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New Refinements of Hadamard Integral Inequality via k-Fractional
Integrals for P- Convex Function

M. Emin Ozdemir?

?Bursa Uludag University, Education Faculty, 16059, Campus, Bursa, Turkey

Abstract. In this study, we use k-fractional integrals to establish some new integral inequalities for p-
convex function. These integral inequalities includes some new estimations for Hadamard inequality via
k-fractional integrals.

1. Introduction

A function p[¢,€’] € R — R is said to be convex if whenever u,v € [¢,€’] and t € [0, 1], the following
inequality holds:

p(tu + (1 =)o) < tp(u) + (1 - t)p(v).

We say that p is concave if (—p) is convex. If p is both convex and concave, then p is to be said affin function.
The affine functions are in the form &;u + €] for suitable constants ¢1, €].

This definition has its origins in Jensen’s results and has opened up the most extended, useful and
multi-disciplinary domain of mathematics, namely, convex analysis. Convex curves and convex bodies
have appeared in mathematical literature since antiquity and there are many important results related to
them.

The following double inequality is well known in the literature as Hadamard'’s inequality:
Let p :[e,€'] € R — R be a convex function defined on an subinterval of real numbers, 1,7’ € [¢,€’]
and n < n’, we have

v

+1 1 +o(

0 (n 217 )S n’—nfp(u)dxs p(n) zp () o
n

Both inequalities hold in the reversed direction if p is concave. In [7], there are many inequalities associated
with (1.1) for different function types.

The definition and basic elements about the subject are following.
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Definition 1.1. [12] Let p € Li[¢,€’]. The Riemann Liouville integrals |2, f and J.,_f of order a > 0 with ¢ > 0 are
defined by

1 " —
]§‘+f(u)=mj;(u—t)‘ 1f(i‘)dt, u>e
and ’
o _ L _ a1 ’
Jo-f (u)—r(a)j:(t w)* f(Hdt, u<e
respectively where I (o) = fooo e “u*1dy. Here is ]2+ fu)= ]2/- fu)=f(u).

In the case of a = 1 the fractional integral reduces to the classical integral.

Definition 1.2. [12] Let p € Li[e,€’]. The right and the left k—Riemann Liouville integrals ]f:l p and ]f,,_ 1p of
order o > 0, k > 0 with € > 0 are defined by

1 " a
o =g [ -0t pwa,  use

and

]f_’,’f‘p () = f (t—u)tt p(t)dt, u<e

kT ()

Definition 1.3. [7] We say that p:I — R is a P-function, or that f belongs to the class P(I), if p is a non-negative
function and for all u, v € I, t € [0,1], we have

p(tu + (1 = 1)v) < p(u) + p(0)-
P(I) contain all nonnegative monotone convex and quasi convex functions.

Definition 1.4. [12] Let real function f be defined on some nonempty interval I of real line R: The function f is said
to be quasi-convex on I if inequality

p(tu + (1 = t)v) < sup{p(u); p(v)}  (QC)
holds for all u;v € I and t € [0; 1]

In [14], M.Zeki Sarikaya et.all proved the following inequality with connected (1.1) for fractional integrals
using the definition of convexity:

ff§ﬂ<§$+2[f®+bﬂﬂ

The aim of this paper is to rewrite inequality written in type (1.2) for the Riemann-Liouville k—fractional,
using the P-convex function. In a way;, it is a continuation of my previous works. see[12]
In [12] , we obtained the following lemma for k—Riemann Liouville fractional integrals.

b
f@+/® -

Lemma 1.5. Let p: [ ¢ R — R be a function on I ,where n,n’ € [ with t € [0,1]. If p € L[n,n’], then for all
n<u<v<n and a > 0 we have:

p(u)+p(v) aly (a)

vo—u (v u)7_1

1
f(1—t)‘k’p'(tu+(1—t)v)dt
0

[I“k (@) + 1% (u)] ®3)

1
+f0 1-DF p' (1 -tyu + to)dt.
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foreach u,v € [n,n'].

Recently, Mathematicians have been published a huge amount papers for fractional order operators using the
various convex functions, see [1-6, 8-11, 13, 15-18]

2. MAIN RESULTS
Theorem 2.1. Let p: S € R — R be a function on I where n,n’ € Switht € [0,1].If p’ € L[n, 7],

foralln <u <v<n" anda,k > 0.1If p’ is p—convex on [u, v]. Then we have the
inequality

-[1%p @) + 1p ]| < ZL[ @)

‘p(v)+P(u) . _aTi(@)

o—u (U_u)k

Proof. By using properties modulus and the identity in (1.3) with the p convexity of p’

p@+p() ark @ o
v—1u ”1[

f01<

p (@) +1%p ()]

1
)1dt+fo (1

—H)u + to)|dt.

h = fol(l — t)v)|dt
< f1(1 )|+ |p'@)|] dt = f }dt+f(1 p'(v)|dt
= [lrwl+lr @l —
0
and
L = fl(l — ) u + tv)| dt
< f(l +|p'@)|] dt = f )|dt+f01(1
= [+ >1]a’ik

Then adding J; and ], we get the (2.1) inequality.

Corollary 2.2. when a = k =1 in (2.1) we obtain the inequality
p (@) +pu) f ’

—_ <

‘ 0= + ) f(Bd <

Theorem 2.3. Let p: I C [0, c0) — ]Rbeadi]j‘erentiable mapping onl where 17,17 el witht €[0,1].Ifp’ € L[n, '],
foralln<u<v<n anda, =1 Then we have the
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inequality

o @] 6)

<2 [l @l +
where

]:

p(v)+p(u) ark () [1

ak
— i @I p )]

Proof. If we use the lemma (1.3) in view of the properties of modulus and Power Mean inequality with
p’}q on [u,v], we have

[
(oo

[Jal

— )| dt

IA

- o)’ dt)q

: (f a-nt dt) (f a-nt( 1+ p’(v)lq)dty
- (ﬁ) (f (1 dt + dt)
e R
- (55 () eor «lor)]
- (%) () (ol oy
= (M ) (1o @l + |’ @)')"
Similarly
ha = fl(l — ) u + tv)| dt
< () )

Now, then we obtain

1
‘I)ﬁ

a ’
<1+ 1l =2( =) (
which proof the inequality (2.2).

Theorem 2.4. Let p:[n,1] — R be a differentiable mapping on [n,1'] ,where n < 1 such that p’ € L[n,n'] If
it
P

is p—convex on [u,v]andn<u <v <n and. p>1 ,witht € [0,1]. Then we have the

p@)+p (M) aTk (a) [I

o—u

kK Vo
z(ap+k)[

0 (0) + I¥p (0)] ©)
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where;—]+%=1, k>0, a>1.

Proof. By using the identity that is given in (1.3) with classic holder inequaliy for each term and the definition
p—convex of | p’) , we have

p@+pW) alx(@) 7., .
‘ o—u + (U _ku)%—l [Ill+kp (U) + Iv—kP (U)]

([fo-otal ([
o([a-ra ([

Y. 1
2(k+ap) [ @]

which proof the inequality (2.3) .

IN

yau+u—ﬂwrmy

1

P (@ -tu+to) dt)q

=i

p/ (Ll)|q +

O

Corollary 2.5. Under conditions of Theorem 3 we have

o' +

p(v)+p(u)+ aly (a) [Ia,k

2 ('0 — u) 2 ('U _ M)%_l ut P (U) + Ij:kp (U)] < [ p/ (v)r]]ﬁ

==

Proof. Since fim 2( K )

p— oo 2\ =2 theresultis clear. [
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