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Analytic Functions Expressed with q-Poisson Distribution Series

Nizami Mustafaa, Veysel Nezirb

aKafkas University, Faculty of Science and Letters, Department of Mathematics, Kars, Turkey
bKafkas University, Faculty of Science and Letters, Department of Mathematics, Kars, Turkey

Abstract. Recently, the q- derivative operator has been used to investigate several subclasses of analytic
functions in different ways with different perspectives by many researchers and their interesting results are
too voluminous to discuss. The q- derivative operator are also used to construct some subclasses of analytic
functions.

In this study, we introduce certain subclasses of analytic and univalent functions in the open unit disk
defined by q-derivative. Here, we give some conditions for an analytic and univalent function to belonging
to these classes. Also, in the study, we define two functions using q-derivative and we aim to find the
conditions for this functions to belonging to defined above subclasses of analytic functions.

1. Intoduction

Let A be the class of analytic functions f in the open unit disk U = {z ∈ C : |z| < 1}, normalized by
f (0) = 0 = f ′ (0) − 1 of the form

f (z) = z + a2z2 + a3z3 + · · · + anzn + · · · = z +

∞∑
n=2

anzn, an ∈ C. (1)

Also, by Swe will denote the family of all functions in A which are univalent in U.
Let T denote the subclass of all functions f in A of the form

f (z) = z − a2z2
− a3z3

− · · · − anzn
− · · · = z −

∞∑
n=2

anzn, an ≥ 0. (2)

Some of the important and well-investigated subclasses of the univalent functions class S include the classes
S∗ (α) and C (α), respectively, starlike and convex functions of order α(α ∈ [0, 1)). By definition, we have
(see for details, [2, 3], also [9])

S∗ (α) =

{
f ∈ A : Re

(
z f ′ (z)

f (z)

)
> α, z ∈ U

}
, C (α) =

{
f ∈ A : Re

(
1 +

z f ′′ (z)
f ′ (z)

)
> α, z ∈ U

}
.
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For β ∈ [0, 1), interesting generalization of the classes S∗ (α) and C (α) are the classes S∗
(
α, β

)
and C

(
α, β

)
which, respectively, defined as follows

S∗
(
α, β

)
=

{
f ∈ S : Re

(
z f ′ (z)

βz f ′ (z) + (1 − β) f (z)

)
> α, z ∈ U

}
,

C
(
α, β

)
=

{
f ∈ S : Re

(
f ′ (z) + z f ′′ (z)

f ′ (z) + βz f ′′ (z)

)
> α, z ∈ U

}
.

The classes TS∗
(
α, β

)
and TC

(
α, β

)
were extensively studied by Altintaş and Owa [1] and certain conditions

for hypergeometric functions and generalized Bessel functions for these classes were studied by Moustafa
[5] and Porwal and Dixit [8].

For γ ∈ [0, 1], a generalization of the function classes S∗
(
α, β

)
and C

(
α, β

)
is the class S∗C

(
α, β;γ

)
which

is defined as follows:

S∗C
(
α, β;γ

)
=

{
f ∈ S : Re

(
z f ′ (z) + γz2 f ′′ (z)

γz
(

f ′ (z) + βz f ′′ (z)
)

+
(
1 − γ

) (
βz f ′ (z) +

(
1 − β

)
f (z)

) ) > α} , z ∈ U.

In his fundamental paper [4], Jackson, for q ∈ (0, 1), introduced the q-derivative operator Dq of the an
analytic function f as follows:

Dq f (z) =

 f (z)− f(qz)
(1−q)z

, i f z , 0,

f ′ (0) , i f z = 0.

The formulas for the q- derivative Dq of a product and a quotient of functions are

Dqzn = [n]q zn−1,n ∈ N,

where

[n]q =
1 − qn

1 − q
=

n∑
k=1

qk−1

is the q- analogue of the natural number n.
It is clear that lim

q→1−
[n]q = n, [0]q = 0 and lim

q→1−
Dq f (z) = f ′ (z) for the function f ∈ A.

For q ∈ (0, 1) andα ∈ [0, 1), we define by S∗q (α) and Cq (α) the subclass of A which we will call, respectively,
q - starlike and q- convex functions of order α, as follows:

S∗q (α) =

{
f ∈ S : Re

zDq f (z)
f (z)

> α, z ∈ U
}
,Cq (α) =

 f ∈ S : Re
Dq

(
zDq f (z)

)
Dq f (z)

> α, z ∈ U

 .
Also, let’s denote TS∗q (α) = T

⋂
S∗q (α) and TCq (α) = T

⋂
Cq (α).

For β ∈ [0, 1), interesting generalization of the function classes S∗q (α) and Cq (α) are the function classes
S∗q

(
α, β

)
and Cq

(
α, β

)
, respectively, which we define as follows:

S∗q
(
α, β

)
=

{
f ∈ A : Re

(
zDq f (z)

βzDq f (z) + (1 − β) f (z)

)
> α, z ∈ U

}
,Cq

(
α, β

)
=

 f ∈ A : Re

 Dq f (z) + zD2
q f (z)

Dq f (z) + βzD2
q f (z)

 > α, z ∈ U

 .
Now let’s define a generalization of the function classes S∗q

(
α, β

)
and Cq

(
α, β

)
as follows:
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Definition 1.1. For α, β ∈ [0, 1) and γ ∈ [0, 1] a function f given by (1) is said to be in the class S∗qCq
(
α, β;γ

)
if the

following condition is satisfied

Re

 zDq f (z) + γz2D2
q f (z)

γz
(
Dq f (z) + βzD2

q f (z)
)

+
(
1 − γ

) (
βzDq f (z) +

(
1 − β

)
f (z)

)  > α, z ∈ U.

We will use TS∗qCq
(
α, β;γ

)
= T ∩ S∗qCq

(
α, β;γ

)
.

It is clear that S∗qCq
(
α, β; 0

)
= S∗q

(
α, β

)
, S∗qCq

(
α, β; 1

)
= Cq

(
α, β

)
, lim

q→1−
S∗qCq

(
α, β;γ

)
= S∗C

(
α, β;γ

)
and

lim
q→1−

TS∗qCq
(
α, β;γ

)
= TS∗C

(
α, β;γ

)
. So, function classes S∗qCq

(
α, β;γ

)
and TS∗qCq

(
α, β;γ

)
are generaliza-

tion of the previously known function classes S∗q
(
α, β

)
, Cq

(
α, β

)
, S∗C

(
α, β;γ

)
and TS∗C

(
α, β;γ

)
of analytic

functions, respectively.
A variable x is said to have q- Poisson Distribution if it takes the values 0,1,2,3,. . . with probabilities

e−p
q ,

p
1! e
−p
q ,

p2

2! e−p
q ,

p3

3! e−p
q , ... , respectively, where p a parameter and

ex
q = 1 +

x
[1]q!

+
x2

[2]q!
+

x3

[3]q!
+ · · · +

xn

[n]q!
+ · · · =

∞∑
n=0

xn

[n]q!
(3)

is q- analogue of the exponential function ex and

[n]q! = [1]q · [2]q · [3]q · · · [n]q

is the q- analogue of the factorial function n! = 1 · 2 · 3 · · · n.
Thus, for q- Poisson Distribution, we have

Pq(x = n) =
pn

n!
e−p

q , n = 0, 1, 2, 3, ....

Now, we introduce a q- Poisson Distribution series as follows:

z +

∞∑
n=2

pn−1e−p
q

[n − 1]q!
zn, z ∈ U. (4)

We can easily show that series (4) is convergent and the radius of convergence is infinity.
Let us define functions Fq : C→ C and Gq : C→ C as

Fq (z) = z +

∞∑
n=2

pn−1e−p
q

[n − 1]q!
zn, z ∈ U (5)

and

Gq (z) = 2z − Fq (z) = z −
∞∑

n=2

pn−1e−p
q

[n − 1]q!
zn, z ∈ U. (6)

It is clear that Fq ∈ A and Gq ∈ T, respectively.
In this study, using q−derivative we introduce certain subclasses of analytic and univalent functions

in the open unit disk in the complex plane. Here, we give some conditions for an analytic and univalent
function to belong to these classes. Applications of a q- Poisson Distribution series on the analytic functions
are also given. In the study, we define two functions Fq and Gq by q- Poisson Distribution and we aim to
find the conditions for this functions to belong to the classes of analytic functions which we define in the
study.
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2. Main Results

In this section, we will give sufficient condition for the function Fq defined by (5), belonging to the class
S∗qCq

(
α, β;γ

)
, and necessary and sufficient condition for the function Gq defined by (6), belonging to the

class TS∗qCq
(
α, β;γ

)
, respectively.

In order to prove our main results, we need the following theorems.

Theorem 2.1. [6] Let f ∈ A. Then, f ∈ S∗qCq
(
α, β;γ

)
if the following condition is satisfied

∞∑
n=2

{
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)}
|an| ≤ 1 − α.

The result obtained here is sharp.

Theorem 2.2. [6] Let f ∈ T. Then, f ∈ TS∗qCq
(
α, β;γ

)
if and only if

∞∑
n=2

{
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)}
|an| ≤ 1 − α.

The result obtained here is sharp.

A sufficient condition for the function Fq defined by (5) to belonging to the class S∗qCq
(
α, β;γ

)
is given

by the following theorem.

Theorem 2.3. Let p > 0 and the following condition is provided
(
1 − αβ

)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p

−
[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)  ep
q ≤ 1 − α. (7)

Then, the function Fq defined by (5) belongs to the classS∗qCq(α, β;γ).

Proof. Since Fq ∈ A and

Fq(p, z) = z +

∞∑
n=2

pn−1

[n − 1]!
e−p

q zn, z ∈ U,

according to Theorem 2.1, we must show that

∞∑
n=2

{
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)} pn−1

[n − 1]q!
e−p

q ≤ 1 − α. (8)

Let

Lq
(
α, β, γ

)
=

∞∑
n=2

{
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)} pn−1

[n − 1]q!
e−p

q .

By setting
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)
= [n]q

[
1 − αβ −

(
1 − β

)
αγ

]
+ [n]q [n − 1]q

(
1 − αβ

)
γ − α

(
1 − β

) (
1 − γ

)
and using [n]q = [n − 1]q + qn−1, [n]q = [n − 2]q + qn−2 + qn−1, we write

[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)
=

(
1 − αβ

)
γ [n − 2]q [n − 1]q +

[
1 − αβ −

(
1 − β

)
αγ +

(
1 − αβ

)
γ
(
qn−2 + qn−1

)]
[n − 1]q

+qn−1 [
1 − αβ −

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

) (9)
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Considering equality (9), by simple computation, we can write

Lq(α, β, γ; p) =
(
1 − αβ

)
γe−p

q
∑
∞

n=3
pn−1

[n−3]q! +
[
1 − αβ −

(
1 − β

)
αγ

]
e−p

q
∑
∞

n=2
pn−1

[n−2]q!

+
(
1 − αβ

) (
1 + q

)
γe−p

q
∑
∞

n=2
(qp)n−1

[n−2]q! +
[
1 − αβ −

(
1 − β

)
αγ

]
e−p

q
∑
∞

n=2
(qp)n−1

[n−1]q!

−α
(
1 − β

) (
1 − γ

)
e−p

q
∑
∞

n=2
pn−1

[n−1]q! .

Then, using the equality (3), we obtain

Lq(α, β, γ; p) =
(
1 − αβ

)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p

−
[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)
+ (1 − α)

(
1 − e−p

q

)
.

Therefore, inequality (8) holds true if

(
1 − αβ

)
γp2 +

[
1 − αβ −

(
1 − β

)
αγ +

(
1 − αβ

) (
1 + q

)
qγe

p(q−1)
q

]
p

−
[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)
+ (1 − α)

(
1 − e−p

q

)
≤ 1 − α

which is equivalent to (7).
Thus, the proof of Theorem 2.3 is completed.

From the Theorem 2.3, we can readily deduce the following results.

Corollary 2.4. If p > 0 and satisfied the following condition

(
1 − αβ

) (
p − 1 + e

p(q−1)
q

)
ep

q ≤ 1 − α,

then the function Fq defined by (5) belongs to the class S∗q(α, β).

Corollary 2.5. If p > 0 and satisfied the following condition{(
1 − αβ

)
p2 +

[
1 − α +

(
1 − αβ

) (
1 + q

)
qe

p(q−1)
q

]
p − (1 − α)

(
1 − e

p(q−1)
q

)}
ep

q ≤ 1 − α,

then the function Fq defined by (5) belongs to the class Cq(α, β).

Now, we give necessary and sufficient condition for the function Gq defined by (6), to belonging to the class
TS∗qCq

(
α, β;γ

)
with the following theorem.

Theorem 2.6. If p > 0, then the function Gq defined by (6) belongs to the class TS∗qCq(α, β;γ) if and only if satisfied
the following condition

(
1 − αβ

)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p

−
[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)  ep
q ≤ 1 − α. (10)

Proof. Firstly, let us prove the sufficiency of the theorem.
First of all, let us state that we will use Theorem 2.2 to prove the theorem.
It is clear that Gq ∈ T. Let us show that the function Gq satisfies the sufficiency condition of Theorem 2.2

.
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From the proof of Theorem 2.3, we write∑
∞

n=2

{
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)} pn−1

[n−1]q! e
−p
q

=
(
1 − αβ

)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p

−
[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)
+ (1 − α)

(
1 − e−p

q

) (11)

Now, suppose that condition (10) is satisfied.
It follows that(

1 − αβ
)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p −

[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)
≤ (1 − α) e−p

q ,

which is equivalent to(
1 − αβ

)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p −

[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)
+ (1 − α)

(
1 − e−p

q

)
≤ 1 − α,

Considering equality (11), we write

∞∑
n=2

{
[n]q

[(
1 − αβ

) (
1 + γ [n − 1]q

)
−

(
1 − β

)
αγ

]
− α

(
1 − β

) (
1 − γ

)} pn−1

[n − 1]q!
e−p

q ≤ 1 − α. (12)

Thus, the function Gq satisfies the sufficiency condition of Theorem 2.2. Hence, according to Theorem 2.2,
the function Gq belongs to the class TS∗qCq(α, β;γ).

With this, the proof of the sufficiency of theorem is completed.
Now, let us we prove the necessity of theorem.
Assume that Gq ∈ TS∗qCq(α, β;γ). Then, from Theorem 2, we can say that condition (12) is satisfied.
It follows from (11) that(

1 − αβ
)
γp2 +

{(
1 − αβ

) [
1 +

(
1 + q

)
qγe

p(q−1)
q

]
−

(
1 − β

)
αγ

}
p −

[
1 − αβ −

(
1 − β

)
αγ

] (
1 − e

p(q−1)
q

)
+ (1 − α)

(
1 − e−p

q

)
≤ 1 − α,

which is equivalent to (10).
This completes proof of the necessity of theorem.
Thus, the proof of Theorem 2.6 is completed.

From Theorem 2.6, we can readily deduce the following results.

Corollary 2.7. If p > 0, then the function Gq defined by (6) belongs to the class TS∗q
(
α, β

)
if and only if satisfied the

following condition (
1 − αβ

) (
p − 1 + e

p(q−1)
q

)
ep

q ≤ 1 − α.

Corollary 2.8. If p > 0, then the function Gq defined by (6) belongs to the class TCq
(
α, β

)
if and only if satisfied the

following condition{(
1 − αβ

)
p2 +

[
1 − α +

(
1 − αβ

) (
1 + q

)
qe

p(q−1)
q

]
p − (1 − α)

(
1 − e

p(q−1)
q

)}
ep

q ≤ 1 − α.

Remark 2.9. The results obtained in Theorem 2.3, Theorem 2.6 and Corollaries 2.4, 2.5, 2.7, 2.8 are generalization
of the results obtained in Theorem 3,4 and Corollary 5-8 in [7].
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