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Abstract. Modeling everyday life processes play a great role in human existence. Thus, distribution theory
has helped to understand how our everyday life processes are distributed. However, this depends on how
researchers in distribution theory compound several distributions to derive a more flexible distribution.
This study proposes the alpha power Weibull Frechet distribution for real-life datasets. However, some
statistical structural properties of the model such as kurtosis, hazard rate and odd functions, cumulative,
quantiles, reversed hazard, skewness, order statistics and survival function were derived. The parameters
of the proposed model were obtained using the maximum likelihood method. The behavioural nature
of the model was studied through simulation. Finally, a two real life data was used to investigate the
performance of the proposed model. The results show that the new model performs better than some
existing continuous models in statistical literature.

1. Introduction

Integral representations of solutions for differential equations and operators are used in many scientific
fields [1, 2]. Several methods for generating family of univariate distributions were based on differential
equation (Pearson 1895). Of most important, is the translation method proposed in [3] . This method is
based on quantile function that was developed in [4]. Lifetime processes have received several attentions
through modeling the way and manner in which they are distributed, thus developing a flexible distribution
depending on how the researcher compounds one or more distribution(s) to form a better or a comparable
distribution [5]. The Weibull distribution plays a very important role in modeling lifetime processes. The
Weibull distribution was proposed by a famous statistician called Weibull [6]. This Weibull

distribution has a wide range of applications in modelling lifetime processes, failure time processes,
survival time, mechanical and electrical systems and machine learning. More so, the Frechet distribution is
used in modeling extreme value theory. Its applications ranging from horse racing accelerated life testing in
earthquakes, floods, rainfall, queues in supermarkets, wind speed and sea waves. The Frechet distribution
can also be used in modelling material properties in engineering materials.
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Let S be a random variable, say s > 0. Then, the Frechet distribution is defined as

g(s,a, B) = ﬁaﬁs‘b"m‘lexp[—(%)ﬁ] a,p>0. (1)

The corresponding cdf is expressed as

G(s,a, B) = exp[—(g)ﬁ] a8 >0, @)

where a and f are the scale and shape parameters respectively.
More so, the Weibull pdf with the parameters & > 0 and > 0 is defined as

f(s,A,B) = Ay’ texp(—ys’™1); Ay >0. (3)
The cdf that corresponds to the Weibull pdf is given as
F(s,A,B)=1—exp(—ys’), Ay>0 4)

where A and y are the shaped and scale parameters respectively.
[7] Proposed the Weibull Frechet (WFr) distribution and obtained the its pdf as

-b

f(s) = q)bﬁ’[ﬁs_ﬁ‘lexp[—b(g)’g]{l - exp[—(g)ﬁ]}_b_lexp[—gb[exp[(g)ﬁ] - 1] ] 5)
The corresponds cdf is expressed as
Fs)=1- exp[—lp[exp[(g)ﬁ] - 1]_b], (6)

wherer is the scale parameter,3, ) and b are the shape parameters.
The alpha power transformation (AP) was proposed in [8]. The pdf of the alpha power transformed
family of distribution is given as

962500, ifa e (R = (1)
fap(s) = @)
g(s), otherwisea = 1.

The corresponding cdf is defined as

at® -1
-1

Fap(s) = ae(R"-(1). ®)
Otherwise, F(s), for a« = 1 where g(s) is the baseline pdf and G(s) is the baseline cdf.

Several research works have been done in literature researched. [9] Proposed the Weibull-G family
of distribution. The alpha power inverted exponential distribution was proposed in [10]. Gompertz-G
distribution was proposed in [11]. Gompertz alpha power inverted exponential distribution was proposed
in [12]. The extended new generalized exponential distribution was proposed in [13]. The Weibull alpha
power inverted exponential distribution was proposed in [14]. Alpha power Weibull distribution was
proposed in [15].

However, many distributions have been proposed in literature to extend distributions that are significant
to the progress of distribution frontiers and to make life more meaningful. Thus, this study set up a model
called alpha power Weibull Frechet (APWF) distribution to push back the frontiers of knowledge in data
science, data analysis and distribution theory.
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Figure 1: The APWF density for different parameter values cases

This study was motivated by studies and events obtained from some literature research in probability
and distribution theories. However, the APWF model was proposed to push back the frontiers of knowledge
in data science, data analysis and distribution theory by addition of a parameter to improve the existing
models using the AP characterization.

The aim of this study was to introduce a class of Frechet distribution in distribution theory together
with its mathematical properties. It worthy to note that this study was proposed to address APWF model,
since, say , we obtained the usual WFr model.

2. The APWF Distribution

This section proposed a class of the Frechet family of distribution called APWF model. Let sy, 55,53, -5,
be a random sample of the APWF distribution. Then, the pdf of the APWF is given as
T T —b-1 T
e e e o
- )
togar[1-n]wlr ] |
x 82 . ae(RY=(1)).

(@-1)

-b

Figure 1 shows the plot of the pdf for different parameter values cases. In Figure 1, the shape of the pdf
could be increasing, decreasing, unimodal and symmetrical depending on the parameter values.
The cdf that corresponds to Equation (9) is given as

Farwr(s) = {a[l"”[w[‘w[mﬁ]l]_ Il a1, ae® - ) (10)
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3. Mathematical Mixture Representation

In this section, we expressed the APWF distribution in power series. First and foremost, we expressed
the Weibull Frechet distribution before the proposed distribution is addressed. Thus, the Equation (5) can
be defined as

exp[—(f)ﬁ] b —(b+1)

R [0 B I

@) = wbﬁfﬁs‘<ﬂ+l>exp[—b<§>ﬁ]exp[—¢
1- exp[—(%)ﬁ

Let the middle quantity in Equation (11) be A. Then, expanding the exponential function in A, we
expressed

)k . exp[—bk(f)ﬂ]

1
A= 2 - = (12)
ofo]
Inserting the Equation (12) into Equation (11), we have
& §+1 —(&Eb+b+1)
(s) = bpefs 6 Z EDE o[-+ 0|1 - e[~y ]| (13)
s s
Further expansion of the last quantity in power series gives
j
o o (= 1)5\115“[(5 )b+ 1] ]
s) = bprfs~ P+ . x[— +1)b+] —ﬁ], 14
£(s) = bpr ]ZOEO P exp| ~[(€ + Db+ 1(5) (14)
where W/ = rg(y\;)] ) is the rising factional for any real W.
However, the Equation (14) can be expressed as
(o] [oe] ) T
£6) = BUE+ Db+ 1P Y Y vyes P Dexp| L€ + Db+ 1] (15)
j=0 &=0
where )
j
(D + Db+ 1
Vit = TEE + Db+ ] 1o
Thus the Equation (11) reduces to
fs) = Z Z Vjeher1yp(S), (17)

Iy
(=}
1l
o

3

j

where is the scale parameter a[( + 1)b + ]] of the Frechet distribution /g ,1y+j(s) and shape parameter f3 .
Integrating Equation (17), the cdf of can be expressed as

iivjéH h+] (18)

i=0 &=0

~.
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where
—(b+1)

hs) = et Vexp| b7 |{1 - exp| - (19)
and
Hes) = ew|GF| - 1}_b. (20)
Also, a®®) can be written as

> (log @)'G(s)!
G(s) _
a”® = E - , (21)

where G(s) is the baseline pdf. Hence, F(s)' in Equation (18) can be expressed as

Fis) iiv Higups (9) (22)

]:O &=0

Hence, Equation (21) becomes

o = i i i Toga) V(g (6) (23)

lo 1 v v w (o oc)’+1
farwe©) = 25000 = <= 37 3 Y Bt e Hig 1 (24)
i=0 j=0 &=0
The corresponding cdf is defined as
1 (v v v (loga)*!
Fapnr(®) = —=(3 Y 3 B0l Hi 1,90 - 1) (25)
i=0 j=0 &=0

where Hg1)p+(5) is the Frechet cdf with scale parameter a[( + 1)b + ]]Fl‘ and shape parameter f5 .

4. Mathematical Properties

This section investigates the properties of the APWF density. The structural properties of the APWEF
density was computed efficiently by using programming software like R, Maple, Matlab and Mathematical.

4.1. The Quantile and Random Number Generation of the APWF Distribution

Let S be a random variable such that S ~ APWEF(, b, B, 7, @). Then, the quantile function of the variable
S for p € (0.1) is given as

¢, = ltog][ -4 tog1 - (10g) " togf(e~ 1) +1[]] +1]'] 29

By setting ¢t = 0.5 in Equation (26), we obtain the median of the random variable S is obtained as

05 =] og][ -4 og[1. - (1og) " togfo(a 1) 1] +1]

=i

| 27)
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However, the 25th and 75th percentile for the random variable of the APWF distribution are obtained
as

-1 % 1
S005 = T[log[[—t/fl log[l - (log a) log[O.ZS(a - 1) + 1”] + 1]/;], (28)
-1 3 %
S0.75 = T[log[[—qfl log[l - (log a) log[0.75(a - 1) + 1”] + 1] ] (29)
Simulating the APWF random variable deviate from a uniform variates on the interval (0, 1). The Bowley’s
formula for finding the coefficient of skewness is given as
X075 + X025 — 2X05

S(s) = — ' = (30)

X0.75 — X0.25

The corresponding Moor’s formula for coefficient of Kurtosis is given as

X0.875 — X0.625 T X0.125 — X0.375

Ki(s) =
) X0.75 — X0.25

(81)

4.2. Survival and Reliability Function
The reliability function of the APWF random variable X is given as

_1)(a ii

j=0 i=0 &=0

(o)

log o
Rapwr(s) = (

Vit H(g+1)h+;(5))) (32)

4.3. Hazard Rate Function of the APWF Distribution
The failure rate function of the APWF random variable is given as

hapwe(s) = i i(

o (log a)”lv;;lh(g+1)b+j(S)Hf§+1)b+j(s))
i

— —| = H l

i=0 j=0 &=0 ll(a — (%UﬁgH(gH)hﬂ(S)) )

) (33)

Figure 2 shows the plot for the hazard rate function of the APWF distribution.

4.4. APWF Cumulative Hazard Function
The Cumulative hazard function of the APWF distribution is given as

H4pwr(s) = log(a —1) - log[a - Z (log avje + H(5+1)b+j(s)) ] (34)
ij,E=0

4.5. APWF Reversed Hazard Function

The Reversed Hazard Function of the APWF distribution is the ratio of the pdf of the APWEF distribution
to the cdf of the APWF distribution. Thus,

0o 00 1 i+1 1 -1
i = 303 3 [EE tnaOH ] BL -1 - )
j=0 i=0 &=0 ’ ’

4.6. APWF Odds Function
The Odds function of the APWF distribution is given as

Oapwr(s) = Fapwr(s)Rapwr(s) ™", (36)

where Rapwr(s) is the APWE reliability function.
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Figure 2: The hazard rate function of the APWF distribution for different parameter values

4.7. The APWF Order Statistics
Let s1,52,53,- -+ , 5, be a APWF random variable from a finite population which has the value f(s) at s,
then the pdf of the p’ order statistics is given as

0o 0o p-1

| L 1 ( l l
o) = - 1);'1(71 p)! [((X - l)] []ZA 124 Za Og al H .5+1)b+](5)
<y )

00 00 [log(a ]H—l
Z i! vfé h(‘gﬂ)b”(s)H(&l)bﬂ(s) (37)
=0 i=0 &=0

(a _ i i i(log avj, 51;1!(€+1)b+j(5)) )

j=0 i=0 &=0

~

The following is observed for p = 1, we obtained the minimum order statistics distribution as

n X 0 X i+1
71 = - P)'[(a ]ZZZ[1°g(“)] v Mesninio Hig oy (6)

=0 i=0 &=0
=00 (38)

(e8]

(a - i Z Z‘a(log avj/él;ll(éﬂ)bﬂ(s) )l)n_l'

=0 i=0 &
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p = n we obtained the maximum order statistics distribution as
n! 1 np e X X [ (a)]l n-1
9:) =G =11 [(a = 1)] [Z )3 Y Vel ) ]
] .

0 00 o0 [10g(0()]i+1 ;
XZZZ il v]f;h( Do+ S)H(é+1)b+](s)

When 7 is odd. n = 2m + 1 ,and setting p = m + 1, then the distribution of median is given as

m+)! 1 wheRe [log(a)]’ ;
9p() = mim! (a — 1)2m+1 [ZZZ VieHigrpn ) =1

j=0 i=0 &=0

o v v [og(a)]*!
XZZ;‘;; i! Ui hieemsioHigap () (40)

j=0 i

(0‘ - i i Z”: (log av]él;l!(g+l)b+](s) )l)m

j=0 i=0 &=0

(39)

m

whenniseven, n=m2mandp =m+1

j=0 i=0 &=0

Y [bg(a)]l“
x Z Z il v]g h(é+1)b+1(>)H(‘,+1)b+](S) (41)

(a ]f" Z”“ i‘a(log avj,gl;I!(gH)mj(S) )i)ml

O

4.8. Probability Weighted Moments (PWM)

The PWM is a function can be used to obtain the parameter and quantiles function of a particular
distribution that may not be obtained in a closed form. The (u, v)" of PWM of random variable S is defined
as

= [ soren= Y Y- o %

i,m=0 j,£=0 (

where
s

) . ]’(_1)5+m+1b¢5+1(]' + 1)5 v\ 1
tjem = [(5 +1b+j+ 1] TEE D)) [(5 +1)b+ 1] (Z)(m)

4.9. Parameter Estimation of the APWF Distribution

The parameter of the APWEF distribution are obtained by maximum likelihood (MLE) method as follows:
Letsi,sy,53,- -+, 5, be a APWF random sample from an infinite population with a pdf f(s) at the point s with
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distribution of the vector APWF of parameter 6(i, b, 3, 7, a)T, then the likelihood function is given as

H fls, b, @) =yt e (log @) - 1)n

XH (’S”)exp[ [ b(— )ﬁ” {1—exp[ (1)’3]}_b_1 (42)

i=

=

b

n B ~b Zy:lI:l_exl”[—w{fxp[(ﬁ)ﬂ]—l} ”
ol slpf |- et T
i=1 i
Let ¢ denotes the log-likelihood function, then

f=nlog¢+nlogb+nlogﬁ+n[310g’c—nlog(a—1)+nlog(loga)—(‘8+1)ilogs,-
i=1
~ =)
Sl -0 el el () |- el ()] @)

+ [1 - exp[—l/f{exp[(szi)ﬁ] - 1} ” loga

i=1

However, taking the partial derivation of the Equation (43) with respect to the parameter 1, b, 3, 7 and
a and equation to zero, we have

=52l 1] o )

3= L) - D) | ool G o] e Slerl (]l e
7 +”1°g“21°g5’ *Z[ o{2) o (5 |+ ‘b>;s—:ﬁ 2Py +lan421ﬁ’ (46)
S A (f) wr-b) ; S;—ZOZIHZ;Z (47)
§—§=—afl+¢;+a‘lgl;a— (48)

where
Y = nlog(log a),

s=1-enl ()
=l
[ enffenf ] f e
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5. Simulation Study and Real Life Applications

A simulation was carried out to test the flexibility and efficiency of the APWF distribution. Table 1 shows
the simulation for different values of parameters for the APWF distribution. The simulation is performed
as follows:

e Data are generated using

-1 1 %
° X, = T[log[[—tp‘l log[l - (log oz) log[y(a - 1) + 1”] + 1] ] O<u<l1
e The values of the parameters are setas @ = 0.5,7 =2.0,4 =1.5,b = 0.5, and g = 3.0.
e The APWF random sample sizes were taken as n = 50,100, 150, and 350.
e Each APWF random sample is replicated 5000 times.

In this simulation study, we investigated the mean estimates (MEs), variance, biases and means squared
errors (RMSEs) of the maximum likelihood estimate (MLEs).
The bias is calculated by for (S = a, 7, ¢, b, §)

Also, the MSE is obtained as
5000 2

N 1 ~
MISE = ;(si - s) .

Table 1 shows the simulation results for the Mean, Biases, Variances and MSE of the MLEs of APWF
model for some fixed parameter values. The results of the APWF Monte Carlo study in Table 1 shows
the MSEs and the biases decrease as the sample size increases and approach zero that corresponds to the
first-order asymptotic theory. The mean estimates of the parameters approach the true parameter values as
the sample size increases. The variance decreases in all the cases as the sample size increases.

5.1. Real life applications

The performance of the APWF model was examined with other competing distributions using the gas
fiber and carbon data real-life datasets. We considered the Akaike Information Criteria (AIC), Consistent
Akaike Information Criteria (CAIC), Bayesian Information Criteria (BIC), Hannan-Quinn Information Cri-
teria (HQIC), The Anderson Darling (A) statistic, Cramer-von Mises statistic (W), Kolmogorov Smirnov (KS)
statistic, Log-likelihood and the P value to compare the fits of the APWF model to other competing models
such as the Gompertz Weibull (GOW), Weibull Frechet (WFr), Kumaraswamy Lomax (KL), Gompertz (GL),
Beta Lomax (BL), and the Alpha Power Inverted Exponential (APIE) distributions.

5.1.1. First set of data is glass fiber data

Datasets were collected for 1.5 cm strengths of glass fibres data at the UK National Physical Laboratory
and was used to test the performance of the APWF distribution as used in [16- 20] .

Table 2 is the measure of comparison for the various distributions under consideration with APIE as
alpha power inverted exponential.



J. T. Eghwerido, O. T. Utoyo-Amrevugherea, E. Efe-Eyefia /TJOS 5 (3), 170-185

180

Table 1: Simulation results: mean estimates (AE), biases, Variance and mean squared errors (MSE) of &, 1[3, b, % and ﬁ
Sample size Parameter = AE Bias  Variance @ MSE
a=0.5 0.3788 -0.1212 0.0484  0.0631
=20 1.8534 -0.1466 0.3809 0.4024
50 b=0.5 0.5646 -2.4354 0.2211 6.1521
=15 1.2534 -0.2466 0.2564  0.3172
=30 1.6367 1.1367 0.3772 1.6692
a=0.5 0.3866 -0.1134 0.0408 0.0537
=20 1.9041 -0.0959 0.2558 0.2650
100 b=0.5 0.4993 -2.5007  0.1585 6.4120
=15 1.2571 -0.2429 0.1206 0.1795
=30 1.5858  1.0858 0.1951 1.3741
a=0.>5 0.4062 -0.0938 0.0433 0.0521
=20 19177 -0.0823 0.1878 0.1945
150 b=0.5 0.5215 -2.4785 0.1457  6.2888
=15 1.2847 -0.2153 0.0692 0.1155
=30 1.5570 1.0570 0.1239 1.2412
a=0.>5 0.4575 -0.0425 0.0439 0.0457
=20 1.9665 -0.0335 0.0858 0.0869
350 b=0.5 0.5285 -2.4715 0.0992 6.2074
Y =15 1.3219 -0.1781 0.0255 0.0572
g=30 1.4698 0.9698 0.0325 0.9731
a=0.5 0.4841 -0.0159 0.0393 0.0396
=20 1.9681 -0.0319 0.0671 0.0681
500 b=0.5 0.5089 -2.4911 0.0993 6.3051
=15 1.3464 -0.1536 0.0149 0.0385
=30 1.4609  0.9609 0.0238 0.9472
Table 2: The performace rating of the APWF distribution with
glass fibres dataset
Distribution Parameter MLEs AIC CAIC BIC HQIC W A
APWF Y =11.049
b =0.1156
ﬁ = 0.3353 37.3734 384260 48.0891 41.5880 0.1808 0.9911
7 =10.098
a = 0.3012
Gompertz Weibull a =0.2245
B =0.0092
38.3769  39.0666 46.9495 41.7486 0.2330 1.2832
) =0.7973
b =5.6176
Gompertz Lomax a = 0.0046
f =8.1791
39.0055  37.6951 45.5780 40.3771 0.1685 0.9462
a4 =0.5070
b =15158
Weibull Frechet & =3.61218
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Table 2 — Continued from previous page
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Distribution Parameter MLEs AIC CAIC BIC HQIC

i = 25.1859
39.0276  39.7812  47.3686  42.1676

1623

0.2472

1.3566

0.

0.2131
9.8352
= 45.3107

;
a
Kumaraswamy Lomax a
f 44.2055  44.8951 52.7779  47.5771
15.1182
0.0483

1.6446

1.9915

18.1737

a
b
Beta Lomax a
B = 26.7645

56.8068  57.4964 65.3793 60.1784
10.8769
0.0329

2.5426

3.1986

a
b

APIE & = 53.5634
A =0.3509 196.3253 196.5253 200.611 198.0111

0.7775

4.2384

Table 3: Test statistic for the APWF distribution with glass fibres dataset

Distribution KS  p-Value Log-likelihood
APWF 0.1236  0.2910 13.6867
Gompertz Weibull 0.1521  0.1087 15.1887
Gompertz Lomax 0.1542  0.0998 14.5027
Weibull Frechet 0.1552  0.0960 14.8177
Kumaraswamy Lomax 0.1854  0.0263 18.1027
Beta Lomax 0.2182  0.0049 24.4034
Alpha power inverted exponential 0.4646  3.0e-12 96.1627
— APWF
— WFr
0 | — GOW
- GL
— KL
A BL

f(x)

Figure 3: A plot of APWF distributions with the empirical histogram of the glass fibres data
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Fn(x)

Figure 4: The fitted cdf of the APWF model for the glass data set

5.1.2. Second set of data carbon data

182

Our second set of data is from [21]. It consists of 100 observations taken on breaking stress of carbon
fibers (in Gba). Table 4 and Table 5 are the goodness-of-fit and the performance rating of the APWF
distribution using several test statistics for the carbon fibers dataset.

Table 4: Test statistic for the APWF distribution with glass fibres dataset

Distribution KS p-Value Log-likelihood
APWF 0.06082131  0.8687617 141.3111
Gompertz Weibull 0.0632502 0.8185524 141.2822
Gompertz Lomax 0.06365319  0.8125448 142.4323
Weibull Frechet 0.06251348  0.8293575 141.3857
Kumaraswamy Lomax 0.07543761  0.6198049 141.484
Beta Lomax 0.17654926  0.00459718 156.7625
Alpha power inverted exponential  0.3503104  4.384659%e-11 209.1656
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Table 5: The performace rating of the APWF distribution with
glass fibres dataset

183

Distribution Parameter MLEs AIC CAIC BIC HQIC W A
APWEF Y = 0.4603
b=2.7010
B =0.6398 282.3754 283.0137 295.4013 287.6472 0.0609 0.3719
T =0.9554
& = 6.1598
Gompertz Weibull a = 2.2594
f =-0.2017
290.6544 290.9854 300985 294.7818 0.0648  0.3834
1 = 0.2650
b =2.9808
Gompertz Lomax a = 0.0091
f = 5.0656
292.8646 293.2857 303.2853 297.0821 0.0611  0.4763
4 =1.9848
b=0.6471
Weibull Frechet a = 0.6942
= 3.5178
294.6000 295.0000 305.0000 298.8000 0.06892 0.4169
f=0.6178
a =0.0947
Kumaraswamy Lomax a=3.7970
p =24.367
2959681 291.3891 301.3888 295.1855 0.0842  0.4532
4 =0.0334
b = 6.0885
Beta Lomax a =18.1737
B = 26.7645
315.0974 317.4653 320.1753 317.4653 1.0896  2.0088
4 =10.8769
b =0.0329
APIE & = 11.0025
A =0.8694 4223312 422455 4275416 42444 03726 2.0427

6. Discussion

The performance of a model is determined by the value that corresponds to the highest Log-likelihood
or the lowest Akaike Information Criteria (AIC) value is considered as the best model. In the two real
life cases considered, the APWF distribution has the lowest AIC value with 37.37339 in glass fibres data
and 282.3754 in carbon data respectively. Also, the APWF has the value of log-likelihood as 13.68669 and
136.1877 for glass fibres and carbon data respectively. Hence, it competes favourably with other existing

model for the data used.

7. Conclusion

The concept of the APWF distribution has been defined, introduced and studied. The mathematical
expression for the pdf and cdf were examined. The statistical properties which include the order statistics
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Figure 5: A plot of APWEF distributions with the empirical histogram for the carbon data
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Figure 6: The fitted cdf of the APWF model for the carbon data set

distribution, cumulative hazard function, quantile, reversed hazard function, median, hazard rate func-
tion and odds function have been derived. The shape of the distribution could be inverted bathtub or
decreasing. An application of the APWF model on a two real life data shows that the APWF distribution
competes favourably with the Gompertz Weibull and Exponential, and better than the Kumaraswamy
Lomax distribution, Beta Lomax distribution and some other families of distributions.
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