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The Signatures and Boundary Components of The Groups ['y,(N)
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Abstract. In this paper, we established the group T ,(N) by group Iy ,(N) extending with reflection. Then,
we obtain boundary components in signature of the group and we get some calculation for link periods
2,3, 00. And then, we constitute chain of reflections with fixed points via Extended Hoore-Uzzell Theorem
in the group. Finally, The number of boundary components in the signature of some groups Iy, (p) and
fo,p(pz), p is a prime number, and the number of link periods was found.

1. Introduction and Preliminaries

Modular group and its congruence subgroups have an important role on discrete group theory. Many
authors studied at this area such as Akbas [1], Besenk [3], Jones [6], Kader [7], Tekcan [10], etc.

Non-euclidean crystallographic groups (written NEC group) have an important role on discrete group
theory and firstly defined by Wilkie [11]. And then Bujalance [4], Jones [6], Macbeath [8], etc. studied. So in
this paper, we research signatures and boundary components of a special groups. And now we give some
basic definitions and theorems for understanding our paper.

Definition 1.1. [5] Let

then dividing the numerator and denominator by VA we obtain

(a/ VA)z + (b/ VA)
(c/ VA)z + (d/ VA)

and as (a / \/Z)(d / \/Z) - (b/ \/Z)(c/ \/Z) = 1, this shows that T € PSL(2,R). We can show the elements of PSL(2, R)
as follows,

J_r(z Z),a,b,c,delR and ad —bc = 1.
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Remark 1.2. This set is a group of all linear fractional transformations. It is the automorphism group of the upper
half plane H := {z € C : Im(z) > 0}.

Definition 1.3. [5] The modular group I = PSL(2, Z) is the subgroup of PSL(2, R).
Definition 1.4. [11] The group G consist of all transformations of one or other of the two forms:

az+b

w = ——, ad—bc=1 ab,c,deR, (2)
cz+d

w = ZXV b= abcdeR 3)
cz+d

Those of the form (2) preserve orientation, and form a subgroup LF(2, R) of index2-the hyperbolic group; Those of the
form (3) do not preserve orientation. G maps H into itself. The topology on G comes from the numbers a,b,c,d € R.

Definition 1.5. [11] Firstly, we assume that T € PSL(2,R) \ I and T(z) = 2. Then

T ocztd®
1. Hyperbolic if |a + d| > 2 with two fixed points on the real axis,
2. Elliptic if la + d| < 2 with one fixed point in H,
3. Parabolic if |a + d| = 2 with one fixed point multiplicity two on the real axis.

Secondly, we assume that S € PSL(2,Z) and S(z) = “ZL. Then

cz+d "

1. Glide reflection if a + d # with two fixed points on the real axis.
2. Reflection if a + d = 0 with hyperbolic line perpendicular to R.

Definition 1.6. [11] A non-Euclidean crystallographic (written N. E. C.) group is a discrete subgroup of G.
Theorem 1.7. [5] Finite-order elements different from the unit of G are either elliptic or reflection transformations.

Definition 1.8. [9] We suppose that A is a NEC group and x € R U {oo}. In this case, if there is a parabolic element
g € A such that g(x) = x, then x is called "cusp point (cusp representative)”. Hence, the expression of Ax which it is
orbit A of x is called cusp and denoted by [x]. Moreover, if there is a reflection S € A such that S([x]) = [x], then [x]
is called "real cusp”.

Remark 1.9. Throughout this article we will study at finite generated NEC group A provided that the orbital space
H*/A is compact. Here, H' = HU B, and B := {[x] 1XE ]Rm}.

Remark 1.10. We can write the following table for generators and relations of NEC group A [8],[11]
Table 2.1 : Generators and relations of NEC group A

x;;i=1,...,r

€ ,‘i=1,...,k

Generators | c¢;j ;1=1,...,kand j=0,1,...,s;
ai, b ;i=1,...,9 (I. kind)
di ;i=1,...,9 (I kind)

xl’."le;izl,...,r
p— P —
Cis, =€ cioei ; 1=1,...,k

; 2 =2 =(c: . c.: )i =
Relations Ciim1 = Cij = (Cij1cij)"™ =1

X1...xe1...earba; byt .agbga;bgl =1 (L kind)
xl...xrel...ekd%...dézl (I kind)

Here, let N, := {2,3,...}. If m; € Ny, then x; is an elliptic element. If m; = oo, then x; is a parabolic element. If
nij € Ny, then the combination of the two reflections is an elliptical element. And if n;; = oo, this combination is
either a parabolic element or a hyperbolic element. It is clear that the numbers m;, n;; € IN, U {oo} are the order of the
direction-protecting elements of A.
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Definition 1.11. [4] The representation

o(A) =(g; %5 [m1, ..., m L {(m1, o 116, - oo, (M1, - -2, Mg )))

is called a NEC signature of A for NEC group A given at Table 2.1. We say shortly o(A) or signature of A. Moreover,
it is called some notions at the signature o(A) as follow:

(1.) Number g € N in the signature is called genus of orbit space’s H* / A. And it is topologically invariant of surface.
(2.) If orbit space H* /A can be directable, then sqgno(A) =7 + " or indirectable, then sgno(A) =" =",
(3.)Fori=1,2,---,r, the numbers m; € IN, is called natural period of A.

(4.) Fori=1,2,---,r, the numbers m; € IN, U {0} is called special period of A.

(5.) The set C = {Cy,Cy, -+, Cy} is called boundary component of A.

(6.) Fori =1,2,--- ,k, the notion C; = (n;,n,,...,n,) are called i-th boundary component of signature or i-th
periodic-cycles.

(7)Fori=1,2,--- ,k, the numbers n; ,n;,,--- , 0, € Np U {00} are called period of i-th boundary component or link
period of A.

Theorem 1.12. [5] (Extended Hoare-Uzzell Theorem) Let G be a NEC group with signature

O-(G) = (gl + [mlr e rm}']; {(nllr e ,1’1151), Tty (nkll Tty nksk)})

and H a subgroup of finite index. Each fixed point of a reflection c; of the permutation representation of G on the
H-cosets gives a reflection in H.

Let c;, ciy1 be two reflections, with cicir1 having order n; < oo. Let y; = ciciy1 have an orbit (cycle) of length r;.
Then: either

a) this orbit contains no fixed points of c; or ciy1 in which case there exists another orbit of the same length, and
these two together induce an ordinary period n;/v;.

or

b) this orbit contains two fixed points of ¢; and ci.q (one fixed by each if r; is odd, two by one and one by the other
if r; is even): and there is a relation between two induced reflections as, ¢; «"!"i ¢;,1. Combining these relations
makes up period cycles with link periods n;/7;.

Lemma 1.13. [6] Let T, K be € To(N)

then,
~ 2 & ry—-sx=0mod N (ry—sx = ¥N).

1=

v
~

Here the relation "~" is on Q that To(N) is a reduced T invariant equivalence relation,

[o(N) := {( Z g ) € PSL(2,Z) : ¢ =0 mod N}, To(N) := <F0(N),z - _§>,

Xo(N) = H*/To(N) and Xo(N) = H*/To(N).

Theorem 1.14. [1] Let the numbers N € Z* and r are divisor number of N. We can write the followings for the
group To(N):

L. case: If N is odd, then the number of boundary component of Xo(N) is 2! and there are 2 cusps in each
boundary component.

II. case: a) Let 2||N.
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i) If N = 2, then there is only one boundary component. And there are 2 cusps belonging to it.

ii) If N = 2m, m > 1, then there are 2"~2 boundary component. And there are 4 cusps belonging to each boundary
components.

b) Let 22||N.

i) If N = 4, then there is only one boundary component. And there are 3 cusps belonging to it.

ii) If N > 4, then there are 2'=2 boundary component. And there are 6 cusps belonging to each boundary
components.

c) If 2|N, then the number of boundary component are 2", And there are 4 cusps in each boundary component.

2. Main Results

2.1. Signature of the Extended Congruence Subgroup

Let we consider the following extended congruence subgroup for N € Z*

Fo(N) = <F0(N),Z - —E> =To(N) U( (1) _(i )FO(N)‘
Thus, [ < To(N) < I'. If we take u = g,v = ;_; € Q, then there are T, K € I" such that T(c0) = u and K(c0) = v
T:(r _k)andK=(x m)
—t -n

Now we consider the special subgroup of Iy(N) for N € Z*, namely,

o(N) = (Toa(N), 2 = —2) = o) U ( 0 )ro,nm).

Let we calculate in the signature of the group

Ton(N) = {( clll\f Z ) e Fo(N) : a=%d mod n).

And also let we determine the orbit space Yo(N) = H* /Ty, (N) and Yo(N) = H* /T, (N) for T, (N) and
I'o4(N), respectively.

Theorem 2.1. Let I be an extended modular group and

a b\ g (1 o0 (01 (1 1
c d)€t a=lo 1 )2=l1 0)%= 0 a1/

Then,

a.) c; leaves fixed to T o,n(N)( Z ) &= N2cd and (ad + bc)®> = 1 mod n,
b.) c; leaves fixed to fo,n(N)( i Z ) &= N|d? - ¢? and (bd — ac)? = 1 mod n,
c.) c3 leaves fixed to fo,,,(N)( Z Z ) & N|2cd — ¢? and (ad — ac + bc)*> = 1 mod n.

Proof. Let( ‘Z Z ) e I'and I = PSL(2,Z) UPSL(2, Z).
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a)
N a b A a b a b 1 0 d -b .
FO,n(N)( c d )Cl ZFO,n(N)( c d ) — ( c d )( 0 -1 )( —c a )Ero,n(N)
-b d -b N
— (a _d )( 4 )EFO,H(N)
( ad + be —2ab

2cd —bc —ad ) € Lou(N)

& Nl2cd and (ad + bc)*> = 1 mod n.

N a b N a b b a 0 1 d -b o
FO,n(N)( c d )CZZFO,n(N)( c d) — (d c )( 10 )( —< a )EFO,H(N)
— ( a Z )( d _ab )ef"o,n(N)
bd —ac a* - b? .
( - ac-bd )Ero'”(N)

& N|d* - c? and (bd — ac)*> = 1 mod n.

fo,nav)(i Z)cg;:fo,n(N)(i Z) = (‘j fj,)(é _})(_‘f ‘ab)efo,nav)

|

b)

|

)

a a-b d -b o
= (c c—d)( - a )EFO,H(N)
=

(ad—ac+bc a% —2ab

2cd —c*  —bc+ac—ad ) € Lon(N)

& N|2cd — ¢ and (ad — ac + bc)* = 1 mod n.
So, the proof is completed.

Lemma 2.2. Elliptic and parabolic elements generated with reflections of c1, ¢z, c3 in T are determined as follows:

01 0 -1 11 -
a-) Tl:(—l 0),T2=(1 1),T3=(0 1)117’ldT%=T§=T3 =1

0 -1 11 1 -1 o
b.)T4=(1 0),T5:(_1 0),T6:(0 1)[dei=T§’:T6 =1
Proof. We know
1 0 01 1 1 oo
C1 =( 0 -1 ),Cz=( 10 ),63 =( 0 -1 ),(6162)2 =(CzC3)3 = (c163)” = L.

Then,

o
~
)§]
_
1l
()
o
=)
N
1l
—

SN —

I}
P
=)

—_
—_ O =
SN —

_ O
|
_

1
0
0 1\(1 1

T2 = C2C3:(1 0)(0 —1):
1
0

T3 = (103 =(



E. Unliiyol, A. Biiyiikkaragoz, / TJOS 5 (3), 268279 273

In this case, we obtain the relation T? = T3 = Ty = I. Then,

b) T4 = CZC1=(§) (1))((1) _01):((1) _01)
1 1 0 1 1 1

Ts = C362=(0 —1)(1 0):(—1 0)

1 1 1 0 1 -1

o= ea=(p Ao 5)-(0 7

_ T3 _ oo _
So,wehave T} =T} =T = 1.

Remark 2.3. The combinations of these transformations can also be used.

(c2c3)? =( _11 (1) )ﬂﬂd (cscr) =( _11 _1k )

Lemma 2.4. [1]ad = 1 mod s provides a = d mod s if and only if s is the integer divisor of 24.

Proof. "=": Let ad = 1 mod s provides the congruence a = d mod s and U; := {a € Z; | (a,s) = 1}. Here,
a* = 1 mod s reduces to finding s for each a € U; that satisfies the congruence. In this case, we assume that
s = 2“.3ﬁq‘1" ...q?k,(qi €P,q; #2,q9; # 3). So, we have U; = Uy X Uz X thlxl X ... X Uqfk. If p is odd prime

number and 7 > 1, then Up is cyclic. The order of these groups are ¢(3F), p(q7"), ..., ¢(q,"), respectively.
Here ¢ is an Euler function. Because each of these groups has two members with an order of 2. So  should
be 1, and qf" does not exist. Thus, it is determined as s = 2#3F, either B =0or B =1. On the other hand,
if @ > 3, then Uy := {F5' : 0 < t < 2972}, Here, mth order of 5 is exactly 2*72. If a > 3, then m will be at
least 4. But it is a contradiction because each elements of Uy- have got 2nd order. So it should be a < 3.
Consequently, we obtain s|24.

"«=": Letad = 1 mod s and s|24. In this case, due to ¢(24) = 8 we determine the integer a and d such
thata,d € {1,5,7,11,13,17,19,23}. That is, the counting number less than 24 and prime between 24 is §,
and let’s make the selection according to the cluster above. In this case, we get > = d> = 1 mod s. Thus, we
obtain a = d mod s.

a=1= Uy :={
a=2= Uy :={
a=3= Uy :={aecZs
a:4:>l124:—{

Now, the order Uyg is 4, but it does not.
s =293,

: @,2)=1}={1} and a* =1 mod 2,
: (a,4)=1)={1,3} and a®> = 1 mod 4,
: a,8)=1}=1{1,3,5,7 and a®> = 1 mod 8,
: (a,16) =1} =11,3,5,7,9,11,13,15} and a* = 1 mod 16.

Namely, counting number a and f exist such that 0 < g < 1 for

Theorem 2.5. Let n,N € Z* and n|N. Then,

a) n24 < To,(N) = T[o(N),
b) n24 = [, (N) = To(N).

Proof. a)”= :” Letn|24. Thus, dk € Z such that24 = nk. Itis clear thatI'y,(N) C I'o(N) fromI'g,(N) < I'o(N).

Now let we show I'g(N) c I'g ,(N).

a b
WetakeT—( N d

) € I'o(N). In this case, we have detT = ad — bcN = 1 and ad = 1 mod n. We obtain

a = d mod n from Lemma 2.4 for n|24 and ad = 1 mod n. That is, > = 1 mod n and thus T € I'y,(N).
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7«=" Let I'y,(N) = Io(NN). We take ( ZN Z ) € I'p,s(N) = I'o(N). From this ad — bcN = 1 and we obtain

ad =1 mod N. Thus, ad = 1 mod n from n|N. Furthermore, it should be a = d mod n from T € I'y,,(N) and
n|24 from Lemma 2.4.

b) The proof is clear according to case of a) from Lo.(N) = Tg(N) U RT,(N) and R(z) = —Z for Ty ,(N).
Now we prove for RIy,(N).
1 0 a b a b
0 -1 N d |€ RT0,(N) . Thus, “eN -d

—ad + bcN = —1. If we use —ad = —1 mod n and n|24 with Lemma 2.4, then a = d mod n.

7" Let fo,n(N) = ['y(N) and ( 01 _01 )( cI{iI db ) € RTy,(N). In this case, —ad + bcN = —1 and
a =d mod n. So, we also obtain —ad = —1 mod n and a = d mod n. And we have the same result 7|24 from

Lemma 2.4.

"=": Letn|24, and T = ) € RIy,,(N) and

2.2. Boundary Components in the Signature

Theorem 2.6. Let p € P. Then, it can be given for the boundary components in the signature of the group T'o ,(p) as
follows:

a) If p = 2, then the group’s signature has one boundary component and there is one 2 valued link period and two
cusp in this component.

b) If p = 3, then the group’s signature has one boundary component and there is one 3 valued link period and two
cusp in this component.

¢) If p = 5, then the group’s signature has one boundary component and there are two cusp in this component.

Proof. a) Let N = p = 2. Then from Theorem 2.5, we have [02(2) = T'9(2), and instead of the second terms of
Theorem 2.1, only the first conditions can be examined.
* * * *
Y1 0)7\(1 1)

¢, reflection leaves fixed to the elements ( ; ; ),

o %
—_ %

c1 reflection leaves fixed to the elements (

¢z reflection leaves fixed to the elements ( 6 ; )

The chain T, is below from Theorem 1.14 and Lemma 2.2 for boundary components;
LN AV 1 L 0o M % % 2 2l .
1 0/ ~ 0 1) ~ 1 1)~ 11
1 S« 00 B %+ = 1 N
~ 0 1) ~ 0 1) ~ 1 0}/

So, there is a boundary component in the group’s signature. There is a 2-valued link period in the signature.
And there are also two cusps in it.
b) Let N = p = 3. From Theorem 2.5 we have [03(3) = I'0(3). And thus instead of the second terms of
Theorem 2.1, only the first conditions can be examined.
* *
) and ( 10 ),

o

1 reflection leaves fixed to the elements (

— %

0

¢, reflection leaves fixed to the elements (

[
~—
~

—_ %
—_ %
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c3 reflection leaves fixed to the elements ( 6 ; ) and ( ; ; )

The chain T, is below from Theorem 1.14 and Lemma 2.2 for boundary components;
R 19 » =« 0o P % a 32« »
0 1) ~ 1 0/ ~ 2 1) ~ 21
1 2l s 1 S« 0o M % =
~ 1 1)~ 0 1) ~ 0o 1)

So, there is a boundary component in the group’s signature. There is a 3-valued link period in the boundary
component. And there are also two cusps in the boundary component.
) Let we research the group 1'g5(5) for N = p = 5.

i) The reflection c; leaves fixed to f0,5(5) ( gc Z ) and f0,5(5) ( Z g J ) . Here the condition of Theorem

2.1-a) satisfies. Indeed, we have N|5cd and (ad + 5bc)* = 1 mod 5 due to ad — 5bc = £1. And then we get
(5ad + bc)* = 1 mod 5.

a=1 and d=1;4

L _ a=2 and d=2;3
(ad)"=1mod 5==ad=+1mod5=73 ' _4 4 g=23
a=4 and d=1;4

So, a = —d mod 5. Similarly, the same situation occurs with (bc)?> = 1 mod 5. Thus, the reflection c; leaves

fixed to fo,5(5)( i(l) l; )and f0,5(5)( 11( ié ) So, we have

a —ak¥Fb .
):( 5c —SkeFd )er0,5(5)

a b\(k T1\ (a b\ 0 +1)\_[-b TFa+bk b5
csd)l1 0] “lesal\la1 k )7\ =50 sc45ka )€ LosO
a b
5¢ d

and

In this case, the reflection c; leaves fixed to f0,5(5)

f0,5 (5) ( iol I; ) and f0,5 (5) ( I; iol ) are in the same coset class. Thus, the reflection c; without breaking

)and f"o,5(5)( Z de ).Moreover, these elements

generality leaves fixed to( 0 1 )and 1 )

ii) From Theorem 2.1, the reflection ¢, leaves fixed to

N a b 5/d? - c?
FO'S(S)( c d ) = { (bc — ad)?® = 1 mod 5.
From this, we have 5|(d — ¢)(d + ¢). And 5|d — c or 5|d + c. Therefore d —c = 0 mod 5 or d + ¢ = 0 mod 5.
According to this, we can take eitherc=d=1orc=-1,d =1.
The reflection ¢, leaves fixed to fo,5(5)( i Ii ) and f0,5(5)( _111 117 ) So,
a b\[(k t\' (a
11 11 11

b 1 -t a-b -—at+bk o
1)(—1 k):( 0 k-t )€r°/5(5)
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-1
a b kK t a b 1 -t a+b —at+Dbk o
) 0 L enen

Hence the reflection c¢; leaves fixed to ( o ) and| *, )

and

1 1 -1 1
iii) From Theorem 2.1, the reflection c; leaves fixed to

2
fo,5(5)( ? Z )={ 5]2¢d - ¢

(ad — ac + bc)*> = 1 mod 5.
Here, there are two important conditions. Hence, it can be taken eitherc=0,d =1lorc=2,d=1.

The reflection ¢ leaves fixed to I’ 0,5(5)( ?) li ) and f0,5 (5)( ; l{ ) In this case, we have
-1
k t a b 1 -t a —at+ bk N
o 3] =[5 7)(6 ¥)=(5 ™ )eroo

a b\(k t\" [(a b 1ot )\ _(a=2b —at+bk\_p o
21 )l2 1) Tl21)l2 «)7 o 24k |T05O)

: ) and ( ; ; ) The chain T3 is below from the conditions i), i), 7ii)

and

So, the reflection c3 leaves fixed to 6 1
with Theorem 1.14 and Lemma 2.2;

LN AV 1 * 00 % % % 1 2l .
01 ~ 1 0 ~ 2 1 ~ 2 1
1 @ * % 00 B %+ =
~ -1 1 ~ o 1)

Hence, there is a boundary component in the signature. There are two co-valued link period in the boundary
component.

Corollary 2.7. We obtain the following results:
a) For the signature of [o1(1) = To(1); C ={(2,3, )},
b) For the signature of [92(2); C = {(c0,2, o)},
c) For the signature of T3(3); C = {(c0, 3, o)},
d) For the signature of T5(5); C = {(c0, o)}

Theorem 2.8. Let p € P. Then we can give the follows for the signature of the group To,(p?) in the boundary
component,
a) If p = 2, then there is a boundary component in the signature and there are 3 cusp in the boundary component.
b) If p = 3, then there is a boundary component in the signature and there are 2 cusp in the boundary component.
¢) If p = 5, then there is a boundary component in the signature and there are 2 cusp in the boundary component.

Proof. a) Letn = p =2 and N = 22. Then [o2(4) = ['g(4) from Theorem 2.5, and hence instead of the second
terms of Theorem 2.1, only the first conditions can be examined.

The reflection c¢; leaves fixed to the elements ( 0 1 ) ( 0 ),( 2 1 ),( 1 2 ),
The reflection ¢, leaves fixed to the elements ( 1 ; ) ( ),

The reflection c3 leaves fixed to the elements ( 6 ’; ) ( % )

N
—_
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So, the chain T4 is below from Theorem 1.14 and Lemma 2.2
Al e s 1 Al . oo U % = 1 Al s o«
01/ ~ 1 0/ ~ 1 2] ~ 21
0o % % x 1 © * % 1 2l
~ 2 1) ~ -1 1) ~ 1 1
1 3 0o T x a
~ 0 1 ~ 0 1)

Hence, there is a boundary component in the group’s signature, and there are 3 cusps in the boundary

component.

b) Letn = p =3 and N = 3%. we have lA"O,3(9) = 19(9) from Theorem 2.5, and instead of the second terms
of Theorem 2.1, only the first conditions can be examined.

The reflection c¢; leaves fixed to the elements ( ; 5 )( 6 ; ),

the reflection c; leaves fixed to the elements ( ; ; ),( _’; ; ),

the reflection c3 leaves fixed to the elements ( 6 ; ),( ; ; )

The chain T5 is below from Theorem 1.14 and Lemma 2.2

R A 19 % =« 0o P % x 1 %+ =
0 1) ~ 1 0) ~ 2 1) ~ 21
1 @ * * 0o U %+ =
~ -1 1 ~ 0 1/

Hence there is a boundary component, and there are 2 cusps in the boundary component.
¢) Letn = p = 5and N = 52. Now we research the group I 5(25).
i) According to Theorem 2.1,
. . & o[ a b 25|2cd
The reflection ¢; leaves fixed to I'o5(5 )( e d ) = { (ad + bc)2 = 1 mod 5.

In this case, the reflection ¢; leaves fixed to f0,5(25)( 2{15c Z ) and f0,5(25)( Z 2175 ¥ ) Here, it satisfies

Theorem 2.1-a). Indeed, firstly we have N|25¢d and (ad + 25bc)*> = 1 mod 5 from N = 25 and ad — 25bc = 1.
Secondly, we have N|25cd and (25ad + bc)*> = 1 mod 5 from N = 25 and 25ad — bc = +1. Hence the reflection

c1 leaves fixed to fo,5(25)( T)l I; ) and f0,5(25)( I; $01 ) . In this case, we obtain

a b\(¥ k\' (a b\(1 -k\ (a —ak¥b ¢ o5
25c dJ\ o 1) “|25c a)\o 71 )7\ 25¢ —25kcFa | €105

a b \(k T\ _(a b 0 FL\_( b Fa+bk \_p o
c 25d J\1 o) “le 2sa )\ -1 k )7\ 250 Fe+25ka | € T05(2D):

and
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From this, the reflection c; leaves fixed to f0,5(25)( ZL;C Z ) and f0,5(25)( Ca 35 J

and T 0/5(25)( :;)1 I; ) and T’y 5(25) ( I; $01 ) elements are in the same coset class. Therefore, the reflection

). So, these elements

c1 leaves fixed to ( 0 1 ) and 1 )

2 _ 2
ii) According to Theorem 2.1, the reflection ¢, leaves fixed to f0,5(25)( Z Z ) — { %;;d_ acgz 1 mod 5

From this, 25|d? — ¢ = 5|(d — ¢)(d + ¢) = if and only if 5|d — ¢ or only 5|d + c. So, we obtain d — ¢ = 0 mod 5
ord + c =0 mod 5%. Hence we can take eitherc=d=1orc=-1,d=1.

l; l; ) Because of 2512 — 12 and (a1 — b1)?> = 1 mod 5, it satisfies

a b

-1 1
-1

a b k t a b 1 -t a—b -—at+Dbk A

(1 1)(1 1) :(1 1)(—1 k):( 0 k-t )€r°'5(25)

-1
a b kot a b -1 -t —-a—b —at+Dbk -
(—1 1)(1 —1) :(—1 1)(—1 k ):( 0 k+t )€r°/5(25)'

b ) These elements f0,5(25)( I; g )

The reflection ¢, leaves fixed to f0,5(25)(

Theorem 2.1. Then, the reflection ¢, leaves fixed to f0,5 (25) ( ) . In this case, we have

and

Hence, the reflection ¢, leaves fixed to f0,5(25) ( q li ) and f0,5 (25) ( _{i 1
k

-1 1

iii) According to Theorem 2.1 the reflection c3 leaves fixed to

1
and fo,5(25)( t ) are in the same coset. Thus, the reflection ¢, leaves fixed to ; ; and ( _; ; )

R a b 25|2¢d — ¢?
r0,5(25)( c d ) = { (ad — ac + bc)*> = 1 mod 5.

In this case, there are eitherc =0,d =1orc=2,d

—_ ol
—_

1.
The reflection c3 leaves fixed to f0,5(25)( 1(1) ) and f0,5(25)( ; ) . These elements satisfy the

condition of Theorem 2.1-c). Thereby, we get
-1
a b k t a b 1 -t a —at+Dbk -
(0 1)(0 1) ‘(o 1)(0 k )‘(o k )er0,5(25)

-1
a b k t a b 1 —t a—2b —at+ bk .
(2 1)(2 1) :(2 1)(—2 k):( 0 —2t+k)€r°'5(25)‘

And these elements are also in the same coset. From this the reflection c¢; leaves fixed to ( B ; ) and

and

* *
21
L V. 1 afl e s 00 B %+ = 1 2l 1 @ * % e
o) (o) = (ai) (5a) 2 (45)% [5)
Consequently, there is a boundary component in the group’ s signature, and there are 2 cusps in the
boundary component.

. Hence, the chain T4 is below from Theorem 1.14 and Lemma 2.2
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Corollary 2.9. We obtain the following results:
a) For the signature of [2(4); C = {(c0, 00, 0)},
b) For the signature off0,3(9); C = {(o0, 00)},
¢) For the signature of T95(25); C = {(c0, o0)}.

Corollary 2.10. There are not 2 and 3-valued link periods in the signature of the group ['5(5%) for « € Z and a > 1.
Then there is only one boundary component and there are two cusps in the group’ s signature. Namely, the set of
boundary component is C = {(co, 00)}.

3. Conclusions

Considering the investigations done so far, we can get more general results as in the Table 3.1 by using
Theorem 2.5 as we did before, based on Theorem 1.14

It should be noted that there are no 2 and 3-valued link periods except the groups I, lA"O,z (2),T93(3). In
all other cases there is a co-valued link period. These co-valued link periods appear to be associated with
parabolic transformations and even with fixed points they left constant.

Table 3.1 : Boundary components of the signatures of the some groups {'o,,(N)

The Group Name The set of boundary component in the signature

I'o4(4) {(c0, 00, 00)}

Lo4(8) {(00, 00, 00, 00)}

1:*0,4(16) {(00, 00, 00, 00)}

I—‘0,4(24) {(OO/ 0, 00, OO)/ (OO/ 0, 00, OO)}

[o2(6) {(00, 00, 00, 00)}

Iﬂ0,6(6) {(Oor 0, &, OO)}

1—‘0,6(12) {(Ool 09, 00,00, 00, OO)}

L'o,6(18) {(c0, 00, 00, 0)}

['o6(24) {(c0, 00, 00, 20), (00, 00, 00, 00)}

1—‘0,8(8) {(Oo/ 00,00, OO)}

{‘0,8(16) {(oo, 0, &0, 00)}

1:0,8(24) {(oo, 0, &, OO)}

I—‘0,12(12) {(OO/ 0, &0, &0, 0, OO)}

f0/12(24) {(c0, 00, 00, 00), (00, 00, 00, 0)}

I10,24(24) {(Oo/ 0, 00, OO)/ (Oo/ 00, 00, OO)}
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