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Smarandache Curves of Spatial Quaternionic Bertrand Curve
According to Frenet Frame
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Abstract. In this study, Frenet vectors of spatial quaternionic Bertrand curve pair were taken as the position
vector. The obtained Smarandache curves from position vector were defined. Frenet vectors, the curvature
and torsion of this curve were calculated. This later the Frenet apparatus were expressed in terms of Frenet
apparatus of the spatial quaternionic Bertrand curve pair. Example related to the subject was found and
their drawings were done with Maple program.

1. Introduction

Quaternion was first introduced by the Irish mathematician William Rowan Hamilton in 1843 in the form
of generalized complex numbers. Each quaternion is accompanied by four units {1, 1, e, e3}, [9]. In 1987,
Bharathi, K. and Nagaraj, M.’s “Quaternion Valued Function of a Real Variable Serret-Frenet Formulae”
named article have shed light to many studies related to quaternions. In recent years, many studies have
been done on quaternions. These studies are found in [2-4, 6-9, 13, 14, 16]. Many studies have been done
on special curves in differential geometry. Studies on one of these, the Bertrand curve, are see in [17, 18].
Some studies of Smarandache curves are available in [1, 9-13, 15].

2. Preliminaries

A real quaternion is defined with q of the form
Q ={glg =d +aey +be, +ces,d,a,b,c e R,ey1,e2,e3 € R3} such that

e% = e§=e§=—1, e Xey=—6e;Xep =e3,

e X e3=-e3Xe1 =6, eyXez=—e3Xe =¢e1.
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We put S; = d and V;; = ae; + be + ces. Then a quaternion q can rewrite as
g=8;+V,

where S; and V, are the scalar part and vectorial part of g, respectively, [5]. For g1 = S;, +V,,, g2 = Sy, + V4,
quaternions, quaternionic summation, multiplication and conjugate operations are, respectively

g1+ q2=S55 +Vy + 55 + Vo, = Spivgy + Vi
1 Xq2 =548, = Vi, Vi) + 5. Vg, + S0,V + Vg AV,
‘7 = Sm - Vql

These expression the symmetric real-valued, non-degenerate, bilinear form as follows,

1
M :QxQ - R, {q1,92)lg = 5(171 X2 + g2 X ).

It is called the quaternionic inner product, [5]. Then the norm of g is

N(‘i) = V<q1q>|Q = quq/

A spatial quaternion set define that Qy = {g € Qlg + § = 0}, [2]. LetI = [0, 1] be an interval in the real line R
and s € I be the are-length parameter along the smooth curve, [7]

3
y 110,11 = Qu, y(6) = ) yi()ei, (1<i<3). (1)
i=1

The tangent vector y’(s) = #(s) has unit length N(t(s))=1 for alls, [2]. Let y be a differentiable spatial
quaternions curve with arc-length parameter s and {t(s), n11(s), n2(s)} be the Frenet frame of y at the point
y(s), [6],
1) = (6), ) = o, m(s) = Hs) X m(s), @
N (s))
Let {t(s), n1(s), n2(s)} be the Frenet frame of y(s). Then Frenet formulae, curvature and the torsion are given

by [6]

v@s) = k(sym(s), ©)
m'(s) = —k(s)s) + r(s)nals) ,
n'(s) = —r(s)ni(s)

where £(s), n1(s) and n,(s) are the unit tangent, the unit principal normal and the unit binormal vector of a
quaternionic curve, respectively, [2, 8].
Let {k(s), r(s)} be the curvatures of y(s). Then curvature and the torsion are given by[6]

N(B x ")
kg, NP (4)
(B xB B
g =
(N xp)

Definition 2.1. Let a : I — Qg unit speed and o : I — Qp differentiable two spatial quaternionic curves. If the
principal normal vector ny of the curve a is linearly dependent on the principal vector n] of the curve ", then the pair
(a0, ") is defined to be quaternionic Bertrand curves pair, [7].
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If the curve " is Bertrand partner of @ and n; principal vector of &, then we may write that
a’(s) = a(s) + Ani(s), A = constant. (5)

Theorem 2.2. Let (o, &) be a quaternionic Bertrand pair curves in Qp. The relations between the Frenet frames
{t, 1, na} and {t*, n7, n3} are as follows

t'(s) = cos Ot + sinHny, (6)
ni*(s) = my,
ny’(s) = —sin6t+ cosOn,

where /(t,t*) =6, [7].

Theorem 2.3. Let (a, a*) be a quaternionic Bertrand pair curves in Qg. For the curvatures and the torsions of the
Bertrand curves pair (o, a*) we have

k*(s) ilii = cosBk—sinOr, (7)
L, . as* .
r*(s) - = sin Ok + cos Or, [7].

3. Smarandache Curves of Spatial Quaternionic Bertrand Curve according to Frenet Frame

Frenet vectors of a curve are taken as position vector and a regular curve is defined with this vector. This
curve is called as Smarandache curve, [15]. In this study, (a", @) will be defined as quaternionic Bertrand
curve pair. Curve a* will be taken as main curve and the other curve a will be taken as Bertrand partner
curve of curve a*. Frenet vectors of a* curve taken from the curve pair will be taken as position vector.
Smarandache curves’ Frenet apparatus defined by these position vectors will be calculated. The resulting
Frenet apparatus will be expressed Frenet aparatus denominated belonging to a* curve by using connecting
equation between Bertrand curve pair Frenet apparatus.

Definition 3.1. Lef («, a*) be a quaternionic Bertrand pair curves in Q. If Frenet frame of curve o* is shown with
{t,m", ny7},

1
Pi(s) = —= (" +m") (®)
V2
regular curve drawn by vectors t* and n1* is called spatial quaternionic Smarandache curve f.
Theorem 3.2. Frenet vectors of Smarandache curve B, are given as follows;

*

w1t” + qi)ll’l; + o1h,
7

\/0)12 + (plz + 012

(k*Gl — V*Qi)l)t* + (k*O'1 + 7*0)1)71; + (—k*gbl - k*a)l)n;

V@2 + 412 + 0@k +r2)

-kt +kn1+rn2

t = 7
he V2k? + 12

1’1151 (S) =

Mg, (s)

Herein, the coefficients are

_k*2(2kx—2 + r+2 _ r*(r*kx»/ _ kir*')l

w1 =
o1 = k2K +3r%) - -k + k), (10)
o1 = kr@Ek?+r?) -2k - k).
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Proof. 1f derivative according to sg, arc parameter of curve f(s) is taken, tg, (s) and s (s) are given, respec-
tively

, k't + k*n; +1'n ‘o) \/§<w1t* +pin) + aln;)
pis) = 5) = >
V2k? + 22 h (Zk*2 + r*z)

Herein, the coefficients are as seen in (10). From equation (2), principal vector 115 and binormal vector nag,
are found asin (9). O

(11)

Theorem 3.3. Curvature and torsion belonging to Smarandache curve 1 are, respectively

\/2(0)12 + d)12 + 012) \/E(Xﬂ]l + y161 + le1)
ke, = 5 2 T = 2+ 2 + 2.2 (12)
(Zk* + r*z) 17+ 1

where coefficients are

m = KP+k@?=-3k") k", 6;=-k3-k@?+3k") =3 +k”,
p1 = kK -2k vk 4, (13)
x1 o= rREZT+rH)+kr -k, V= K'r—kr', oz =2k + k2

Proof. First, second and third derivatives of curve f; are, respectively

o =kt +kngt +rng?

ﬁl_ \/E

K+ k)W + (K =k =Dt + (K + 1 )ny*

N ,

’”

B’ =—

b = mt*+ 61n1" + p1no”
=
V2

where the coefficients are as seen in (13). From (4) equation, curvatures are found as in (12). O

Corollary 3.4. Let (o, a*) be a spatial quaternionic Bertrand curve pair in Qy. The expressions of Frenet vectors of
Smarandache curve By in terms of Frenet apparatus of Bertrand partner curve are as follows:

—kt + (cos O — sin O)ny + rny _ant+ G111 + 5112

242 —— Mp(8) = - ’
VK2 + 72 + (cos Ok — sin Or) /(D% + 2 + 52

((kcos O — rsin 0)51 — V(i)l)t + (ko1 + r1)m

tg, (s)

(14)

nap, (s)

\/(k2 + 72 + (cos Ok — sin 6)2)(@% + 3 +052)

(k1 + (kcos O — rsin O)@1)n,

\/(kz + 12 + (cos Ok — sin 9)2)(@% + 2 +57)
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Herein, coefficients are

@1 = (=k —k*cos O + krsin 0)(k* + 1* + (k cos 6 — rsin 0)?)
+k(k* +1* + (kcos 8 — rsin ),

$1 = (K> =7 +Kk cos O — 1 sin O)(K* + r* + (kcos O — rsin 0)?)
—(kcos O — rsin 0)(k* + 1* + (kcos 6 — rsin 6)?),

51 = (krcosO —r*sin0 +r')(k* + r* + (k cos 6 — rsin 0)?)
—r(k* + 1* + (kcos O — rsin 6)?) .
Proof. If expression (6) instead of t* and n;" in curve f; is written, we have
1 .
Bi(s) = $( cos O(s) + 11(s) + sin Ona(s)).

If equations (6) and (7) into equation (9) and (25) are written, the proof is completed. [

Corollary 3.5. Let (@, @) be a spatial quaternionic Bertrand curve pair in Qp. The expressions of curvatures of
Smarandache curve By in terms of Frenet apparatus of Bertrand partner curve are as follows:

\/ ajlz + (Z)% + 6_% \/53217]_1 + ]?19_1 +Z101

= 2 2.2
B+

kﬁ = P T’ﬁl = (15)

1 3
(k2 + 72 + (cos Ok - sin 0)2)*
Herein, coefficients are

m = (=K =k cosO+krsin0) —k(-k* — 1* + (kcos 6 — rsin 6)'),

01 = k(-k' —k*cosO +krsin 6) + (=k* — > + (kcos 6 — rsin 0))’
—r(krcos @ —r*sin6 + 1),

o= r(=k* = 1* + (kcos @ —rsin ) ) + (krcos 6 — *sinO + 1),
%1 = (kcos6 —rsinO)(krcosO —?sin @ +r) — r(=k* — ¥* + (kcos 6 — rsin 6)'),
= k(krcos9 — r?sin@ + 1) + r(—k' — k* cos 0 + krsin 6),

77 = —(k(—k2 — 12+ (kcos 0 — rsin0)) + k(k cos 6 — rsin 6)
(=k —Kk*cos 6 + krsin 6)).
Proof. If equations (6) and (7) into equation (12) and (13) are written, the proof is completed. [J

Definition 3.6. Let (a, a*) be a quaternionic Bertrand pair curves in Qg. If Frenet frame of curve o* is shown with
{t",m", ny}, ( )
ny +ny
pa(s) = ——— (16)
V2

regular curve drawn by vectors ny* and ny* is called spatial quaternionic Smarandache curve .
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Theorem 3.7. The Frenet vectors of Smarandache curve B, are given as follows:

—kt* —rn] +rny") B wat™ + pony + 021}
D s 4 nlﬁZ(S) - 4
\ Tk 1[(1)224‘(1)224-0'22

=1"(02 + Pt + (Fwa + K'op)n] + (=K' P2 + rw2)n;y

\/(w22 + ¢ + 02)(2r2 + k?)

t, ()

(17)

Mag, (s) =

Herein, the coefficients are
wy = 2K 4T+ KPR+ 28,
by = Kk =7k + k) = 2Bk + 2r), (18)
or = KX =7 —r@rd+ k).
Proof. 1f derivative is taken according to sg, arc parameter of curve B»(s), tg,(s) and tkz (s) are given, respec-
tively
-kt — r'ny +r'n; \/E(a)zt* + (Z)zn; + azn;)

2
(Zk"2 + r*z)z

tﬁz (s) = ’ t;gl (S) =

V2K + 12

Herein, the coefficients are as seen in (18). From equation (2), principal vector 114, and binormal vector g,
are found as in (17). O

Theorem 3.8. Curvature and torsion belonging to Smarandache curve B are, respectively

Vw22 + §2” + 022 + 120, +
\/E _ \/Exzﬂz Y202 + 2202

kg, = , Tg, = 19
P (k*Z " 21,*2)2 P X2+ y22 + 22 (19)
where coefficients are
m o= =Kk 2 -k,
0, = P —rk? -3k +37% -,
pr = rark?=3rr —rr’, (20)

X2 Pk, =k -k, m =k 2t ) -k

Proof. First, second and third derivatives of curve f, are, respectively
=kt =1 +rngt
P2 =
V2
B i o o T (e o (T ME T (Al ) /7
2 = ’
V2
o 1]21'* + 92711’s + pz]’lz*

2 V2

where the coefficients are as seen in (20). From (4) equation, curvatures are found as in (19). O
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Corollary 3.9. Let (o, a*) be a spatial quaternionic Bertrand curve pair in Qp. The expressions of Frenet vectors of
Smarandache curve B, in terms of Frenet apparatus of Bertrand partner curve are as follows:

—kt — (sin O + cos Or)ny + rny 1t + Py + 51
o) = o 2 (o) = Ll
VK2 + 72 + (sin O + cos Or) ,a")%+gi)%+5%
—((_)'z(k sin 6 + rcos 0) + V(i)z)t + (k(_fz + réon)m
2, (6) = (21)

\/(kz + 72 + (ksin O + r cos 6)2>(a‘)§ + (P35 +03)

(—kepp + (k sin @ + rcos G)a‘)z)nz
+

\/(kz +72+ (ksin 0 + rcos O)2)(@2 + G2 + 2)
Herein, the coefficients are

@ = (=K +k(ksin 0 + rcos 0))(k* + r* + (ksin 0 + r cos 0)?)
+k(kK? + 1% + (ksin 6 + r cos 0)?),

P = (K =7 = (K sin0 -1 cos 0))(kK* + r* + (ksin 6 + r cos 0))
+(ksin 0 + rcos 0) (k> + 1 + (ksin 6 + rcos 6)?),

Gy = (—r(ksin® +rcos6) + 1')(k* + 1> + (ksin O + r cos 6)?)
—r(k* + * + (ksin 6 + rcos 6)?) .

Proof. If expression (6) instead of 71" and n," in curve f, is written, we have
Ba(s) = L( —sin 6t + ny + cos an).
V2

If equations (6) and (7) into equation (17) and (18) are written, the proof is completed. O

Corollary 3.10. Let (o, ") be a spatial quaternionic Bertrand curve pair in Qp. The expressions of curvatures of
Smarandache curve B, in terms of Frenet apparatus of Bertrand partner curve are as follows:

\/‘J22+¢_)§+5§ %ot + 7202 + 220
kﬁzz \/E ;g = \/E 22 ¥ Y272 ZPZ‘

(k2+r2+(sin9k+cos Qr)z) x§+y§+z§

(22)

[N

Herein, the coefficients are

m = (=K +k(esin6 +rcos 9))' +k( + 72 = (K sin 0 + 1’ cos 0)),

02 = —KkK +(K*+7*)(ksin O +rcos 6) — (2kk’ + 217 + (K" sin 6 + "’ cos 0)) — rr’,
g2 = r(—k’+k(ksin9+rcos@))+(—r(ksin6+rc059)+r’),

¥ = (ksin®+rcosO)(r(sin® +rcos0) —r') + r(k2 +7% — (k' sin 6 + ' cos 6)),
72 = k(-r(ksin0+rcos0) +7) +r( = kK +k(ksin 0 +rcos 0)),

Z; = k(k2 +72 — (K sin 6 + 1’ cos 9) + (ksin 6 + rcos 9)( — k" +k(ksin 6 + r cos 6)).
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Proof. If equations (6) and (7) into equation (19) and (20) are written, the proof is completed. [J

Definition 3.11. Let (@, ") be a quaternionic Bertrand pair curves in Q. If Frenet frame of a* curve is shown with
{t, m*, my},

(" +n3)
Ba(s) = ——=— (23)
V2
regular curve drawn by vectors t* and n is called spatial quaternionic Smarandache curve fs.
Theorem 3.12. Frenet vectors of Smarandache curve B3 are given as follows:
Kt + rny’ r't+ k'ng®
te(s) = m', mp(s) = ——5——=, Mp(s) = ————. (24)
h ' e k2 + 2 2 Vi + 12

Proof. 1f derivative is taken according to sg, arc parameter of curve B3(s), tg,(s) and t;k (s) are given, respec-
tively

(k" = r)nj

t/}3(s) R
V2k? + 2

From equation (2), principal vector 7115, and binormal vector nyg, are found as in (24). O

\/E( -kt + r*n;)
I — .

7 tﬁgl(s) =

Theorem 3.13. Curvature and torsion belonging to Smarandache curve B3 are, respectively

\/2(1{*2 + 7*2) X313 + Z3P3

kg, = ———— =V2——— 25
B3  — s s \/_ 1732 n (P32 (25)
where coefficients are

m o= 3Kk 42k K, 03= kP 4kt -kt etk -1,

Q3 = K+ 2k =37, xy=r (-1, zm=kE -1 (26)

Proof. First, second and third derivatives of curve f3 are, respectively
. (K =r)n”
8y = ( )y
V2
X (k2 + k) + (=)t + (K = r)nyt
3 = ,
V2

o T]3t* + O3n1" + p31’lz*

V2

From (4) equation, curvatures are found as in (25). [J

3

Corollary 3.14. Let (o, ") be a spatial quaternionic Bertrand curve pair in Qn. The expressions of Frenet vectors of
Smarandache curve B3 in terms of Frenet apparatus of Bertrand partner curve are as follows:

w3t + (]531’[1 + d3ny
7
- C2 -
\[0)32 + @3 + 0‘32

(wst — d3n2)[k(cos B — sin ) — r(cos B — sin 6)]

tg,(s) = my, nlﬁa(s):

(27)

Nn2p, (s) =

\/(kz — 12— (k2 —r?)sin 29)((532 + (ﬁgz + OT3Z)
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Herein, coefficients are

w3 = —k(k(cos 6 — sin 0) — r(cos O + sin Q)) k2 — 12 — (k2 — 12)2sin 26,

¢3 = (k’(cos 6 — sin 0) — '(cos 6 + sin 6)) Vk2 — 12 — (k2 — 12)2 sin 20

—(k(cos 6 — sin 0) — r(cos O + sin 6))( VK2 =72 — (k2 — 12)? sin 29)’,

g3 = (k(cos 6 — sin 0) — r(cos O + sin 6)) VK2 — 12 — (k2 — 12)2 sin 26.
Proof. If expression (6) instead of t* and n," in curve B3 is written, we have
1
B3(s) = $((cos 0 — sin )t + (sin 6 + cos G)nz).

If equations (6) and (7) into equation (21) and (22) are written, the proof is completed. [J

Corollary 3.15. Let (o, ") be a spatial quaternionic Bertrand curve pair in Qp. The expressions of curvatures of
Smarandache curve B3 in terms of Frenet apparatus of Bertrand partner curve are as follows:

_ 2.
V@3? + §3” + 057 V513 + D
kﬁ =2 \2 373 + 2393

= : ; Vg = ——5 -5 -
’ 21— (k2 —1?)sin20” 7 M2 + @32
Herein, the coefficients are
m = —k'(k(cos 0 — sin 0) — r(cos O + sin 9)) - Zk(k(cos 0 — sin 0) — r(cos 0 + sin 9)) ,
03 = -k (k(cos 0 — sin 0) — r(cos 0 + sin 9)) —7? (k(cos 0 — sin 0) — r(cos 0 + sin 9))

”

+(k(cos 6 — sin 0) — r(cos O + sin 9)) ,

’

Pz = r’(k(cos 0 —sin 0) — r(cos 0 + sin 9)) + 2r(k(cos 6 — sin 0) — r(cos O + sin 6)) ,

X3 k(k(cos 6 — sin 6) — r(cos 6 + sin 0)))?, z3 = r((cos O — sin 6) — r(cos 6 + sin 6)).
Proof. If equations (6) and (7) into equation (25) and (26) are written, the proof is completed. [J

Definition 3.16. Let (@, &) be a quaternionic Bertrand pair curves in Qp. If Frenet frame of a* curve is shown with
{t,m", ny7},
(" +n] +n")

4(s) = (28)
! V2
regular curve drawn by vectors t*, n1* and ny* is called spatial quaternionic Smarandache curve By.
Theorem 3.17. Frenet vectors of Smarandache curve B4 are given as follows:

kKt + (k' = r)ny* + r'ng* wat” + Pgnr” + 0411y’

tﬁ4 (S) = - " — ’ 1’11‘34 (S) = ’
2k + r = k*r?) /w42+q542+042
(k" =1r)og —r'o )t" + (Fws + Koy
nop(s) = (29)

V@2 202 2 2k @42 + ¢+ 04%)
(kK'pa + (k" = r)ws)ny”
V@2 4202 22k P) @8 + 4% + 0?)
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Herein, the coefficients are

wy = KH2K7 —4r? 448k — KA + K + 287 1 2y = 2k,
o K2 (=2k% = 4r? 4+ 2k — ) + P2 (=22 + 2k + k) + K (kT =),
04 k(' = 2r% + 1) + Ak = 2r? 4 k) = K+ 2k).

Proof. 1f derivative is taken according to s, arc parameter of curve B4(s), tg,(s) and t, (s) are given, respec-
tively

—k't + (k' =)y + i
k2 412 — k)2

\/§(w4t* + ¢4n§ + o4n;)
2k +r?)

ta(s)

£,

Herein, the coefficients are as seen in (30). From equation (2), principal vector 115, and binormal vector g,
are found as in (29). O

Theorem 3.18. Curvature and torsion belonging to Smarandache curve B4 are, respectively

o V3 @it i+ 0] B \/§[n4x4 + Osys + p4Z4] 0)
T A e 2 ey T Tyl 2
where coefficients are
n o= K=k =3k + 2k + kP + k',
0 = k330K +rr)— (k" +r")+ kK - 1),
ps = =k =3 20k + K (31)

xy = 2Pk —r)+kr =k + 23,
vy = k' —rk’, oz =2k 4k 42k = 2k — Ky
Proof. First, second and third derivatives of curve f, are, respectively

okt + (k=1 + gt

ﬁ4_ \/5

(k" = k2 + k) = k2 =K+ + 7))t + K =2+ )yt

7 ,

‘8"_
y =

T]4i’yr + Onq" + p47’12*
! V2

where the coefficients are as seen in (31). From (4) equation, curvatures are found as in (30). [

"ro_

Corollary 3.19. Let (o, ") be a spatial quaternionic Bertrand curve pair in Qn. The expressions of Frenet vectors of
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Smarandache curve By in terms of Frenet apparatus of Bertrand partner curve are as follows:

1 —kt + (k(cos 0 — sin 0) — r(cos 0 + sin 9)) + 11y

tp(s) = — ,
b V2 /(=2 cos 6kr — cos O sin 6k2 + cos Bsin 072 + k2 + kr + 12)

wyt + ¢§4n1 + 04Ny

711;;4(5) = —2 — A
\ @4 + Py + 5y

((k(cos 0 —sin 0) — r(cos O + sin 0))64 — rq54)t

(32)

nag, (s) =
\/k2 + 12 + [k(cos 6 — sin 0) — r(cos O + sin 0)]2(042 + P4~ + 342)

(koy + rag)m

+

\/k2 + 12 + [k(cos O — sin 0) — r(cos 6 + sin 0)]? (w42 + (542 + d42)

—(k¢ps + (k(cos 6 — sin 0) — r(cos 6 + sin 0))wg )12

\/k2 + 12 + [k(cos 6 — sin 0) — r(cos 6 + sin 0)]2(w042 + <]§42 + G42)

Herein, the coefficients are
@y = ( — k" — k(k(cos 6 — sin 0) — r(cos O + sin 9))).(k2 + 7% + (k(cos 6 — sin 6) — r(cos 6 + sin 9))2)
+k((k(cos 0 — sin 0) — r(cos O + sin 6))2) ,
¢s = (—K =7+ (k(cos O —sin 0) - r(cos 0 +sin 0)))

.(k2 + 72 + (k(cos O — sin ) — r(cos 6 + sin 6))2)

’

—(k(cos O — sin 0) — r(cos 6 + sin 6)).(k2 + 7% + (k(cos O — sin ) — r(cos 6 + sin 6))2) ,

64 = (r(k(cos 6 — sin 0) — r(cos O + sin 0)) + r').(k2 + 12 + (k(cos O — sin 0) — r(cos 6 + sin 6))2)
—r(k2 + 7% + (k(cos O — sin ) — r(cos 6 + sin 9))2),.
Proof. If expression (6) instead of t*, n;* and n," in curve B4 is written, we have

1
Bs = —((COS 0 —sin )t + ny + (sin O + cos 6)112).

If equations (6) and (7) into (29) and (30) equations are written, the proof is completed. [J

Corollary 3.20. Let (o, a*) be a spatial quaternionic Bertrand curve pair in Qp. The expressions of curvatures of
Smarandache curve B4 in terms of Frenet apparatus of Bertrand partner curve are as follows:

V3J@s? + <ﬁ42 + 042

7

ks, = .
((k(cos 0 —sin 0) — r(cos O + sin 0))2 + k2 + ,,2)2
Xaffa + JaOs + Zaps
V2 R2+ipr+2 (33)
1T Ytz
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Herein, the coefficients are

’

My = ( — k' — k(k(cos 0 — sin 0) — r(cos 6 — sin 9)))
—k( — K% = 1% + (k(cos 6 — sin 0) — r(cos O — sin 9))/),

0y = k( — kK = k(k(cos 6 — sin 6) — r(cos 6 — sin 9))/) - r((rk —?)(cos 6 — sin ) + r’)

+( = = 7 + (k(cos 0 - sin 0) — r(cos O — sin 0)) ) ,
Pa = r( — K2 — 12 + (k(cos 6 — sin 0) — r(cos 6 — sin 6))') + ((rk —7*)(cos 6 — sin ) + r/) ,
Xy = (k(cos 0 —sin 0) — r(cos 0 — sin 6)).(r + (k(cos O — sin 0) — r(cos 6 — sin 0)) + r’)
—r( — K% = 1% + (k(cos 6 — sin 0) — r(cos O — sin 9))/),

Ji = k(r(k(cos 0 —sin 6) — r(cos O — sin 0)) + r’) + r( —K = (k% +kr)(cos 6 — sin 9)),
Zy = k( — k% =2 + [k(cos 0 — sin 6) — r(cos O — sin 9)]/)

((k(cos 6 — sin 0) — r(cos 0 — sin 6))).( — K = k(k(cos 6 — sin 6) — r(cos 6 — sin 9))).
Proof. If equations (6) and (7) into equation (30) and (31) are written, the proof is completed. [

Example. Let be spatial quaternionic curve

2 (B L (280 2 o B g 2 o)

a(s) = (— cos|—s)+ - sin s, —— cos(— s) + — sin(— )

2 5 5 %775 Y2 5 2 5

and if taken as A = 1, Bertrand partner belonging to this curve,

v (q =2V5
a’(s) = (O, 5 s,O).
In terms of definition, we obtain special Smarandache curves f1, 2, f3 and B4 according to Frenet frame of
spatial quaternionic curve, (Figure 1).

o - (Ao £ Sl E) 8l £ Ll )

o - [l Eamf5)
o = ({2 3ol $)E Lol £ 1l 2]
o+ ()2l
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- 7 04
;- Smarandache curve -

0
42
24

e

S, - Smarandache curve 4~ 1%

Figure 1: Smarandache Curves of Quaternionic Bertrand Curve

4. Conclusion

In this study, We have calculated the Smarandache curves of the Bertrand curve pairs. To put it simply,
we derived curves from a curve according to a method. We found the Frenet frames and curvatures of
these curves, which we call Smarandache curves. Finally, we found these results depending on the Frenet
frames of the Bertrand curve pair. We saw that we could switch between Frenet frames. It is possible to
examine whether these obtained curves are included in special curves.
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