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Abstract. Introducing the notion of asymptotically isometric copies inside Banach spaces, Dowling,
Lennard and Turett made easier to detect failure of the fixed point property for nonexpansive mappings.
Their tool was very usefull for indicating the failure. Since then, researchers have investigated alternative
tools. Recently, Nezir introduced the notion of asymptotically isometric copies of £!¥. He noticed that
a renorming of £' turns out to be a degenerate Lorentz-Marcinkiewicz space and using its structure he
introduced his notion which implies the failure of the fixed point property for nonexpansive mappings. In
this study, we introduce another notion which is derived from the structure of another degenerate Lorentz-
Marcinkiewicz space and we show that detecting our new tool in Banach spaces will indicate the failure of
the fixed point property for nonexpansive mappings.

1. Intoduction and Preliminaries

While Dowling and Lennard initially wanted to prove that nonreflexive subspaces of L'[0, 1] fail the
fixed point property, they introduced the concept of a Banach space containing an asymptotically isometric
copy of ¢! and then used this notion to prove that every equivalent renorming of ¢!(T), for I uncountable,
fails the fixed point property [4].

The notion of asymptotically isometric copies of the classical Banach spaces ¢! has applications in metric
fixed point theory because they arise naturally in many places. For example, every non-reflexive subspace
of (L1[0, 1], |Ill1), every infinite dimensional subspace of (¢! ||.|l;), and every equivalent renorming of £*
contains an asymptotically isometric copy of ¢! and so all of these spaces fail the fixed point property [4, 6].
The concept of containing an asymptotically isometric copy ¢! also arises in the isometric theory of Banach
spaces in an intriguing way: a Banach space X contains an asymptotically isometric copy ¢! if and only if
X* contains an isometric copy of (L1[0, 1], I|.|l) [6].

In 1996, Dowling, Lennard and Turett investigated Banach spaces containing asymptotically isometric
copies of ¢! deeply and they reached important results which has leaded researchers to test the failure of
the fixed point property for nonexpansive mappings in Banach spaces they have studied. In fact, Lin was
impressed with their work [5] which proved ¢! with a norm does not contain any asymptotically isometric
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copy of ¢! and then he later showed using a special version of the norm in [7] that ¢! has the fixed point
property.

Thus, importance of detecting nice copies of ¢!, after witnessing their applications especially, suggests
the researchers to investigate alternative properties which will help explore the failure of the fixed point
property for nonexpansive mappings. For example, recently, Alvaro, Cembranos and Mendoza [1] intro-
duced another nice property, which they called N1, to detect failure of fixed point property for nonexpansive
mappings. Their notion was more general than the concept of a Banach space containing an asymptotically
isometric copy of co.

In 2019, the first author explored a new renorming of ¢! and noticed that his renorming was actually
yielding a degenerate Lorentz-Marcinkiewicz space. He investigated fixed point properties for the dual
and predual of his renorming and obtained the results of their failure of the fixed point property for
nonexpansive mappings [10]. Later, using the structure of these spaces, in [11], he introduced the notion of
asymptotically isometric copies of £ which implies failure of the fixed point property for nonexpansive
mappings for nonexpansive mappings. One can say that detecting Nezir’s construction in Banach spaces
is a sign of detecting a nice copy of a degenerate Lorentz-Marcinkiewicz space.

In this study, we introduce another notion which is derived from the structure of another degenerate
Lorentz-Marcinkiewicz space and we show that detecting our new tool in Banach spaces will indicate the
failure of the fixed point property for nonexpansive mappings.

Now, we give some preliminaries for our study.

Definition 1.1. [3] A Banach space (X, || - |) is said to contain an asymptotically isometric copy of €* if there is a null
sequence (&,)n in (0, 1) and a sequence (x,), in X so that

[e9) (o) (o8]
Y A-enlanl< |} awal[< Y el
n=1 n=1

n=1

for all (a,), € €.
The usefulness of this notion can be found in the next result.

Theorem 1.2. [4] If a Banach space X contains an asymptotically isometric copy of £*, then X fails the fixed point
property for nonexpansive mappings on closed bounded convex subset of X.

Moreover, Dowling, Lennard and Turett provided the following theorem which shows an alternative
way of detecting an asymptotically isometric copy of ¢! in Banach spaces.

Theorem 1.3. [3] A Banach space X contains an asymptotically isometric copy of £* if and only if there is a sequence
(%), in X such that there are constants 0 <m<M-<oo so that for all (t,),€(",

miltnls itnxn SMiHM ,
n=1 n=1 n=1

and lim ||x,||=m.
n—oo

Now, let’s recall the definition of Lorentz-Marcinkiewicz space and the degenerate one, the space Nezir
introduced in [10].

First of all, we note that our reference for Lorentz spaces is [8, 9].

Now, we recall the construction of Lorentz-Marcinkiewicz spaces.

Let w € (co \ €)*, wy = 1 and (w,)en be decreasing; that is, consider a scalar sequence given by
W = (Wy)peN, Wy > 0,¥n € Nsuchthatl =wy 2w, 2wz > -+ 2w, = Wyy1 = ...,¥n € N withw, — 0 as
n— ooand Y=, w, = oo. This sequence is called a weight sequence. For example, w, = 1,Vn € N.
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Definition 1.4.
oo 1= {x = (Xp)neN € Co

Y 1 X

=1 %j

%]l 0 = SUP et <00 b .
neN  Lij=1 Wj

Here, x* represents the decreasing rearrangement of the sequence x, which is the sequence of |x| = (|x;l) jen, arranged
in non-increasing order, followed by infinitely many zeros when |x| has only finitely many non-zero terms.
This space is non-separable and an analogue of £ space.

Definition 1.5.
52:, = {x = (Xu)neN € Co

L Xj
lim sup # =0, .
n—oo Z] 1 wj

This is a separable subspace of €y, « and an analogue of cy space.

Definition 1.6.

Gy = 4% = (Xn)neN € Co ||l = Z wj X" < oo
j=t

This is a separable subspace of Ly and an analogue of €' space with the following facts: (€3, .,)* = €y, and
(€w1)* = Cy,0o where the star denotes the dual of a space while = denotes isometrically isomorphic.

Now, we will introduce Nezir’s construction.

For all x = (x,),en € €', we define ||x|| = llxll; + lIxllo = Y. x| + sup |x,| . Clearly || - || is an equivalent
n=1 nelN
norm on ¢! with ||x|l; < [|x[| < 2llx]l;, Yx € %
We shall call || - || the 1 @ co-norm on 1.
Note that Vx € ¢!, ||x|| = 2x} + x; + x} + x + --- where z* is the decreasing rearrangement of |z| =

(|Zn|)n€]N/ Vz € Co.
Let61:=2,00:=1,03:=1,---,0,,:=1, Yn > 4.

We see that (€1, || - ||) is a (degenerate) Lorentz space {51, where the weight sequence 6 = (5),ep iS @
decreasing positive sequence in £*\cy, rather than in co\ ' (the usual Lorentz situation). This suggests that
%
fg,m = (co, | - II) is an isometric predual of (¢!, || - ||) where for all z € cp, ||zl| := sup ’g -
nelN j

In our study, we will consider the degenerate Lorentz-Marcinkiewicz space generated by the weight
sequence 5 =(1+1,1+1,1+3,1+L1+L, - 1+ 4,-).
That is, we will consider the degenerate Lorentz-Marcinkiewicz space given by the following definition.

Definition 1.7.

(o) (o8]
bor += % = (ta)neny € o [Ixllen = Y Il + Z =
]':1 :1 2

Here, one can notice that for x € €51,

llxlle,n

Il
| ng K
_
':’
:_/
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Inspired by the construction of degenerate Lorentz-Marcinkiewicz Nezir introduced in [10], in [11], Nezir
introduced the structure of asymptotically isometric copies of ¢!#. Then, he proved that if a Banach
space contains an asymptotically isometric copies of £'#, it fails the fixed point property for nonexpansive
mappings. This was an alternative property to the concept of Banach spaces’ containing an asymptotically
isometric copies of £!. Now, we will recall this notion and the consequences it yields in fixed point theory.

Definition 1.8. [11] A Banach space (X, || - ||) is said to contain an asymptotically isometric copy of €' if there is a
null sequence (&,), in (0,1) and a sequence (x,), in X so that

0o

Z AnXn

n=1

2 [suplail + 2 wl

1 (oY)
5 [sup( = enlaul + Z; <1—en)|an|l <

nelN

for all (a,), € £*.
Then, as we previously stated that he obtained the following result.

Theorem 1.9. [11] If a Banach space X contains an asymptotically isometric copy of €'=° , then X fails the fixed point
property for nonexpansive mappings on closed bounded convex subset of X.

He also showed that the above result could be given as the consequence of the following theorem.

Theorem 1.10. [11] If a Banach space X contains an asymptotically isometric copy of €'® , then X contains an
asymptotically isometric copy of £* but the converse is not true.

2. Main Results

In this section, we define two new properties that imply the failure of the fixed point property for
nonexpansive mappings. That is, we show that if a Banach space has any of the properties we introduce
then it fails to have the fixed point property for nonexpansive mappings. We find alternative ways of
detecting our properties. Then, we show that a Banach space contains an asymptotically isometric copy
of £! if and only if it has any of the properties we introduce. Moreover, we show that the degenerate
Lorentz-Marcinkiewicz space we introduce in the earlier section has any of the properties we introduce in
this section but we show that a Banach space isomorphic to the degenerate Loretz-Marcinkiewicz space we
introduce in the previous section does not contain any asymptotically isometric copy of ¢! while oviously
it has the properties we introduce in this section. Now, let’s introduce those new properties and the results
we have mentioned.

First of all, we give the definitions of our properties as follows:

Definition 2.1. We will say that a Banach space (X, || - ||) has property NM-1 if there is a null sequence (), in (0, 1)
and a sequence (xy), in X so that

Z(l — e+ Z < Zj”l)'“”' <

A
Z|an| + Zn"1 :

ﬂnxn

for all (a,), € €.

Definition 2.2. We will say that a Banach space (X, || - ||) has property NM-2 if there is a null sequence (), in (0, 1)
and a sequence (xy), in X so that

2 I P
. 2 A-edTlal] e 2 |o Zul
] n j=n
[Z(l €n) Z |ﬂ]|] Z = < Z Anxy|| < [Z Z |aj|] + |
n=1 n=1 n=1 j=n n=1

for all (ay,), € €.
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First, we give an alternative ways of detecting our properties NM-1 and NM-2 which will help us prove
that a Banach space contains an ai copy of ¢! if and only if it has one of the properties NM-1 and NM-2.

Theorem 2.3. A Banach space (X, || - ||) has property NM-1 if and only if there is a sequence (x,), in X such that
1. there exists M € [1, o) so that for any (a,), € €',

ZI%HZ 2|Z"|1 < Zanxn

M li il + i Z'Zi'll 0

and

lim [ = 1. @

Proof. Suppose that (X, || - ||) has property NM-1. Then, there exist a null sequence (g,), in (0,1) and a
sequence (), in X so that

Z(l ~ elad + Z ool

AnXn

. - ||
< Z{ 2 + Zf = 3)
n= n=

for all (a,), € £*.
We may assume (¢,,),en tobe a decreasing sequence since we may replace that with &; := max £, forallje
>n

IN . Let z; = (1 — &)~ 'x; for each k € IN. Then, for all (a;) € ',

la | 3 SR . ||
Z'“"“Z - Zanzn < 1_n +Z (1 nznl'
n=1 n=1 n=1 En n= - én)

LetM = él . Then, condition (1) is achieved for the sequence (z,,), in X. Also, itis clear to see the condition
(2) is achleved for the sequence (z,), too since in inequality (3), taking (a,), as the unit basis (e,), of co we
obtain that lim ||x,|| = 1 and so lim ||z,|| = 1.

n— o0 n—oo

Conversely, assume that there exist a sequence (x;), in X and M € [1, o) so that for all (a,), € &

Z ol + 2 bl < Y+ Y Z'i”'ll @
n=1 n=1

ApXy|| <M

and lim ||x,|| = 1.
n—o00

Let (e4), be a null sequence in (0,1). Since hm llx]l = 1, and ||xx]] = 1 for all k € IN, by passing to

subsequences, if necessary, we may suppose that 1 S [lxe]] €1+ & for all k € N. Define z;, =
k € IN. Then, since ||z¢|| £ 1, we have

Z |a,| < Z la,] + Z - 1 for every (ay)x € (' .
n=1

Also, from the left hand side inequality of (4), we have

o +, for every

[

) wa) <

n=1

3 SR I 0 o
;anzn ) Z (1ié)| 1ién 2(14_5)27:1—2(1 5n)|t|+2(1—en)a )

O
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Now, we show the alternative way of detecting NM-2 property.
Theorem 2.4. A Banach space (X, || - ||) has property NM-1 if and only if there is a sequence (x,,), in X such that

1. there exists M € [1,00) so that for any (a,), € €',
Ay dn
n=1 n=1 n=1 n=1

n=1

and

lim fly|| = 1. 6)

Proof. Assume that (X,]| - [[) has property NM-2. Then, there exist a null sequence (¢,), in (0,1) and a
sequence (x,), in X so that

2 2

2 Z la;]
1< |EEw] -

(1—ey) Z |ﬂ]

Sa-cofnl l o

o]

<L o

n=1

2L Z‘W, 7)

n=1

for every (a,), € £'.
Now for every n€lN, define z,:=x,—Xn-1 With xg= 0. So there exist a null sequence (¢,), in (0, 1) so that

for all (ap), "
o0 2 (o]
“Z_;a—en)wl [Z} Z,f”f'””'l < < “Z wl [ l ®)

We may assume (¢,,)nen to be a decreasing sequence since we may replace that with & := max &, forallje
2n

IN . Let yx = (1 — &)z for each k € IN. Then, for all (), € £*,

J[Zw) [Z zlf”'l]zs Yt < J(;llf”lgn] Z(l_'Z"ﬁzn 1)2.

n=1
LetM = ﬁ Then, condition (5) is achieved for the sequence (z,), in X. Also, itis clear to see the condition
(6) is achieved for the sequence (z,), too since in inequality (3), taking (a,), as the unit basis (e,), of co we
obtain that lim ||x,|| = 1 and so lim ||z,|| = 1.
n— o0 n—oo

|ay|
on— 1

Yo <

n=1

Conversely, assume that there exist a sequence (x,), in X and M € [1, o) so that for all (a,), € ¢ 1
wl | % jul |
ay a1y
[Z |an|] (2 e 1] <Y @ (2 w] (Z = 1] ©)
n=1

n=1
and lim [|x,|| = 1.
Let (¢,), be a null sequence in (0,1). Since lim llxell = 1, and |lxg]l > 1 for all k € IN, by passing to

subsequences, if necessary, we may suppose that 1 < llxell < 1+ & for all k € N. Define z, = 17 for every
k € IN. Then, since ||z¢|]| < 1, we have

) 0 2 o0 2
< Z lan| < J[Z_f |an|] + (Z 2|Zn|1] for every (a,), € £* .

(o)

E AnZn

n=1 n=1
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Also, from the left hand side inequality of (9), we have

|a,| n |a|
£ 1 + &y (1 + &,)2"

[i 1—en)|an|] [Z(l—en)z'i”'l] .

n=1

o]

5o

00

— Z” _n
bt " (1 + &)

=

v
=

Now for each n€lN, define yy:= 2111 zj. Then, there exist a null sequence (&), in (0, 1) so that for all (an),€¢*,

2

€n) §:|ﬂ]

. . 2 o (1=
{Z(l—eme] Y
n=1 j=n n=1

o0 2
§

O
Now, we give important results for properties NM-1 and NM-2, one by one.

Theorem 2.5. Let (X, ||.Il) be a Banach space. Then, X has property NM-1 if and only if X contains an asymptotically

isometric copy of €'.

Proof. Suppose that X has property NM-1. Then, there is a sequence (x,), in X satisfying lim ||x,|| = 1 and
n—oo

there exists a constant M € [1, o) so that for any (a,), € &

(o)

Z 0| + Z Iunl

n=1 n=1
Thus, letting R := 2M we have

(o)

[immi%l.

n=1 n=1

(o]

WOE

n=1

o0

S

n=1

(o]
SRZIanl.
n=1

Hence, by Theorem 1.3, X contains an asymptotically isometric copy of £'.
Conversely, suppose that a Banach space X contains an asymptotically isometric copy of ¢!. Then, by
Theorem 1.3, there is a sequence (x,,), in X with lim ||x,|| = 1 and there exists a constant M € [1, o) such that
n

for all (a,), € £',
Y el < <M Y ol
n=1

n=1

Now, define z,, =: (1 + 5t ) x, for each n € IN and let K = 2M, then we have

Zlan|+22|‘;”|1_ gM[ilanHi%].
n=1 n=1

00

E AnXn

n=1

AnZy

Hence,

Z|an|+22n"1_ azal| SK Yl SK Y laad + ) 25
n=1 n= n=1 n=1 n=1

and lim ||z,|| = 1.
n

Hence, by Theorem 2.4, X has property NM-2 and we are done. [J
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Therefore, we can give the following corollary using Theorem 1.2.

Corollary 2.6. If a Banach space X has property NM-1, then X fails the fixed point property for nonexpansive
mappings on closed bounded convex subset of X.

Theorem 2.7. Let (X, ||.Il) be a Banach space. Then, X has property NM-2 if and only if X contains an asymptotically
isometric copy of €.

Proof. Suppose that X has property NM-2. Then, there is a sequence (x,), in X satisfying lim ||x,|| = 1 and
n—oo

J [i |a,,|]2 + [2 o JZ |

(oY) (o9
Yl < <RY lail.
n=1 n=1

Hence, by Theorem 1.3, X contains an asymptotically isometric copy of ¢!.
Conversely, suppose that a Banach space X contains an asymptotically isometric copy of ¢!. Then, by
Theorem 1.3, there is a sequence (x,,), in X with lim ||x,|| = 1 and there exists a constant M € [1, o) such that
n

for all (a,,), € €1,
<MY lal.
n=1

Now, define z,, =: (1 + 2,,%1) x, for each n € IN and let K = 2M, then we have

B (B2 < EneL

there exists a constant M € [1, ») so that for any (a,), € ¢!,

(e BT
n= n=

n=1
Thus, letting R := V2M we have

o

LS

n=1

0o

< Z Xy

n=1

gk
F

n=1

|
gk
2
—+
g
HE
=

IN

Hence,

A

< K)ol

NGB

Hence, by Theorem 2.4, X has property NM-2 and we are done. [J

IN

and lim ||z,|| = 1.
n

Therefore, we can give the following corollary using Theorem 1.2.

Corollary 2.8. If a Banach space X has property NM-2, then X fails the fixed point property for nonexpansive
mappings on closed bounded convex subset of X.



V. Nezir, N. Mustafa, / TJOS 6 (1), 14-23 22

3. Some Examples and Remarks

In this section, we will give examples that will show some utilization of our property in the fixed point
theory.

As we mentioned in the introduction section, our construction appears in the structure of some degener-
ate Lorentz-Marcinkiewicz spaces. We have been impressed by the first author’s solely works [10, 11] that
introduce a degenerate Lorentz-Marcinkiewicz space and later give the definition of the concept of Banach
spaces containing asymptotically isometric copies of ¢!, Now, let’s consider the degenerate Lorentz-
Marcinkiewicz space {5 that we had talked about in the introduction section where its weight sequence 6
is givenby 6 = (1 + 2%_1)" In a recent, unpublished study by the authors of this paper, it was shown that {5
contains an asymptotically isometric copy of £; and so we can say by Theorem 2.5 that it has property NM-1
and so equivalently it has property NM-2. Then, this would prove that ¢ fails the fixed point property for
nonexpansive mappings.

On the other hand, by Theorem 1.10, we know that if a Banach space contains an asymptotically isometric
copy of £'#, then it contains an asymptotically isometric copy of ¢;. Thus, we can conclude by Theorem
2.5 and Theorem 2.7 that if a Banach space contains an asymptotically isometric copy of £'#, then it has
properties NM-1 and NM-2. However, the following example shows that there exists a Banach space that
has these properties but it does not contain any asymptotically isometric copy of £'#. We have to note that
the first author showed in [11] that there exists a Banach space that contains an asymptotically isometric
copy of ¢; but it does not contain any asymptotically isometric copy of £'0. Thus, his example also verifies
our remark but here we provide a different example.

Example 3.1. One can easly see that Banach space {* with its equivalent renorming given by for any x = (x,), €

&, x = X (}1 + 2%) x| has the property NM-1 (so NM-2) but we can prove that it does not contain any

asymptotically_isometric copy of €10,

Proof. We use the similiar ideas expressed in [5] and by contradiction, assume (¢!, || - ||~) does contain an
p y

asymptotically isometric copy of {'#°. That is, there exists a null sequence (¢,), in (0, 1) and a sequence (x,,),,
in ¢! such that

1 1 [e5) 00 ~
- 1- t+—§ 1- t < E t 10
232115( &n) Ital anl( en)ltal < L nXn (10)
1
< = bl + = tal,
< Zilelﬂglnl 22 [l

for every (t;),en € £

Without loss of generality we suppose that (x,), is disjointly supported and that by passing to a
subsequence, we can assume that (x,) converges weak* (and so it is pointwise) to some y € ¢'.

Next, replacing x,, by the || - ||”-normalization of (%)n satisfying (10), we can suppose that y = 0.

By the proof of the Bessaga-Pelczyriski Theorem [2], we may pass to an essentially disjointly supported
subsequence of x,. Hence, when it is normalized and truncated this subsequence appropriately, we get
a disjointly supported sequence satisfying (10). Also, by passing to subsequences if necessary, we may
suppose that ¢, < 3- forall n € N.

m(k)

Let (m(k))ien, with m(0) = 0 and (&x)ien @ sequence of scalars such that foreachk € IN, yx = ). &iej.
j=m(k=1)+1
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Using the triangular inequality of the norm, for each K € IN, we get

K—KEK +K+1—€1—K€K
2 2
(K)
1 X 1 1
1t )+ K Y (3 g )l
k=1 k=m(K-1)+1
m(1) m(K)

1 1
SE;|Ek|+K(Z+W) Z |Ekl -

=1 k=m(K-1)+1

< fller + K[|

IA
gl
—_—
=

Therefore, K + 1;2‘1 — Keg < % + K(}I + Z,W(Kl,w) forallK € IN. But since & < % and Keg < %, we have
K+1_%—K5K>Kandso

1 &1 1 1

3
1+ﬁ_ﬁ_€KSR+(Z+W)'foraHKE]N'

Thus, we get a contradiction by letting K — oo since we would have 3 < 0. This completes the proof. [
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