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On The Connections Between Jacobsthal Numbers and Fibonacci
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Abstract. In this paper, we define the Fibonacci-Jacobsthal p-sequence and then we discuss the connection
between of the Fibonacci-Jacobsthal p-sequence with the Jacobsthal and Fibonacci p-sequences. Also, we
provide a new Binet formula and a new combinatorial representation of the Fibonacci-Jacobsthal p-numbers
by the aid of the nth power of the generating matrix of the Fibonacci-Jacobsthal p-sequence. Furthermore,
we derive some properties of the Fibonacci-Jacobsthal p-sequences such as the exponential, permanental,
determinantal representations and the sums by using its generating matrix.

1. Introduction

The well-known Jacobsthal sequence {],,} is defined by the following recurrence relation:
Jn =TJn-1+2]n-2

forn > 2 in which Jy =0and J; = 1.
There are many important generalizations of the Fibonacci sequence. The Fibonacci p-sequence {Fp (n)}
(see detailed information in [21, 22]) is one of them:

F,m)=F,(n-1)+F,(n-p-1)

forn>pandp=1,23,...,inwhich F,(0) =0,F, (1) = ---F, (p) = 1. When p = 1, the Fibonacci p-sequence
{Fp (n)} is reduced to the usual Fibonacci sequence {F,}.
It is easy to see that the characteristic polynomials of Jacobsthal sequence and Fibonacci p-sequence are
g1(x) =x* —x—2and g, (x) = x¥**! — x¥ — 1, respectively. We will use these in the next section.
Let the (1 + k)th term of a sequence be defined recursively by a linear combination of the preceding k
terms:
An+k = Con + C1Ap41 + -+ + Cr-10n+k-1

in which ¢, c1,...,ck1 are real constants. In [12], Kalman derived a number of closed-form formulas for
the generalized sequence by the companion matrix method as follows:
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Let the matrix A be defined by

0 1 0 0 0
0 0 1 0 0
0 0 O 0 0
A= [ai’j]kxk = .
0 0 O 0 1
| C0 €1 C2 Ck—2 Ck-1 ]
then
[ ag a,
a A+l
L k-1 Ap+k-1
forn > 0.

Several authors have used homogeneous linear recurrence relations to deduce miscellaneous properties
for a plethora of sequences: see for example, [1, 4, 8-11, 19, 20]. In [5-7, 14-16, 21-23], the authors defined
some linear recurrence sequences and gave their various properties by matrix methods. In this paper,
we discuss connections between the Jacobsthal numbers and Fibonacci p-numbers. Firstly, we define the
Fibonacci-Jacobsthal p-sequence and then we study recurrence relation among this sequence, Jacobsthal
sequence and Fibonacci p-sequence. Also, we give the relations between the generating matrix of the
Fibonacci-Jacobsthal p-numbers and the elements of Jacobsthal sequence and Fibonacci p-sequence. Fur-
thermore, using the generating matrix the Fibonacci-Jacobsthal p-sequence, we obtain some new structural
properties of the Fibonacci p-numbers such as the Binet formula and combinatorial representations. Finally,
we derive the exponential, permanental, and determinantal representations and the sums of Fibonacci-
Jacobsthal p-sequences.

2. On The Connections Between Jacobsthal Numbers and Fibonacci p-Numbers

Now we define the Fibonacci-Jacobsthal p-sequence {P{;p } by the following homogeneous linear recur-
rence relation for any givenp(3,4,5,...)and n > 0

Jip _ nrphp Jp Jp Jip Jp Jp
Fn+p+3 - 2Fn+p+2 + Fn+p+1 - 2F71+P + Fn+2 - Fn+1 - 2F” (1)
inwhichF// =...=F” =0and F” =1
0 p+1 p+2 :

First, we consider the relationship between the Fibonacci-Jacobsthal p-sequence which is defined above,
Jacobsthal sequence, and Fibonacci p-sequences.

Theorem 2.1. Let ], F, (n) and F{;p be the nth Jacobsthal number, Fibonacci p-number, and Fibonacci-Jacobsthal
p-numbers, respectively. Then,

Jo+Fy(n+1)=F7  —3F 7

n+p+2 n+p

forn>0andp > 3.

Proof. The assertion may be proved by induction on n. It is clear that Jo + F, (1) = F;jﬁz - 3F{;p - F(])’p = 0.
Suppose that the equation holds for n > 1. Then we must show that the equation holds for n + 1. Since the

characteristic polynomial of Fibonacci-Jacobsthal p-sequence {FL’”}, is

h(x) =2 —20P2 — P ol — x4 x4+ 2
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and
h(x) = g1(x) 92 (x),

where g1 (x) and g, (x) are the characteristic polynomials of Jacobsthal sequence and Fibonacci p-sequence,
respectively, we obtain the following relations:

In+p+3 = 2]n+p+2 + ]n+p+1 - 2]n+p + Jnr2 = Jn+1 = 2]u
and
F,(n+p+3)=2F,(n+p+2)+F,(n+p+1)-2F,(n+p)+F,(n+2)—F,(n+1) - 2F, (n)

for n > 1. Thus, by a simple calculation, we have the conclusion. [

Theorem 2.2. Let |, and F{;p be the nth Jacobsthal number and Fibonacci-Jacobsthal p-numbers. Then,
i.

]n — FLP _ F]rp _ Fﬁp,

n+p+1 n+p

Ju+Ju =Bl =By —El ~F

n+p n+1

forn>0andp > 3.

Proof. Consider the case ii. The assertion may be proved by induction on n. It is clear that Jo + J; =
Fé’p - Fé’p - F{’p - P{)’p = 1. Now we assume that the equation holds for n > 0. Then we show that the equation
holds for n + 1. Since the characteristic polynomial of Jacobsthal sequence {],}, is

71 (x) =x-x-2
we obtain the following relations:

]n+p+3 = 2]n+p+2 + ]n+p+1 - 2]n+p + ]n+2 - ]n+1 - 2]n

for n > 1. Thus, by a simple calculation, we have the conclusion.
There is a similar proof fori. O

By the recurrence relation (1), we have

2 1 -2 0 001 -1 -2
1.0 0 0 000 0 O
FZM 01 0 0 000 0 O Fﬁﬁp+3
Ip 00 1 0 000 0 O P
w1100 01 000 0 O ey
Fiep : . R T LS
: 00 0 0 100 0 O :
Ef [jo o 0 0 010 0 0 F?
00 0 O 001 0 0
|0 0 0 0 000 1 0
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for the Fibonacci-Jacobsthal p-sequence {Fi’p } Letting

2 1 -2 0 001 -1 -2]
1 0 0 O 000 0 O
0o 1 0 O 000 0 O
o 0 1 0 000 0 O
0 0 0 1 000 0 O
M, = .o .
0 0 0 O 100 0 O
o 0 0 O 010 0 O
o 0 0 O 001 0 O
0 0 0 0 000 1 0 | (+3)x(p+3).
The companion matrix M, = [m,- j] is said to be the Fibonacci-Jacobsthal p-matrix. For detailed
(p+3)x(p+3)

information about the companion matrices, see [17, 18]. It can be readily established by mathematical
induction that forp > 3and a > 2p

r op Jp Jp Jp
F}1+p+2 F}x+p+3 - 2F§(+p+2 Fy (a-p+2)- 2F(x;»p+1 Ep (a-p+3)
P i P P
Fafp” Fa]+p+2 - ZFa;errl Fpla-p+1) —]ZFMp Fpla—p+2)
P P P P *
o | Fhy  Ela-2E, Fyla=p)=2F] Fpla-p+1) - M,
(M) =] . ‘ .
P PP o Fy(a—2 . 1)-2F7  F,(a ot 2)
a/+] (x]+2 a]+l P P ; a P P
F Fh —2F7 Fy(a—2p)-2F",  Fy(a-2p+1)
where
F@  Fa+D-FL ., —2F)
Fy(a-1) Fy(@-F -2F,
) Fy(a—2) Fyla—1)- Fl;’ip —21-"{’;‘_1{]_1
Mp =
Fyla=p-1)  F(a-p)-F -2r!

"
Fo(a-p-2) Fp(a—p—l)—F]ﬁp —ZFfjil

We easily derive that det M, = (=1y *1.2. In [21], Stakhov defined the generalized Fibonacci p-matrix Q,
and derived the nth power of the matrix Q,. In [13], Kilic gave a Binet formula for the Fibonacci p-numbers
by matrix method. Now we concentrate on finding another Binet formula for the Fibonacci-Jacobsthal

p-numbers by the aid of the matrix (Mp)a.

Lemma 2.3. The characteristic equation of all the Fibonacci-Jacobsthal p-numbers xP*3 —2xP*2 —xP+1 4 xP —x2 +x+2 =
0 does not have multiple roots for p > 3.

Proof. 1t is clear that xP*3 — 2xP*2 — xP*l 4+ 3P —x2 + x +2 = (x’ngl - - 1) (x2 -x- 2). In [13], it was shown
that the equation x**! — x7 — 1 = 0 does not have multiple roots for p > 1. It is easy to see that the roots of
the equation x> — x — 2 = 0 are 2 and —1. Since 2)’*' — (2 =1 # 0 and (-1)"*' = (=1)V =1 # 0 for p > 1, the
equation xP*3 — 2xP*2 — xP*1 4 ¥ — x2 + x + 2 = 0 does not have multiple roots forp > 3. O

Let /1 (x) be the characteristic polynomial of matrix M,. Then we have h (x) = x7*3 = 2x7+2 — xP*1 4 x —x2 +
x + 2, which is a well-known fact from the companion matrices. If A1, A, ..., A,13 are roots of the equation
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xP¥3 — 2xP+2 — Pt 4 ¥ — x2 + x + 2 = 0, then by Lemma 2.3, it is known that A1, 5,..., A,.3 are distinct.
Define the (p + 3) X (p + 3) Vandermonde matrix V, as follows:

_ -
WP P ()
+1
MY A (As)
Vp = : : :
M Ar e A
1 1 1

Assume that V), (i, j) is a (p + 3) X (p + 3) matrix derived from the Vandermonde matrix V, by replacing the
j™ column of V, by W, (i), where, W, (i) is a (p + 3) X 1 matrix as follows:

(Al )a+p+3—i
(Az)a+p+3—i
W, (i) =

a+p+3—i
(Apss)

Theorem 2.4. Let p be a positive integer such that p > 3 and let (Mp)a = ml(l;’a) fora > 1, then

m(p'a) _ detV, (i, )

i detV, -
Proof. Since the equation xP*3 — 2xP*2 — xP*1 + x¥ — x? + x + 2 = 0 does not have multiple roots for p > 3, the
eigenvalues of the Fibonacci-Jacobsthal p-matrix M, are distinct. Then, it is clear that M, is diagonalizable.
Let D, = diag (Al,/lz, .. .,/\p+3), then we may write M,V, = V,D,. Since the matrix V) is invertible, we

-1 q
obtain the equation (VP) M,V, = D,. Therefore, M, is similar to Dj; hence, (Mp)a V, =V, (D,,) ' fora > 1.
So we have the following linear system of equations:

ml.(?’a) (/\1)704'2 + mi(,g,a) (Al)p+1 4o m(p'“) — (Al)a+p+3—i

ip+3
p. 2 p. 1 p.a 3—i
m0) Aoy £ m8D oyt e w8 = (A

mi(i’a) (/\p+3)p+2 + ml(;’a) (Ap+3)p+1 +oe m(f’f“) ( Ap+3)a+P+3—i .

Then we conclude that o
m(p’a) _ detV, (i, f)
i det v,

foreachi,j=1,2,...,p+3. O

Thus by Theorem 2.4 and the matrix (Mp)a, we have the following useful result for the Fibonacci-
Jacobsthal p-numbers.

Corollary 2.5. Let p be a positive integer such that p > 3 and let Fﬁp be the nth element of Fibonacci-Jacobsthal
p-sequence, then

£ detV,(p+3,1)
" detV,
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and
detV,(p+2,p+3)

Iy _
F
" 2-detV,

forn > 1.
It is easy to see that the generating function of Fibonacci-Jacobsthal p-sequence {Fﬁp } is as follows:

xp+2

1 —2x — x2 + 203 — xP+1 4 xP+2 4 QP37

g(x) =

where p > 3.
Then we can give an exponential representation for the Fibonacci-Jacobsthal p-numbers by the aid of
the generating function with the following Theorem.

Theorem 2.6. The Fibonacci-Jacobsthal p-sequence {F{;p } have the following exponential representation:
g(x) ="+ exp i(i)] (2 +x =20+ xP — ¥t 2x7’+2)i
= ,

where p > 3.

Proof. Since
Ing(x) = Inx"*? —1In (1 —2x — x4+ 2x% — Pt Pt 4 2x”+3)

and

—ln(1—2x—x2+2x3—x”+1+xp+2+2xp+3) = —[—x(2+x—2x2+x”—x”’+1—2x’“+2)—
1 2 2 P p+1 p+22
5% (2+x—2x +aF = A" = 2% ) -

i_ -]

1.
—=x' (2 +x =2+ ¥ — P - 2x‘”*2)
i

it is clear that

00 i .
— p+2 Q2+ _22+ p_ p+1_2p+21
g(x) =x""exp ; - ( x—2x"+xf —x X )

by a simple calculation, we obtain the conclusion. [

Let K (ky, ks, ..., k,) be a v X v companion matrix as follows:

ki ky - ky
1 0 0
K(kllkZI"-/k'(/) =

Theorem 2.7. (Chen and Louck [3]) The (i, j) entry kl(.';.) (k1,k, ..., ky) in the matrix K" (k1, ko, ..., ky) is given by
the following formula:

Lt +tty (4 tt
(n) - jT 1 AP
K k1o, ) = Z x( )k1 K )

ot H+bh+--+1 t,..., ty

. . . . . . . . HAetty)! -
where the summation is over nonnegative integers satisfying t1 + 2t +--- +vt, =n—i+j, “t:' ey = (1;,—:,) isa
reeerbo by

multinomial coefficient, and the coefficients in (2) are defined to be 1 if n =i — j.
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Then we can give other combinatorial representations than for the Fibonacci-Jacobsthal p-numbers by
the following Corollary.

Corollary 2.8. Let F{;p be the nth Fibonacci-Jacobsthal p-number for n > 1. Then
i
FlY =

(fl +ht+ ot
(tl/t2/~~'/tp+3)

oh (_1)tp+2 (_2)f3+tp+3
f1,82, ¢ /tp+3 )

where the summation is over nonnegative integers satisfying ti + 2t +--- + (p +3) tyy3 =n—p - 2.
ii.

| L tp+s (t1 +h+ o+t
n

2f1 _1 tp+2 _2 t3+tp+3
t1+t2+-~'+i’p+3 ) ( ) ( )

f1,62,5+  tpes
(tlrt27~--rtp+3) o P

where the summation is over nonnegative integers satisfying t; + 2t +--- + (p +3) tpy3 =n + 1.

Proof. If wetakei=p+3,j=1forthecasei. andi=p+2,j=p+3forthe caseii. in Theorem 2.7, then we
can directly see the conclusions from (Mp)a. O

Now we consider the relationship between the Fibonacci-Jacobsthal p-numbers and the permanent of a
certain matrix which is obtained using the Fibonacci-Jacobsthal p-matrix (Mp)a.

Definition 2.9. A u X v real matrix M = [m,-,]-] is called a contractible matrix in the k™ column (resp. row.) if the
k" colummn (resp. row.) contains exactly two non-zero entries.

Suppose that x1, x2, ...,x, are row vectors of the matrix M. If M is contractible in the kth column such
that m;; # 0,m;x # 0 and i # j, then the (u — 1) X (v — 1) matrix M;;x obtained from M by replacing the ith
row with m;rx; + mjxx; and deleting the jth row. The k" column is called the contraction in the k™ column
relative to the i row and the j™ row.

In [2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real matrix of order @ > 1 and N is a
contraction of M.

Now we concentrate on finding relationships among the Fibonacci-Jacobsthal p-numbers and the per-
manents of certain matrices which are obtained by using the generating matrix of Fibonacci-Jacobsthal

p-numbers. Let Kﬁp = [kl.(?)] be the m X m super-diagonal matrix, defined by
2 ifi=tand j=tfor1 <7 <m,
ifi=tand j=t+1forl<t<m-1,
1 i=tand j=t+pforl<t<m-p
and
P i=t+landj=tforl<t<m-1,
ki(rf)z -1 ifz':Tandj:T+]p+1for1STSm—p—l, form 2 p+3.
ifi=tand j=7t+2forl1<7<m-2
-2 and
i=tand j=t+p+2forl<t<m-p-2,
0 otherwise.

Then we have the following Theorem.

Theorem 2.10. Form >p + 3,
F, ,
peer{p ="

m+p+2°
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Proof. Let us consider matrix KF’] and let the equation be hold for m > p + 3. Then we show that the
equation holds for m + 1. If we expand the perKy/ » by the Laplace expansion of permanent with respect to

the first row, then we obtain

= ZperK + perK - ZperKP’]

perK m—2,p

m+1,p +per m PP peerplp_zpeerpr

Since
perKF] = F] P

m+p+2/

perK" = ="

m=1,p m+p+17

perK = F] "

m—2 P m+p’/

perKF’ ="

m-p,p m+27
EJ] _pr
peer -p=1,p Fm+1
and ;
EJ] _
perK,_ p2p =F,,

we easily obtain that perk? = =P So the proof is complete. [J

m+1,p m+p+3°

Let Lﬁ;{p = [ l(p )] be the m X m matrix, defined by

2 ifi=tand j=tforl<t<m-3,

ifi=tand j=tform—-2<t<m,

i=tand j=t+1forl<t<m-1,
1 i=tand j=t+pforl<t<m-p-2

and

i=7+landj=7forl<7<m-4, ,form>p+3.
-1 ifi=tandj=t+p+1lforl<t<m-p-1,

ifi=tand j=t+2for1<7<m-3

1©) _
L]

-2 and
i=tand j=t+p+2forl<t<m-p-2,
0 otherwise.

Then we have the following Theorem.

Theorem 2.11. Form >p + 3,
Proof. Letus consider matrix LF’] and let the equation be hold for m > p+3. Then we show that the equation

holds for m + 1. If we expand the peer '» by the Laplace expansion of permanent with respect to the first
row, then we obtain

EJ F E,
peer = 2perL +perL,” 4 —Zpeer] 2t peer op peer -1y —Zpeer —p2p"
Since - ,
— php
perL,,, =F,; iyt

—r
peer 1p Fm+p 27
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v
peer 2p Fm+p—3’
_phr
perL,] m-pp = Fp1r
EJ _rhr
peer -p=1p Fm—2
and ,
— P
peer —p=2,p Fm 37

Jp

we easily obtain that perL iy = = Fip-

So the proof is complete. [J

Assume that N [ l(p)] be the m X m matrix, defined by

(m—-3)th
3
1 - 1 0 0O
1
NZ,’;;: 0 ,form>p+3,
: 12
: Lm—l,p
0
0
then we have the following results:
Theorem 2.12. Form > p + 3,
m+p—2
peer P = F{’p .
i=0
Proof. If we extend per Nm]p with respect to the first row, we write
peer];7 = perNZ]_ 1T perLi]_ 1

Thus, by the results and an inductive argument, the proof is easily seen. [

A matrix M is called convertible if there is an n X n (1, —1)-matrix K such that perM = det (M o K), where
M o K denotes the Hadamard product of M and K.

Now we give relationships among the Fibonacci-Jacobsthal p-numbers and the determinants of certain
matrices which are obtained by using the matrix Km]p, LF] and NF] Let m > p + 3 and let H be the m X m
matrix, defined by

11 1 - 1 1]

-1 1 1 --- 1 1

1 -1 1 - 1 1
H= :

1 1 -1 1 1

1 1 1 -1 1

Corollary 2.13. Form > p +3,
det(K};), o H) = P/

m+p+2’/
F J;
det( m]p oH) Fmp+p »
and
m+p—2
det EJ OH F{’p.

m p
i=0
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Proof. Since perKﬁ;{p = det (Kﬁ;{p ° H), perLE;{p = det (LZ{,, o H) and perN,f;{p = det (N,f;{p o H) form > p+3, by
Theorem 2.10, Theorem 2.11 and Theorem 2.12, we have the conclusion. [

Now we consider the sums of the Fibonacci-Jacobsthal p-numbers. Let

Sy = Z Pl
u=0
fora>1landp >3, and let T,f’] and (T;f'] )a be the (p + 4) X (p + 4) matrix such that

100 -+ 0 0]
1
T = 0
p :
: M,

If we use induction on &, then we obtain

(7 -
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