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Abstract. In this research paper, we develop the generalized fractional k-integral operators (gFkIO) involv-
ing Appell k-function as its kernel, and investigate (gFkIO) with the composition of Bessel k-function of first
kind (BKE-I). We shall obtain results by applying Sagio fractional integral k-operators (SFIkO) and Riemann
Liouville fractional integral k-operators (RLFIkO) in which Gauss Hypergeometric k-function (GHKF) acting
as a kernel in the left and right sense with product of power k-function and Bessel k-function of first kind
(BKF-I) and results will be establish in the terms of generalized Wright Hypergeometric k-function (§WHKF).

1. Introduction

Fractional calculus is the field of mathematical analysis, which deals with the investigation and applica-
tions of integrals and derivatives of any arbitrary real or complex order, which unify and extend the notions
of integrals and derivatives. It has gained significance and recognition over the last four decades, spe-
cially because of its enormous capacity of tested programs in diverse seemingly expanded fields of science,
applied mathematics and engineering [1-3]. We proposed a unified approach to the special functions of
fractional calculus and our approach is based on the usage of generalized fractional calculus operators. Diaz
and Pariguan [4, 5] paved the way for extensions of fractional calculus when they introduced the gamma
k-function, beta k-function and hypergeometric k-functions based on Pochhammer’s k-symbols [6, 7] and
proved a number of their properties.

Different additions of numerous fractional integral operators and their properties have been investigated
by many authors [8-10]. Many applications and special cases of generalized fractional integral operators
are the recurring appearance of compositions of classical Riemann Liouville and Erdelyi Kober fractional
operators in various problems of applied analysis and several properties of this operator can be located in
[11, 12]. Many authors added a family of fractional integral operators with the Appell function F3 in their
kernel and extension of many acknowledged formulas given [13-15]. A distinct account of such operators
along with their properties and applications had been considered [16-21].
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Definition 1.1. The generalized fractional integral k-operator defined for a, o/, B, B/,y € Cand y > 0, R(y) > 0
and k is any real number respectively

A&FEY £y = YT fy( — ) Y Faa, o, B B -1—5-1—y)f(t)dt 1
kot i) Jo Y WGPy
and "

a,a’,ﬁ,‘[;’,y _ ]/T “ _ %—1 —% ’ L unse _z _i

00 = fy (=) oy 1= 1= D @

Definition 1.2. [22] The left and right sided Sagio fractional integral k-operator defined for a, B,y € C, R(a) > 0,
y > 0and k is any real number respectively as

=y )
(I,f,f;?’f)(y) = kz"k(a) fo (y - LF a+ B, -y ;1 — é) F(bdt 3)
and . N
(Il(:,/yﬁ-/yf)(y) = @) jy‘ (t= T oFua+ By a1 - %)f(t)dt. (4)

Definition 1.3. [22] The left and right sided Riemann Liouville fractional integral k-operator defined for a € C,
R(a) >0, y > 0and k is any positive real number respectively

1 y a
(0N = 750y |, =01 o ®)
and ) .

@t DO = 1o fy (t — )t foyt, ©)

Definition 1.4. The k-beta function [24], defined for R(l) > 0, R(h) > 0, as

1
p =1 [ sta-sts, )
11k T ()T

s0 that Bl 1) = %5(?%) and B, h) = % ®)

where T'y(I), Ti(h) and Ti(I + h) are gamma k-functions.

Definition 1.5. The gamma k-function [24], defined for R(t) >0,k > 0,t € Cas
00 &
T(t) = f stle T ds, 9)
0
so that Ti(z+ k) =zIk(z) and Ti(y) = (k)%_ll"(%). (10)

Definition 1.6. The Pochhammer’s k-symbol for k > 0 [5], defined as

_Joala+k)(a+2k)--(a+(n-1)k) forn>1
(a)n,k - { 1 fOT n= 0,“ ;ﬁ 0, (11)
So that (@nx = % and % = (~1)"(k - @) (12)

where o € Cand n € N.
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Definition 1.7. The Hypergeometric k-function defined forV o’,p',n € C, ' #0,-1,-2,-3,---,

m=0
rk(C)l"k(C —a- b)
Ti(c —a)Tx(c = b)’

k>0,

ZFl,k((a/ k)/ (b/ k)r (Cr k)/ 1) =

where T'r(c), I'(c —a — b), T'(c — a) and Ty(c — b) are gamma k-functions.

Definition 1.8. The generalized Wright Hypergeometric k-function [25], defined by the series as

! > ! . ’ m
lly]i(t) = 1‘1’1;1[ (;” 0‘;)1,1 t] = Z [Tiz1 Tk(ci + aim)t ,
( ]/ﬁj)l,h m=0 H?zl Ii(d; + ,B;m)m!

where k € %*,teC,ci,d]- eC,undaz’,,‘B; eR (=12, j=1,2,---,h).

Definition 1.9. The Bessel k-function of first kind WX .(t) [12], defined for t € C and v € C by

. C)P( )k+2p
Wy () = Zl"k(v+pk+k) i k>0,ceR.

We use the following notation in our results

oG " ko 242
Z Ti(v + pk + k)p!” as Wi () = &P ().

2. Left sided integral k-operators with Bessel k-function

159

|t| <1, as

(13)

(14)

(15)

(16)

(17)

In this section, we derive the fundamental results for left sided Sagio fractional integral k-operator in
which Gauss hypergeometric k-function using as a kernel with the composition of power function and
Bessel k-function, and also discuss the left sided Riemann Liouville fractional integral k-operator. The

following theorems are needed to prove our main results.

Theorem 2.1. Let a, o/, B, B/, y, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > -1, R(y) > 0 and

R(FL) > max[0, R(a + &’ + - ), R(a’ = B')], then there holds the following relation:

(I PP () = 1t E

c+v,2)c+v+y—a—-a -B2)(c+v+pk—-a,2)

2
k %
3y W+, DYo+v+y—a-a,2)c+v+y—a —B,2)(c+v+pk2) 4k]'

Proof. Consider the generalized k-fractional integral (1) with the product of power function and Bessel
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k-function of first kind (16), we have

I PP IEETWE (D))

= (o ()P £ . .
2: r%+v+kpdm)@)J‘“ DI Pyl o, ﬁﬁ)ﬁl——l——ﬁ P]m

y 1 * -1 7% - (a)ﬂl,k(a/)ﬂ,k(ﬁ)m,k(ﬁ/)n,k _ E me E "y 42p-1
Tk(V)Efo(x_t) t Z‘ ) manj min! 1= a=pree™ ]dt

m,n=0

(a)m,k(a/)n,k(ﬁ)m,k(ﬁ’)n k

= 6’p’k [ _
(V)m+n,k m!n! ka(V)

m,n=0

iﬁwmq1_§rfﬁwﬂ%1w. (18)

By putting u = £ = xdu = dt,ift =0 = u =0, if t = x = u = 1 in equation (18), we get

UL PP IEETWE (O] ()

y-a

= &Pk Z (@) (@) k(B k(B i [ x rk(y] 1 f (A — w11 - —) () 542~ l]xdu

(V) man e min!

m,n=0

o+v+y—a—a’

(a)m,k(a/)n,k(ﬁ)m,k(ﬁl)n,k X k +2P—1 [1 fl uaﬂ:(—a’
V) manp min! T'v(y) k Jo

(o)
= &p,k

mn=0

+2p—n-1 (1 _ u)%"””_l]du.

Using equations (7) and equation (13) in equation (19), we have

I PPV ETWE (O] ()

+2p-1 o _
OO Dmn e min! Prlo +v = o’ +2pk = nk,y + mk + ”k)]'

(a)mk(a )n k(ﬁ m k(ﬁ )n k[ orvry—a—a’
= &Pk 2 i
n=0 [

o+v+y—a—a’

_ gk Z (@)@ )k B (B Inj x— 7 2771 [Tk(ff +v—a’ +2pk —nk)li(y + mk + ”k)]
B (V)man g min! Tx(y) Ti(o + v —a' +2pk — nk +y + mk + nk) |

(19)

m,n=0

By using equation (12) in equation (19), we obtain
Ty 71T (D))

gtv+y—a—a’

_ ork i (@ p (@) B (B I x— 7 2071 [ Tx(o + v —a’ + 2pk — nk)Tx (V) (V) mani ]
B (V) msnf min! Ik(y) Ilc+v—a’ +2pk+ )0 +v—a’ +2pk+ V)i

m,n=0

(ST IRPINE o (@) (B i (1) (@)1 (B ) Ti(o + v — o + 2pk — nk)
o & Z‘4((7+v—ac’+2pk+y)mkm'Z‘i n! Tio+v—a +2pk+7y) (20)
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By using equation (14) in equation (20), we get

UL PP EETWE (D))

o ok i (@) Bk Tk(o+v—a’ +y +2pk —a — B)Tk(o + v — & + 2pk — nk) 1)
n=0

n! To+v—a' +y+2pk—a)lc+v—a’ +y+2pk—p)
Now we use equation (12) in equation (21), we have
(T P W (DD ()

) +1+ —a—a’

Z x 2AGPR ), (B Ini(=1)" Ti(o +v —a’ +20k)Tk(0 +v —a’ +y + 2pk —a — )
o (k—(c7+v—oz’+2pk))n,kn! Io+v—a' +y+2pk—a)(c+v—a’ +y +2pk—-p)

J+l+

&P k-0 —v+a - 2pkktk—0—v—=2pk - )rloc+v—a' + 2k (c+v—a’ +y+2pk—a—p)
HTik—o—v+a = 2pk— B )Nitk—0—v-2pk)[x(c+v—a’+y +2pk—a)lx(oc+v—a’ +y+2pk—p)

7+v+}

l+l

& +v - & +20k)px Ti(o+v—a' +2pk)k(c+v—a’ +y +2pk—a—p)

g Wo+v+2k)p THO+v—a +y+2pk—a)(o+v—a +y+2pk- B

(22)

Using the equation (12) in equation (22), we obtain
(U ™71 W (D @)
_ Y oy 1gpk Ti(o+v—a +2pk+ B k)Tx(c+v+2pk)k(c+v—a’ +y+2pk—a—p)
Tc+v+2pk+ (o +v—a’ +y +2pk — a)[ (o +v—a’ +y +2pk - )

a+v- +7 —a—a’

WGP (0 + v+ 2pk) T(o + v — &+ + 2pk — a — B)Ti(0 + v — &’ + 2pk + B'k)

Ilc+v—a' +y+2pk—a) Ii(o+v—a’ +y+2pk—B)'(0 + v+ 2pk + p'k) @3
By using equations (17) and equation (10) in equation (23), we get
a+u—n—a'+;'_1 )
[ BB Y -1k X [ Tx(o + v + 2pk)
CPPYETWE (¢t _
(T [ ODE) = (2k)¥ = I +p + DIk(o + v + 'k + 2pk)
Tio+v+y—a—a —B+2pkTk(o + v+ Pk —a +2pk) 1 (F2 ) b
Io+v+y—a—-ao +2pk)(c+v+y—a’ —p+2pk) p!
By using equation (15) in equation (24), and get the final result
PP HEIWE (] () = 2O o T
c+v,2)c+v+y—a—-a -B2)(c+v+pk—-0a,2) _ﬁ
ll) w+L,DYo+v+y—a-a,2)c+v+y—a —B,2)(c+v+pk?2) 4k |”
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Corollary 2.2. Taking k = 1,c = 1 in Theorem (2.1), we get

(I“O‘ BB V[ta l]v(t)])(X) = yOtvty—a- a’ 1(2) v

(0+v,2)c+v+y—a-a —B,2)c+v+p —a,2) x?
3y w+LD)o+v+y—a-a,2)(c+v+y—a —B,2)(c+v+p,2) ’__

Theorem 2.3. Let a,,y,v,0 € C, k >0, c € R and x > 0 be such that R(v) > -1, R(a) > 0 and R(TFL) >
max[0, R(B — y)], then the following results holds true:

7+1‘51

Ty T W (DD () = @t 2%[

(c+v,2),(c+v-B+7,2) _ﬁ
w+1,1),(c+v=-p42),(c+v+a+y,2) ak |-

Proof. Consider the left sided Saigo fractional k-integral operator (3) with the product of power function

and Bessel k-function of first kind (16), we have

AV TEWE (O] ()

i —c)(d)i f‘(x L+ -yl — )t 20400 1]dt
Fk(nk+v+k)n' Fk(a)k "2Fu B

[Fk(a)z “ +(i))n;i(m'7/)mk : f ( t)F_l(l — ) tm+2n 1]dt

e (a + ,B)m,k(_y)m,k[% fx(l t)‘*+m 1tﬂ+2n 1]dt. (25)
0

Ka) £ (@) m!

k

nkx
T

Byputtingu:§:xdu:dtift:O:'u:Oift:x:uzlin(ZS),wehave

o+v—P 211-1 o) 1
apyp -1k kX E " G V)mk[ o0 4201 a+m_1]
U T WaOD = & =) ik ), W a0t e
Using equation (7) in equation (26), we obtain
CALE ) I
aByr,o— X Kk (a+),(_)m,
WO = & (’i - Lk [ﬁk(o F ot 2k, ot mk)]
!
) &nkxﬁ;c Paan1 & (a + B k(=) mx [I’k(a + v+ 2nk)Ti(a + mk)] 27)
B Ti(a) () pm! Ti(o + v+ 2nk +a+mk) |
Using equation (12) in equation (27), we have
AL, P )
By 2 —11a7k _ nkX k (0( + ﬁ)m,k(_)/)m,k[ 1—‘k(g +v+ 2nk)rk(a)(a)m,k ]
Ugor (7 Wo (DD = & Tx(a) mZ:o (@) ! T+ v+ a+2nk)(o+v+a+2nk),
_ n,k a+v B yon_1 - (CV + ﬁ)m,k(_y)m,k(l)m Fk(O' +v+ an) ]
=& Z::A) (0 + v+ a+2nk),;m! [ Ti(o + v + a + 2nk) | (28)
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By using equation (13) in equation (28), we have

[T P S (o +v+2nk)li(c+v+2nk—-F+y)
(g T Wa (OD) = & T(o+v+2nk—B)Ix(c+v+a+2nk+y) 29)
By using equations (17) and equation (10) in equation (29), we attain
a+vfﬁ ) —cx? n
By, o I'k(o + v + 2nk) Ii(c+v—=p+y+2nk) (=)
B Tk k 4k
(o [ Wae (D) = (2k)E Z [ F(f+1+n) T(o+v—-p+2nkI(c+v+a+y+2nk)] n! 30)

By using equation (15) in equation (30), we get the final result
xTF (c+v,2),(c+v-B+7,2)

aByri- - =
(I T Wo (DD = =2 295 [ (E+1,1),(+v-F2), (+v+a+7,2) ’ 4k]'

kO
O
Theorem 2.4. Let a,v,0 € C, k > 0, c € R and x > 0 be such that R(v) > —landR(a) > 0, then there holds

following formula:

U+v+a -1

N (0 +0,2) ox?
(k0+[tk 1Wk DD = (2k)” 1#’ [ #+1,1),(0+v+a,2) - E]

Proof. Consider the left sided Riemann Liouville k-fractional integral operator (5) with the product of power
function and Bessel k-function of first kind (16), we have

e - Ul £-1p52 20
(I [ WD) = Zrk(nk+v+k)n, w | wooreEea
= & ¥l LAY T P
- i@ k f (1= ]dt (31)

By putting u = £ = xdu = dt,ift =0 = u =0, if t = x = u = 1 in equation (31), we get

(5 1 WE D) = o5 L g e, )
k,0+ v,C Ti(a) k 0 '

By using equation (7) in equation (32), we attain
ZHUHa 4 op—1
I HETWE (DD = & Bi(0 + v + 21k, a)

Ti(a)
LIS W [x(o + v+ 2nk)
2n-1enk__ 1k
= & . 33
x I'v(o+ v+ a+2nk) (33)

By using the equations (10) and equation (17) in equation (33), we have

a+u+a +2n-1 i C)n(l)zn(l)% rk(U +v+ 27’lk)
AT

-1k
(kO*[ Wy, (D) n+l- 1r(“ +n+1) k(o + v+ a + 2nk)

n=0

x el i I'(o + v+ 2nk) G ey (34)
(2k)# 4 T(7 +1,1)I(0 + v+ a + 2nk) n! ’
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By using equation (15) in equation (34), we get the final result

u+v+a -1

(I8, [ TWE (D])(x) = (0 +v,2) cxz]

(zk)v 11/’2 (%+1,1),(o+v+a,2) 4k
O

3. Right sided fractional k-operators with Bessel k-function

In this section, we elaborate the right sided Sagio fractional integral k-operator in which hypergeometric
k-function using as a kernel with Bessel k-function, and also derived Riemann Liouville fractional k-operator
in the form of theorems.

Theorem 3.1. Let o, o/, B, B/, ¥, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > -1, R(y) > 0 and
R(FL) > max[0, R(a + &’ + B ), R(a’ = B')]. then there holds the following relation:

’ ’ g 1 ’ —v
Iy PPTETWE (D) = xHermee g F

31Pk k—o+v-52),k-c+v-—y+a+a’k?2),k-c+v+a+p -v7,2) _ox”
H GE+LY),k-0+v—y+a+tak+p,2),(k-c+tv-y+a-p2),(k-0+v,2) 4k |-

Proof. Consider the right sided generalized fractional k-operator (2) with the composition of power function

and Bessel k-function of first kind (16), we have

(PP TETWE (D)

i —P I 5 (t—x)k Y% Fa (e, -1_f)t‘%”72pfl]dt
Tepk + v + DPILT) sk o', Byl = il = 1

k[ X ~ _\E-1-¢ — (a)m,k(a/)n,k(ﬁ)m,k(ﬁl)n,k _ E " g 2p-1
’ [krk(y/)f; (F=x)t e Pmen 1111 1 t) 1- )t P ]dt
g (@) i (@) (B)m k(B )nk %1 Lot oo
- m;O ()msnk Ml r )k f (- (=2 ! ]df- (35)

By putting u = ¥ = —xu?du = dt,if t = co = u = 0, if t = x = u = 1 in equation (35), we have

(P W (DD 36)
_ K . (a)mk(a/)nk(ﬁ)mk(ﬁ )Hk x_;‘l 11 Ym-1 Lin 1y 22 _op2 2
- m;o (D ! rk(y) k f (== )(x” ) & ]( xu )i
= (a)m,k(a/)n,k(ﬁ)m,k(ﬁ/)nk w —2p-1 1 k-o+v+a-y+2pk-nk _ ymkenk
= &Pk : 1 - 19 _ ik
& P )meng min! [ Ty) & fo u (1 -u) ]d“' (37)

m,n=0
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By using equation (7) and equation (8) in equation (37), we obtain

I V[trlwu ))(x)

0-

— &Pk i (@) m (@) k(B k(B )k xu—v—iﬂ'—a —2r-1

e miln! [ ) 5k(k‘0+v+a—V+2Pk—nk,y+mk+nk)]

m,n=0

_ otk i (@) m (@) Bk (B Ve x et op-1 [Fk(k —0+v+a—y+2pk—nk)li(y + mk + nk)

(V) msnf min! T'e(y) I'i(k—0+v+a—y+2pk—nk+y+mk+nk) ] 38)

m,n=0

By using the equation (12) in equation (38), we have

(IR y[trlw’n( ()

_ gk T gy i (Of)m,k(a')n,k(ﬁ')m,k(ﬂ)n,k[ Thk—o+v+a—y+2pk—nT(y) V) mnk ]
- TP min!t Tk — 0+ v+ a +2pk)(k— 0 + v+ a + 2pk)y 1

mn=0
= ek i (@) k(B (1)" Z (@) k(ﬁ Yk [Tk(k o+v+a—y+2pk-— nk)]
(k—0+v+a+2pk),, m! Ti(k— 0+ v+ a+2pk) '
(39)
By using the equation (14) in equation (39), we get
PP (D))
k0~ v,c t
(c_;))pk Ulﬂ+ -’ Zplz(a)”k(ﬂ)”krk(k O'+l)+2pk ﬁ)rk(k ot+tv+a-— ’)/+2pk I’lk) (40)

I'i(k—0+v+a+2pk - Bk — o+ v+ 2pk)

Now, we use the equation (12) in equation (40), we have

Yy o 1
Ty ™I WEL(D@)

_ gp/kxw—%’—l i (@) (B )up(=1)" Tik—o+v+a—y+2pk)T(k— o +v+2pk - p)
(c—v—a+y-=2pk)n! Tilk—oc+v+a+2pk— Bk —o+v+2pk)

gfufak+;/fa'_2p_1l"k(a—v+y—a—2pk)1"k(a—v+7/—a—a’—ﬁ’—Zpk)
Ilo-v+y—a—-a -2pk)[i(c—v+y—a—p —2pk)
Itk—o+v+a—-y+2pk)(k—o0+v—pB+2pk)
I(k—o+v+a—-pB+2pk)k(k— 0+ v+ 2pk)
s o, k—c+v—-y+a+2pk)yir Tik—oc+v+a-y+2pk)Iik—0+v—p+2pk)
k—oc+v—y+a+p +2pk)yir Titk—0c+v+a—-pB+2pk)kk—0+v+2pk)

= &Pk

= &Pkx

sroryad o, g Iik—o+v—y+a+2pk+a’k)lk—0+v—y+a+p +2pk)Ik —o+v—B+2pk)

= p,k
& Tik—c+v—y+a+p +2pk+ak)lik—o+v+a—p+2pk)Tik—o+v+2pk)

t)

By using equations (17) and equation (10) in (41), we get
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(PP W (DD

a+y, a o

oG HIkk—o+v—y+a+2pk+ Ik —c+v—y+a+p +2pkIkk — o +v — B+ 2pk)

By using equation (17) in equation (42), we get the final result

(P W (D) = w1

k k—oc+v-82),k—c+v-y+a+a'k?2),k-c+v+a+p -7,2) .
3¥4 F+L),k-c+v-y+a+ak+p,2),(k—c+v-y+a-42),(k-0+v,2) 4l |”

O

Corollary 3.2. Taking k = 1,c = 1 in Theorem (3.1), we get

a,o B, — 1 —a—a'-1n-
(Lr,a BB r?’[to 1]11(?)])(3()) = yOtvty-a-a 12 v

l-0+v-2),0-0c+v-y+a+a,2),1-c+v+a+p -v,2)
w+1,1),Qd-c+v-y+a+a’ +p,2),Q1-c+v-y+a-42),1-0+v,2)

-1
X 314 H] i
Theorem 3.3. Let a, B, ¥, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > -1, R(a) > 0 and
R(F2) <1+ min[R(B), R(y)]. Then there holds the following relation:

By -1k _ Lo—v-p)-1 k-o+v+p,2),(k-c+v+y,2) B
(Ik, [t W, C( M) = x* Qk)kZ%[ (+L1),(k-0+v,2),1-0+v+a+p+7,2) 4o |”
Proof. Consider the right sided Saigo fraction k-integral operator (4) with the product of power function
with Bessel k-function (16), we have

o0 ( C)n( )2n+ ¥

OBy reg- 1 = —x)F T — D) s
IR HEWE D@ = W oraemaer Fk(a)kf (t =) P+ -yt - P ar

nk o Xya_q =0t (@ + B i (=Y)mk X my ot on-
kl"()f 11 = Xyt Z 1=y 21]dt

t (@) m!

&nk[ Q)Z 0(+ﬁ)mk( V)mklf (1- )k+m 1tﬂ viazaf o Z]di’ 43)

= a)m,km'

By putting u = £ = dt = —xuduif t =x = u = 1if t = 0 = u = 0 in (43), we obtain

:Za Nk +v+ Ik —o+v+a—-p+2pkkk—oc+v -y +a+p +2pk+a’k)[i(k— o +v+2pk)

(42)
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WD = [rk(a)z(mﬁ L T R (B

a)m,km' k

1,k (05+.B)m,k(_7/)m,k1fl k—awi;/vrnk_l B
& [ Fk(a) Z (a)m,km! k 0 u (1 u)

By using equation (7) in equation (44), we obtain

“*k”’k—l]du. (44)

=t oop-1 k(=)
(sz:)/[t%_l Wﬁ,c(%)])(x) — 8n,k|:x Fk(a) Z (a +(‘lj¥)) '];(1,’1'7/) 'kﬁk(k —o0o+v+ ﬁ + an,a + mk)]

8,11([ S . 1i(a+‘8)mk Vi L(k — 0 + v+ p + 2nk)[i (o + mk)
Ii(a) (@) ! Iv(k—o0+v+ B+ 2nk + a + mk)

]. (45)

By using equations (12) and equation (14) in equation (45), we have

e 1 o o e (@ + B (=) mp ()™ Tv(k— o+ v+ B+ 2nk)
B a7k (Z — gnk 2n—1 % ,
(ko’ [t W“’C(t)])(x) G Z'4(k—a+v+,B+2nk+az)m,km!l"k(k—a+v+ﬁ+2nk+oz)

Ilk—c+v+y+2nk)i(k—o+v+p+2nk)

:Fk(k—a+v+2nk)rk(k—o+v+oz+ﬁ+2nk+y)' (46)
By using equations (10) and equation (17) in (46), we get
By, 8 — 1
(T T W (D)
~ #_M_li (=" ($)*(3)F Ti(k—o+v+y+2nkT(k — 0 + v+ + 2nk)
=X e k%+1+2"—11"(% +1+nmn! Tk —o+v+2nkIi(k—o+v+a+p+y+2nk)
X iﬁli[ Ty(k—0+v+y+2nk) Ty(k— o0+ v+ B+ 2nk) ]ﬁ)” "
(2k)¥ —~ (g + 1+ )ik = Sv+2nk) Titk—o+v+a+p+y+2nk)l n! (47)
By using equation (15) in equation (47), we get the final result
BV, 9—11a7k 1 _ Lo-v-p-1 ok (k—O+U+IB,2),(k—O'+U+)/,2) B L
W ) = o P i oy [ PR (A5 N JORPNS B

O

Theorem 3.4. Let o, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > =1, R(a) > 0, then there holds the
following relation:

( [t;—lwkc( )])(x) _ xk(cf v+a)— 1(2’{) 2 1¢2|: (k_ o+v-— O(,Z) ‘ Cc ]

(%4‘1,1),(’(—0'—1),2) _w ’
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Proof. Consider the right sided Rieman Liuville fractional k-integral operator (6) with the product of power
function and Bessel k-function (16), we have

a gk - o' 1 ” @ o oy
Iy W (D) = Zrk(nk+v+k)n, krk(a)fx (- oty

et [0

By puttingu = ¥ = dt = —xu?duift=x = u =1 and t = co = u = 0in (48), we have

peps -2 z]dt (48)

o= U+(Y

&”’k[ﬁm) f;o(l—u)ﬁ_l(xu )T 22 () ]

o v+a _on-1
nk X l k= 0+U a+2nk -1 ,_1:|
— P B =% 1 - 4

¢ [ Ti(a) K fo ! 4= )

(1 [ WE (D)

By using equation (7) in equation (49), we get

(e [HETWE (1)])(x) = & wﬁk(k —0+v—a+2nk a)].
ko7 vt Ti(a) '
k- +v—a+ an)l"k(a)]
Ii(@) Tik—0o+v—a+2nk+a)

& (50)

By using equations (10) and equation (17) in (50), we obtain

x TEe -2l i (—C)n(%)zn(%)% Ttk —0+v—a+2nk)l(a)
Ii(a) 2+ gL (n+ g +1n! Ttk — 0+ v+ 2nk)

(1 [ WE (DD

n=0

e = (—0"(3)*(3)F Tw(k—o0+v—a+2nk)
_ 27112 k

et Kr+in! T+ ¢+ DIk(k— 0 + v + 2nk)

xSkt =2n-1 Z[ Tk — o + v —a + 2nk) ](ﬁ)” (51)
=0

(2k)* In+ ¢ +Dli(k—0+v+2nk)l n!
By using equation (15) in equation (51), we get the final result

( [t?_lwkc( )])(x) = xk(U v+a) 1(2k) 1¢§[ (% .(Fkl_,f),-:kv—_aalzg,Z) ‘ - éﬁxZ]

O

Conclusion

In this paper, we have derived generalized k-fractional integral operators involving Appell k-function
as its kernels with Bessel k-function. We have proved some composition formulae for Saigo, Riemann-
Liouville k-fractional integral operators. The results have been established in terms of generalized k-Wright
hypergeometric function. Furthermore if we take k = 1, then we find out the results which are discussed in
the form of corollaries (2.2) and (3.2).



M. K. Sajid, R. S. Ali, I. Nayab /TJOS 5 (3), 157-169 169

References

[1] Hilfer, R. (Ed.). (2000). Applications of fractional calculus in physics (Vol. 35, No. 12, pp. 87-130). Singapore: World scientific.

[2] Kilbas, A. A. A, Srivastava, H. M., & Trujillo, ].J. (2006). Theory and applications of fractional differential equations 204. Elsevier Science
Limited, Amsterdam.

[3] Mathai, A. M., & Haubold, H. J. (2008). Special functions for applied scientists 4. New York: Springer.

[4] Diaz, R., & Teruel, C. (2005). q, k-Generalized gamma and beta functions. Journal of Nonlinear Mathematical Physics, 12(1), 118-134.

[5] Diaz, R., & Pariguan, E. (2007). On hypergeometric functions and Pochhammer k-symbol. Divulg. Mat, 15(2), 179-192.

[6] Azam, M. K., Ahmad, F, & Sarikaya, M. Z. (2016). Applications of Integral Transforms on some k-fractional Integrals. ]. Appl.
Environ. Biol. Sci, 6(12), 127-132.

[7] Petojevic, A. (2008). A note about the Pochhammer symbol. Mathematica Moravica, 121, 37-42.

[8] Kilbas, A. (2005). Fractional calculus of the generalized Wright function. Fractional Calculus and Applied Analysis, 8(2), 113-126.

[9] Kiryakova, V. (2006). On two Saigo fractional integral operators in the class of univalent functions. Fractional Calculus and Applied
Analysis, 9(2), 159-176.

[10] Kiryakova, V. (2010). The special functions of fractional calculus as generalized fractional calculus operators of some basic
functions. Computers & mathematics with applications, 59(3), 1128-1141.

[11] Mathai, A. M., & Haubold, H. J. (2017). An introduction to fractional calculus. Nova Science Publishers, Incorporated.

[12] Shaktawat, B.S., Rawat, D.S. & Gupta, RK. (2017). On generalized fractional calculus of the generalized k-bessel function. Jeneral
of Rajasthan Academy of Physical Sciences 16(1-2), 9-19.

[13] Rao, S. B., Prajapati, J. C., Patel, A. D., & Shukla, A. K. (2014). Some properties of Wright-type generalized hypergeometric
function via fractional calculus. Advances in difference equations, 2014(1), 119.

[14] Saxena, R. K., Ram, J., Chandak, S., & Kalla, S. L. (2008). Unified fractional integral formulae for the Fox-Wright generalized
hypergeometric function. Kuwait Journal of Science and Engineering, 35(1A), 1.

[15] Srivastava, H. M., & Garg, M. (1986). Some integrals involving a general class of polynomials and the multivariable H-function.
Rev. Roumaine Phys. 32(1987), page 685-692.

[16] Oldham, K., & Spanier, J. (1974). The fractional calculus theory and applications of differentiation and integration to arbitrary order.
Elsevier.

[17] Agarwal, P, Qi, F,, Chand, M., & Singh, G. (2019). Some fractional differential equations involving generalized hypergeometric
functions. Journal of Applied Analysis, 25(1), 37-44.

[18] Samko, S. G., Kilbas, A. A., & Marichev, O. L. (1993). Fractional integrals and derivatives 1993. Yverdon-les-Bains, Switzerland:
Gordon and Breach Science Publishers, Yverdon.

[19] Choi, ]., Agarwal, P., Mathur, S., & Purohit, S. D. (2014). Certain new integral formulas involving the generalized Bessel functions.
Bulletin of the Korean Mathematical Society, 51(4), 995-1003.

[20] Mondal, S.R., & Nisar, K. S. (2014). Marichev-Saigo-Maeda fractional integration operators involving generalized Bessel functions.
Mathematical Problems in Engineering, SaudiArabia.

[21] Rahman, G., Nisar, K.S., Mubeen, S. & Arshad, M. (2016). Generalized fractional integration of Bessel k-function. Advanced Studies
in Contemporary Mathematics, Kyungshang.

[22] Ali, R.S., Mubeen, S., & Ahmad, M. M. (2020). A class of fractional integral operators with multi-index Mittag-Leffler k-function
and Bessel k-function of first kind.]. Math.Computer sci, 22(2021), 266-281.

[23] Mondal, S.R. (2016). Representation formulae and Monotonicity of the generalized k-Bessel functions, arxiv:1611.07499[math.CA],
12 pages.

[24] Mubeen, S., & Habibullah, G. M. (2012). k-Fractional integrals and application. Int. |. Contemp. Math. Sci, 7(2), 89-94.

[25] Kataria, K. K., & Vellaisamy, P. (2014). The Generalized K-Wright Function and Marichev-Saigo-Maeda Fractional Operators.
arXiv preprint arXiv:1408.4762.



