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Analytic Functions Expressed with g-Poisson Distribution Series
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Abstract. Recently, the g- derivative operator has been used to investigate several subclasses of analytic
functions in different ways with different perspectives by many researchers and their interesting results are
too voluminous to discuss. The g- derivative operator are also used to construct some subclasses of analytic
functions.

In this study, we introduce certain subclasses of analytic and univalent functions in the open unit disk
defined by g-derivative. Here, we give some conditions for an analytic and univalent function to belonging
to these classes. Also, in the study, we define two functions using g-derivative and we aim to find the
conditions for this functions to belonging to defined above subclasses of analytic functions.

1. Intoduction
Let A be the class of analytic functions f in the open unit disk U = {z€ C: |z| < 1}, normalized by
f(0) =0= f"(0) — 1 of the form

(o]
f(z)=z+a222+a323+~-~+anz”+-~-=Z+Zanz", a, € C. (1)
=2

Also, by Swe will denote the family of all functions in A which are univalent in U.
Let T denote the subclass of all functions f in A of the form

(o)
f(z)=z—a222—a3z3—---—anz”—---=Z—Zanz”, a, > 0. (2)
n=2

Some of the important and well-investigated subclasses of the univalent functions class S include the classes
S (a) and C (a), respectively, starlike and convex functions of order a(« € [0,1)). By definition, we have
(see for details, [2, 3], also [9])

S*(a):{feA: Re(zj{,(g))>a, zZ € U}, C(a):{feA: Re(1+ZJ{:,(S))>a, ZEU}.
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For g € [0, 1), interesting generalization of the classes S* (&) and C (a) are the classes S* (¢, ) and C («, B)
which, respectively, defined as follows

. - , zf' (2)
S (a,ﬁ)—{fES. Re(ﬁzf’(z)+(1—ﬁ)f(z))>a' zell},

_ _ f'(z)+zf" (z)) }
C(a,ﬁ)—{fes. Re(f—’(z)+ﬁzf"(z) >a,zely.

The classes TS* (o, ) and TC (a, B) were extensively studied by Altintag and Owa [1] and certain conditions
for hypergeometric functions and generalized Bessel functions for these classes were studied by Moustafa
[5] and Porwal and Dixit [8].

For y € [0, 1], a generalization of the function classes S* (a, ) and C («, ) is the class S*C (a, f; ) which
is defined as follows:

Zfl (Z) + VZZJ(// (Z) ) }
@B @)+ AN EF @+ a-pra) 7

In his fundamental paper [4], Jackson, for q € (0,1), introduced the g-derivative operator D, of the an
analytic function f as follows:

S*C(a,ﬁ;y)={feS:Re(

f@-flgz) .
qu<z>={ e 1 EEO
£7(0) , if z=0.

The formulas for the g- derivative D, of a product and a quotient of functions are
Dyz" = [n], 2" neN,

where
n

1 _Aan
[n]q = 1 _qq = Z qk&
k=1

is the g- analogue of the natural number #.
It is clear that 1ir{1 [n], =n, [0], =0and 111{1 D,f (z) = f’ () for the function f € A.
=1 g=1"

Forg € (0,1)and @ € [0, 1), we define by Sy (@) and C, (@) the subclass of A which we will call, respectively,
q - starlike and g- convex functions of order ¢, as follows:

D, (qu f (z))
D, f (z)

zDyf (2)
f ()
Also, let’s denote TS, (@)=TN S (@) and TC, (a) = TN C; (a).

For B € [0, 1), interesting generalization of the function classes S; (a) and C; (a) are the function classes
S; (@, B) and C, (a, B), respectively, which we define as follows:

S;(a)z{fES:Re >a,zeU},Cq(oz)={f€S:Re >a,zell}.

2
Sy (@, p) = {f €EA: Re( “Dyf (2) Dif (&) + 2D, &) ) >a,z€ U}.

BD,f @+ (1 —ﬁ)f(Z)) S u}’Cq ()= {feA: Re(qu(ZHﬁzDﬁf(z)

Now let’s define a generalization of the function classes S; (a, f) and C, (a, B) as follows:
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Definition 1.1. For a, € [0,1) and y € [0, 1] a function f given by (1) is said to be in the class S;Cy (a, B; y) if the
following condition is satisfied

zD, f (z) + vz*D%f (2)
Re qf Y qf >a,z€ U

v2(Dyf (2) + pzD2f () + (1 = ) (BzDy f (2) + (1 - ) f (2))

We will use TS;CL, (a,8;7)=Tn S;Cq (@, B y).
It is clear that S;Cq (a,8,0) = S; (a,p), S;Cq (1) = Cy(e, B), Lilir{[ S;Cq (a,B;7)= S*C(a,B;y) and

‘1131 TS.Cy (a,B;7) = TS*C(a,B; 7). So, function classes 5:Cq (a,B;7) and TS;C, (@, B; ) are generaliza-

tion of the previously known function classes S} (a,8), Cq(a, ), S'C(a, B;7) and TS'C (a, B;) of analytic
functions, respectively.
A variable x is said to have g- Poisson Distribution if it takes the values 0,1,2,3,... with probabilities

_ — 3 _
e, Lel, p—,e P, Le, ..., respectively, where p a parameter and
2 3 n ) n
x X x x x
=1+ + + +---+—+---=E @3)
I 1t 21 B8l [n],! i [n],!

is g- analogue of the exponential function e* and

[n]q! = [1]q ' [2]q : [3]q e [n]q

is the g- analogue of the factorial functionn! =1-2-3---n
Thus, for g- Poisson Distribution, we have

n

P
Py(x =n) = o e, P n=0,1,23,...

Now, we introduce a g- Poisson Distribution series as follows:

00 n-1,7P
plel

z+ z,

ze U 4)

We can easily show that series (4) is convergent and the radius of convergence is infinity.
Let us define functions F; : C - Cand G, : C — Cas

P(z)—z+Z n_l] zel (5)
q°

and
n 1e P

Gy(2)=2z2-F;(2) =z~ Z[n—l] Z", ze Ul (6)
g

It is clear that F; € A and G, € T, respectively.

In this study, using g—derivative we introduce certain subclasses of analytic and univalent functions
in the open unit disk in the complex plane. Here, we give some conditions for an analytic and univalent
function to belong to these classes. Applications of a g- Poisson Distribution series on the analytic functions
are also given. In the study, we define two functions F, and G, by g- Poisson Distribution and we aim to
find the conditions for this functions to belong to the classes of analytic functions which we define in the
study.



N. Mustafa, V. Nezir, / TJOS 6 (1), 24-30 27

2. Main Results

In this section, we will give sufficient condition for the function F, defined by (5), belonging to the class
S;Cq (@, B;7), and necessary and sufficient condition for the function G, defined by (6), belonging to the
class TS;C, (a, B; y), respectively.

In order to prove our main results, we need the following theorems.

Theorem 2.1. [6] Let f € A. Then, f € S;Cy(a, B;y) if the following condition is satisfied

Z [n]q (1-ap)(1+y[n-1] )—(1—ﬁ)ay]—a(l—ﬁ)(l—y)}|an|31_0(,

n=2

The result obtained here is sharp.

Theorem 2.2. [6] Let f € T. Then, f € TS;C, (, ;) if and only if

Y {1, [ -ap) (14 [n-11) - A= pay] 2t -p (A -P)}lad < 1-a.

The result obtained here is sharp.

A sufficient condition for the function F; defined by (5) to belonging to the class S;C, (a, §; ) is given
by the following theorem.

Theorem 2.3. Let p > 0 and the following condition is provided
-1
(1 -ap) >+ {1 -ap) |1+ +Dard "] == pray}p
p(a-1) ei; <l-a. (7)
~[1-ap-(-payl(1-¢7)
Then, the function Fy defined by (5) belongs to the classS;Cq(a, B; 7).
Proof. Since F; € A and

o)

n—1
Fyp,z) =z + Z [np—e_pz” zel,
. !

according to Theorem 2.1, we must show that

® n—l

Y (i [a-ap)(1+yn-11)- A -pay]-a-p (- y)} oo S1-e ®)
n=2 q:
Let - nl
Li(apy) =Y (i, [a-ap)(1+y[n-11)- A -pay]-a(1-p) (- y)} TR
n=2 q°
By setting

[n]q[(l—aﬁ)(lﬂ/[n—l]q) (1- ﬁ)w]—a(l B(1-7)
=[n],[1-ap-(1-p)ay] + n]qn— J(1—ap)y—a(l-p)(1-7)

and using [n], = [n = 1], + "7, [n], = [n = 2], + 9" + ¢""!, we write

[n],[A-ap)(1+y[n-11,) - A= pay| - a1 -p)(1-7)
=(1-ap)yln-2][n-1],+[1-ap-(1-Pay+(1-ap)y (92 +q")|n-1], 9)
+q" " [1—ap—(1-pay]—a(l-p)(1-y)
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Considering equality (9), by simple computation, we can write

n—1

— ) -1 — o
Lq(ar.B/y;P) = (1 - (Xﬁ) yeqp Zn:3 [;:l_3]ql + [1 - Oéﬁ - (1 - ﬁ) 0()/] eqp Zn:Z [;ff_z]q!

+(1-ap) 1+ )y Ty W +[1 - ap - (1~ Payley” £

—a (=R -y)e’ L o

Then, using the equality (3), we obtain

Ly(@,B,y;p) = (1= ap) yp* + {(1 —ap) [1 +(1+9) qyef,f(q_l)] ~(1-p) fw}P
-[1-a8-(1 —ﬁ)ozy](l —eg(q_l))+ (1 —a)(l —eq_p>.

Therefore, inequality (8) holds true if
(1= ap)yp? + [1=ap— (1= pay + (1 - ap) 1+ ye, " p
—[1—aﬁ—(1—ﬁ)ay](l—e’;(q‘l))ﬂl—a)(l—eq"’) <l-a

which is equivalent to (7).
Thus, the proof of Theorem 2.3 is completed.
0

From the Theorem 2.3, we can readily deduce the following results.
Corollary 2.4. If p > 0 and satisfied the following condition

(1-ap) (p ~1+ e’;’("’l))e’; <l-a
then the function F defined by (5) belongs to the class Sy(a, B).

Corollary 2.5. Ifp > 0 and satisfied the following condition

{(1 —ap)p? + [1 —a+(1-ap)(1+9) qez(q_l)]p —(1-a) (1 - eZ(q’l))} ¢ <1-q,
then the function F, defined by (5) belongs to the class Cy(a, f).

Now, we give necessary and sulfficient condition for the function G, defined by (6), to belonging to the class
TS,Cy (a, B;y) with the following theorem.

Theorem 2.6. If p > 0, then the function G, defined by (6) belongs to the class TS, C,(e, B; y) if and only if satisfied
the following condition

{ (-apyyp +{a-ap |1+ @+ - a-parly | |
g <l-a (10)

p(s-1)
~[1-ap-(1-payl(1-¢7)
Proof. Firstly, let us prove the sufficiency of the theorem.

First of all, let us state that we will use Theorem 2.2 to prove the theorem.
It is clear that G, € T. Let us show that the function G, satisfies the sufficiency condition of Theorem 2.2
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From the proof of Theorem 2.3, we write

oo {[nl, [(1 = ap) (14 y In = 1),) - (1= Bay] - a (1= B) (1 = )} e,
=(1-ap)yp’ +{(1 aﬁ)[1+(1+q)we"(q )] (1—ﬁ)fw}P (11)
—ﬁ—aﬁ—ﬂ—ﬁﬁww1—£@))+u—aﬂ1—gﬂ

Now, suppose that condition (10) is satisfied.
It follows that

(1 -ap)yp* +{a-ap)|1+ A+ |- =pay|p-11-ap-1-par] (1~

< (1—0:)6?’,

which is equivalent to

(1 -apyyp? +{a-ap|1+ @ +ard |- -paylp-11-ap--payl(1-¢)
+(1—C¥)(1—e;p) <l-a,

Considering equality (11), we write

sl n 1

Y [ -ap)(1+yIn-11) - A -pay]-a(t-p) (- y)} TESTAIERE (12)

n=2

Thus, the function G, satisfies the sufficiency condition of Theorem 2.2. Hence, according to Theorem 2.2,
the function G, belongs to the class TS;Cy(a, ;7).

With this, the proof of the sufficiency of theorem is completed.

Now, let us we prove the necessity of theorem.

Assume that G, € TS;Cq(oc, B;7). Then, from Theorem 2, we can say that condition (12) is satisfied.

It follows from (11) that

-1 -1
(1 -ap)yp +{-ap |1+ + D |- (= pray}p-11-ap -1 - payl(1-¢")
+1-o)(1-¢")<1-a,
which is equivalent to (10).
This completes proof of the necessity of theorem.

Thus, the proof of Theorem 2.6 is completed.
0

From Theorem 2.6, we can readily deduce the following results.

Corollary 2.7. If p > O, then the function G, defined by (6) belongs to the class TS; (a, ) if and only if satisfied the
following condition

(1-ap) (p -1+ eZ(q_l))eZ <l-oa.

Corollary 2.8. If p > 0, then the function G, defined by (6) belongs to the class TC, (a, B) if and only if satisfied the
following condition

{(1—aﬁ)p2+[l—a+(l —ocﬁ)(l+q)qe§(q_1)]p—(l—a)( p(q 1))}6 <l-a.

Remark 2.9. The results obtained in Theorem 2.3, Theorem 2.6 and Corollaries 2.4, 2.5, 2.7, 2.8 are generalization
of the results obtained in Theorem 3,4 and Corollary 5-8 in [7].
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