0 € [a5 ,ad] and 0 € [ay , a3 ]

Define
F+VA .
nw=—2 . nw=| 2= 7770 (15)
ri\a) = jan \/K, Ira2(a) = .
00 . i E=0
Then there exists a common diagonal solution if and only if
& = max iy (a) < §:= inf Zs(a). (16)

a€eqQ a€Q

If (16) is satisfied, for every t € (&, B) the matriz D = diag(t,1) is a common solution.

Proof. =: Assume that there exists a common diagonal solution and diag = (¢«, 1) is a such solution. Then
for any a € Q

B2 —Ft, +Q <0. (17)
F—vA 2G F+vA
IfaEQl,then °F —F+\/Z<t*<T,

G 2G
If a € Qo, then E(a) =0 and — = ———
@ (@) F  F+VA
Consequently, for any a € @

< t, < 00. Recall that the sets @1 and Q2 are defined by (11).

fr'l(a) <ty < Li‘g(a),
where Z1(a) and Zo(a) are defined by (15).
The function Z1(a) is continuous in a € Q). Therefore
i1(a) < b, < inf da(a),
I;leaé{ Z1(a) < jnf To(a)
and (16) is satisfied.

«: Conversely, assume that (16) is satisfied and ¢, € (&, §). Then for all a € Q we have Z(a) < t, < Z2(a)
or

2G
F+VA

If a € Q1, then E > 0 and from (18) we obtain

<ty < Ey(a). (18)

F—VA F+VA
— <t < —

*

Et?2 —Ft,+ G <0.

2F 2F
If a € Q2, then E = 0 and (18) gives
i = — < t < 00
FyyVA F -7 77
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or Et? — Ft, + G = —Ft, + G < 0. Consequently for all a € Q

B2 —Ft,+Q <0
and diag(ts, 1) is a common solution. O
Example 3. Consider the following family

[_27 _1] +J [057 1] [_5’ _4] +J [ 72]
Here 0 € [ay,af] = [-1,2], 0 € [a5,a4] = [=3,1] and the family is robust diagonally stable, since aj =
-2 <0, aj = —4 <0 and min,(F? — 4EG) = 284 > 0, min, F = 22 > 0. Define #1(a) and Fo(a) as in
Theorem /. Then
& = maxeeq @1 (a) = 0.257385,
B = infaeq Fa(a) = 2.238979

and & < B and by Theorem J for any t € (&, B) the matriz D = diag(t,1) is common solution.
In this example, both sufficient conditions from [15] are not satisfied. The matriz U from Theorem 1 is

U= [ \_/é _143 ] with p (U) = max{Re(\;(U)) : i =1,2} = 0.010358 > 0. The inequality (5) is satisfied
as well, indeed
_5 1 3 1
2 2 . 2
AO = ; AO = )
_3 _9 3 3
2 2 i 2
3 32 7 2
RA = ) RA = ’
11 11
2 2 i 2
Ay A Ra Ry
H 9 0 H A A = — =
p ([ _Ay Ay }) +p <[ R; Ra ]) 2.25 4+ 2.620185 = 0.370185 > 0.

4. Conclusion

In this paper for a second order complex interval family we consider the problem of existence and evaluation
of common diagonal solutions to the Lyapunov matrix inequalities. This problem is very important in the
stability theory, since it gives more simple Lyapunov functions of the diagonal types. Firstly, a criterion for
the robust diagonal stability is given. The existence problems of a diagonal solutions are reduced to the
simple smooth optimization problems.

Obtaining smiliar conditions for a third order complex interval family and for a general complex interval
familiy may serve the topics of the future investigations.

Acknowledgements

We thank the Editor and the referee for their comments.

References

[1] E. Kaszkurewicz, A. Bhaya. Matrix Diagonal Stability in Systems and Computation. Birkh&user,
Boston, 2000.

TJOS © 2019
http://dergipark.gov.tr/tjos




Vol. IV, Issue I, 2019 Common Diagonal Solutions for Second Order Complex Family 45

[2]

3]

[4]

[5]

[10]

[11]

[12]

[13]

[14]

O. Pastravanu, M.-H. Matcovschi. Diagonal stability of interval matrices and applications. Linear
Algebra and its Applications, 433(8):1646-1658, 2010.

H.K. Wimmer. Diagonal matrix solutions of a discrete-time Lyapunov inequality. IEEE Transactions
on Automatic Control, 43(3): 442-445, 1998.

C.R. Johnson, T.D. Lenker, S.K. Narayan. Schur-type stability properties and complex diagonal scaling.
Linear Algebra and its Applications , 429(10):2497-2520, 2008.

V. Dzhafarov, T. Biiyiikkoroglu. On the stability of a convex set of matrices. Linear Algebra and its
Applications, 414(2): 547-559, 2006.

B.N. Datta. Stability and inertia. Linear Algebra and its Applications, 302:563-600,1999.
G.W. Cross. Three types of matrix stability. Linear Algebra and its Applications , 20(3):253-263, 1978.

G. Barker, A. Berman, R. Plemmons. Positive diagonal solutions to the Lyapunov equations. Linear
and Multilinear Algebra , 5(4): 249-256, 1978.

H.K. Khalil. On the existence of positive diagonal P such that PA + AT P < 0. IEEE Transactions on
Automatic Control , 27(1): 181-184, 1982.

A. Berman, D. Hershkowitz. Matrix diagonal stability and its implications. STAM Journal on Algebraic
Discrete Methods , 4(3):377-382,1983.

D. Hershkowitz, H. Schneider. Lyapunov diagonal semistability of real H-matrices. Linear Algebra and
its Applications, 71:119-149, 1985.

M. Arcak, E.D. Sontag. Diagonal stability of a class of cyclic systems and its connection with the secant
criterion. Automatica , 42(9):1531-1537, 2006.

O. Mason, R. Shorten. On the simultaneous diagonal stability of a pair of positive linear systems. Linear
Algebra and its Applications , 413(1):13-23, 2006.

B. Yildiz, T. Biiyiikkoroglu and V. Dzhafarov. Common diagonal solutions to the Lyapunov inequalities
for interval systems. Journal of Inequalities and Applications , 255:1-12, 2016.

O. Pastravanu, M.-H. Matcovschi. Sufficient conditions for Schur and Hurwitz diagonal stability of
complex interval matrices. Linear Algebra and its Applications, 467:149-173, 2015.

T. Biiyiikkoroglu. Common diagonal Lyapunov function for third order linear switched system. Journal
of Computational and Applied Mathematics, 236(15):3647-3653, 2012.

TJOS © 2019
http://dergipark.gov.tr/tjos




	bengi 3
	bengi 1

