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Conformal Generic Riemannian Maps from Almost Hermitian
Manifolds

Sener Yanan

Adwyaman University, Faculty of Arts and Science, Department of Mathematics, Adiyaman, TURKEY

Abstract. In the present paper, the notion of conformal generic Riemannian maps from almost Hermitian
manifolds onto Riemannian manifolds is defined. Examples for this type conformal maps are given. The
concept of pluriharmonic map is used to get conditions defining totally geodesic foliations for certain
distributions and being horizontally homothetic map on the base manifold.

1. Introduction

The notion of submersion was introduced by O’Neill [10] and Gray [6]. Then, this notion was
widely studied [4] and new kind of Riemannian submersions like invariant submersion, anti-invariant
submersion, slant submersion, generic submersion were introduced [1, 2, 11-13]. Riemannian maps be-
tween Riemannian manifolds are generalization of isometric immersions and Riemannian submersions
[4-6, 10]. Let F : (My,91) — (M>,g2) be a smooth map between Riemannian manifolds such that
0 < rankF < min{dim M;,dim M,}. Then the tangent bundle TM; of M; has the following decomposi-
tion:

TM; = kerF, & (kerF.)*.
We always have (rangeF.)* because of rankF < min{dim M;, dim M,}. Therefore tangent bundle TM, of M,
has the following decomposition:
TM, = (rangeF.) @ (rangeF.,)".
A smooth map F : (M}, g1) — (M}, g2) is called Riemannian map at p; € M; if the horizontal restriction
F’fpl : (kerF.,,)* — (rangeF.) is a linear isometry. Hence a Riemannian map satisfies the equation

71(X,Y) = g2(F(X), Fo(Y) 1)

for X, Y € T((kerF.)*). So thatisometricimmersions and Riemannian submersions are particular Riemannian
maps, respectively, with kerF, = {0} and (rangeF.)* = {0} [5].

We say that F : (M"™, gm) — (N, gn) is a conformal Riemannian map atp € M if 0 < rankF., < min{m, n}
and F., maps the horizontal space (ker(F.,)") conformally onto range(F.,), i.e., there exist a number A2(p) #0
such that

IN(Ep(X), Fp(Y)) = A2 (0)gm(X, Y) )
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for X,Y € I'((ker(F.,)*). Also F is called conformal Riemannian if F is conformal Riemannian at each p € M
[14, 15]. Here, A is the dilation of F at a point p € M and it is a continuous function as A : M — [0, o).

An even-dimensional Riemannian manifold (M, gu, J) is called an almost Hermitian manifold if there
exists a tensor field | of type (1,1) on M such that J> = —I where I denotes the identity transformation of
TM and

gm(X,Y) = gm(JX, JY), ¥X, Y € I(TM). ©)

Let (M, gum, ]) be an almost Hermitian manifold and its Levi-Civita connection is V with respect to gy. If |
is parallel with respect to V, i.e.
(VxDY =0, (4)

we say M is a Kaehlerian manifold [3, 21].

Riemannian maps would provide relationship between Riemannian maps, harmonic maps and La-
grangian field theory on the mathematical side and Maxwell’s equation, Schrodinger’s equation on the
physical side [5]. Some application areas of conformal Riemannian maps are computer vision [7], geomet-
ric modelling [18] and medical imaging [19].

In this paper, conformal generic Riemannian maps from almost Hermitian manifolds to Riemannian
manifolds were introduced, geometric properties of the base manifold and the total manifold by the
existence of such maps were investigated and examples were given. Also, certain geodesicity conditions
for conformal generic Riemannian maps were obtained. Moreover, several conditions for conformal generic
Riemannian maps to be horizontally homothetic maps by using the adapted version of the notion of pluri-
harmonic maps were obtained.

2. Preliminaries

In this section, some definitions and useful results for conformal generic Riemannian maps are given.
Let (M, g,,) and (N, g,,) be Riemannian manifolds and F : M — N is a smooth map between them. The
second fundamental form of F is given by

N M
(VE)(X,Y) = VEF.(Y) - F.(VxY) (5)

for X, Y € I'(TM). The second fundamental form VF, is symmetric [8].
Let F be a Riemannian map from a Riemannian manifold (M™, gu) to a Riemannian manifold (N”, gn).
Then we define O’Neill’s tensor fields 7 and A for Riemannian submersions as

M M
ﬂxY hvhx?}Y + thth, (6)

M M
TxY hV,xvY + vath (7)

for vector fields X, Y € I'(TM), where AVA is the Levi-Civita connection of gy [10]. For any X € I'(TM), Tx
and Ax are skew-symmetric operators on (I'(TM), g) reversing the horizontal and the vertical distributions.
It is also easy to see that 7 is vertical, Tx = Tox, and A is horizontal, Ax = A,x. The tensor field 7 is
symmetric on the vertical distribution [10, 20]. On the other hand, from (6) and (7) we have

M .

VuV = TuV+Vyy, (8)
M M

VuX = hVUX +TuX, (9)
M M

VxV = AxV +0VxV, (10)
M M

VxY = hVxY + AxY (11)

. M
for X, Y € T((ker F.)*) and U, V € T'(kerF.), where V;V = vV V [11, 12].
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A vector field on M is called a projectable vector field if it is related to a vector field on N. Thus, we
say a vector field is basic on M if it is both a horizontal and a projectable vector field. Hereafter, when we
mention a horizontal vector field, we always consider a basic vector field [3].

On the other hand, let F be a conformal Riemannian map between Riemannian manifolds (M", g,,) and
(N", g,)- Then, we have

(VE)XY) lianger. = X(InA)F.(Y) + Y(In A)F.(X)
~ gu(X V)E.(grad(In 1)) (12)

N
where X, Y € I'((kerF.)*). Hence from (12), we obtain V;F*(Y) as

N
VEE.(Y) = EL(iVxY) + X(In )E.(Y) + Y(In )E.(X)
—  gu(X, Y)F.(grad(In A)) + (VE)*(X, Y) (13)

where (VF.)*(X,Y) is the component of (VF.)(X, Y) on (rangeF.)* for X, Y € I'((kerF.)*) [16, 17].
Now, a map F from a complex manifold (M, gu, J) to a Riemannian manifold (N, gn) is a pluriharmonic
map if F satisfies the following equation

(VE)X, )+ (VE)(JX,JY)=0 (14)

for X, Y € T(TM) [9].

3. Conformal Generic Riemannian Maps

Now, we define the notion of conformal generic Riemannian map and give its tangent space’s decom-
position.

Let F be a conformal Riemannian map from an almost Hermitian manifold (M, gu, J) to a Riemannian
manifold (N, gn). Then, the complex subspace of the vertical subspace V, atp € M is

D, = (kerF., N J(kerF.p)).

Definition 3.1. Let F be a conformal Riemannian map from an almost Hermitian manifold (M, g, |) to a Riemannian
manifold (N, gn). If the dimension of D, is constant along M and it defines a differentiable distribution on M then
we say that F is a conformal generic Riemannian map.

Let F be a conformal generic Riemannian map. Then, we say F is purely real (respectively, complex) if
D, = {0} (respectively, D, = kerF.,). Orthogonal complementary distribution D+ of a conformal generic
Riemannian map F is called purely real distribution and it satisfies

kerF, = D& D* (15)

and
DND ={0}. (16)

Let F be a conformal Riemannian map from an almost Hermitian manifold (M, gu, J) to a Riemannian
manifold (N, gn). For U € I'(kerF.), we write

JU = ¢U + ol (17)

where ¢pU € T'(kerF.) and wU € T((kerF.)*). We contemplate the complementary orthogonal distribution
to wD* in (kerF.)*. Therefore we have

D+ C D, (kerF.)* = 0D @ p. (18)
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In addition, for X € I'((kerF.)*), we write

JX = BX + CX (19)
where BX € T(D*) and CX € I'(u). Clearly, we get
B((kerF.)*) = D*. (20)
From (15) for U € I'(kerF.), we can write
JU = dU + DU + 0wl (21)

where ®; and ®, are the projections from kerF, to D and D*, respectively.
We say that a conformal generic Riemannian map is proper if D+ is neither complex nor purely real.
Now, we give examples to conformal generic Riemannian maps.

Example 3.2. Every conformal semi-invariant Riemannian map [17] F from an almost Hermitian manifold to a
Riemannian manifold is a conformal generic Riemannian map with D* is a totally real distribution.

Example 3.3. Let F : (R, ggs, J) — (R®, ggs) be a map defined by

(1, 2,3, X4 X5, X6, 07, 5) —> (T 0, T2 0, vy xy)
VY
for any point x € R®. We obtain the horizontal distribution and the vertical distributions
=y = 2 D by D
n d d d d d 2 9
V= (ketF) = (Vi = =, Va = ==, V3 V=2 .9 _ 29

7w e T o T Vrome

respectively. Thus, using (2) we have
grs(F.(Hy), Fu(Hy)) = Agws(H;, Hi),i=1,2,3,4
and
grs (F(H)), F(H))) = Aggs (i Hy) = 0,1 # .

It follows that F is a conformal Riemannian map at any point x € R® with 0 < rankF, = 4 < min{dim(RR®), dim(R%)}
and A = 1. On the other hand, by using the standard complex structure | = (—xa, X1, —X4, X3, —X¢, X5, —Xg, X7) ON R,
one can see that

3 3
JVi = Hy - Vs,
2+ 13 3+243
2 a
JVs = aHy+ V2H, + —V; - — V4,0 €R,
V3 V3

JVo = V3, JH3=-Hs.
Hence, F is a conformal generic Riemannian map with D = span{V,, V3}, D+ = span{V1, V4} and p = span{Hs, Hy}.

Now, we examine some geometric properties on the total manifold and the base manifold of a proper
conformal generic Riemannian map.

Lemma 3.4. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gm,]) to a
Riemannian manifold (N, gn). Then the distribution D is integrable if and only if the following condition is satisfied

(VE)(U, JV) = (VE)(JU, V) (22)
for U,V e T(D).
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Proof. Since M is a Kaehlerian manifold, from (4), (8), (19) and (21) we have

TulV + vﬁéu]v =BTuV+CTyV + q)lvAVAuV + q)zv]\éuv + a)v]\VAuV (23)
and changing the role of U and V in (23) we have
M M M M
TvJU+ovVyJU = BTyU + CTyU + ®10VyU + DoV U + woVy U (24)
Since 7 is symmetric on kerF.,, taking horizontal parts of (23) and (24) we get
M M
TuJ]V - TvJU = wfoVyV - oVy Ul. (25)
From equation (5) we obtain
—(VE)(U, JV) + (VE)(JU, V) = F.(wo[U, V]). (26)

The proof is clear from (26). O
Lemma 3.5. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gm, ) to a
Riemannian manifold (N, gn). Then the distribution D* is integrable if and only if the following condition is satisfied
M M
ZJVqu)sz — Z)Vqu)zV] + TVZCL)Vl — Tvla)Vz (S F(DJ‘) (27)
for Vi, V, e T(DH).

Proof. The real distribution D* is integrable if and only if gam([V4, V2], U) = 0 and gm([V1, V2], X) = 0 for
Vi, Vo e T(D*), U € T(D) and X € I'(kerF.)*.Since kerF, is always integrable we have gam([V1, V2], X) = 0.
Hence, we only examine gm([V1, V2], U) = 0. For V1,V € I'(D+) we have

M M M
VVl V, = —B7'V1 DV, — (:7-{/l DV, + CDl'UV\/l DV, + CDZUVVl DV,
M
+ a)UVVl DV, — ®1TV1(L)V2 - (DzTVla)Vz - a)TvleZ
M M
- BhVVla)Vz - ChVVla)Vz. (28)

Interchanging the role of V; and V; in (28) we have

M M M
VVZ Vi —B‘TV2<IJ2V1 - CTVZ(D2V1 + CDlUVVZ(Dle + (Dz’UVqu)zvl

M
CL)UVqu)z V1 — qDlTVZa)Vl - (Dvaza)Vl - CL)TVZCUV1

+

M M
- Bhsza)Vl - ChVVZle. (29)
Now, using (28) and (29) we get

M M
gm([V1, Val, U) = gm(P1{oVy, @2V — oV, @V + Tv,wVi — Ty,wVa), U). (30)
The proof is complete from (30). O

Lemma 3.6. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gum,]) to a
Riemannian manifold (N, gn). Then the horizontal distribution (kerF.)* is integrable if and only if the following
condition is satisfied

% gn((VE)(Y, BX) — (VE.)(X, BY) + P*(hAVAXCY - hAVAyCX), F.(wl))

M M
= gm(vVyBX — 0VxBY + AyCX — AxCY, dl) @31)
for X, Y € T((kerF.)").
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Proof. The horizontal distribution (kerF,)* is integrable if and only if gam([X, Y], U) = 0 for X, Y € I'((kerF.)*)

and U € I'(kerF.). From (4) we have

M M
JVxY = AxBY + vVxBY + AxCY + hVxCY.
After changing the roles of X and Y, we get
M M
JIX, Y] = AxBY - AyBX +vVxBY —ovVyBX
M M
+ AxCY - ALCX + hVXCY - thCX.
Now, from (17) we get for U € I'(kerF.)
M M
0=-gm(XYLU) = -—-gum(AxBY —AyBX +hVxCY —hVyCX, wl)
M M
- gm(@VxBY —vVyBX + AxCY — AyCX, ¢pU).
Hence, from (2) and (5) we obtain
1 M M
ﬁgN((VF*)(YI BX) — (VE.)(X,BY) + F.(hVxCY — hVyCX), F.(wU))
M M
= gm(WVyBX — vVxBY + AyCX — AxCY, pU).
The proof is complete from (35). O
Now, we remark some useful notions.

Definition 3.7. Let F : M — N be a conformal Riemannian map. Then, if
H(grad(In A)) =0,

we say F is a horizontally homothetic map [3].

(32)

(33)

(34)

(35)

(36)

Definition 3.8. Let F be a map from a complex manifold (M, gum, J) to a Riemannian manifold (N, gn). Then F is

called a kerF.-pluriharmonic map if F satisfies the following equation
(VE)(Uy, Up) + (VE)(JUy, JU) = 0

for Uy, Uy € I'(kerF.) [16, 17].

(37)

Theorem 3.9. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gm, ) to a

Riemannian manifold (N, gn). Then any two conditions below imply the third condition:

M
- C{Tu,¢u, + WVu,wla} = Tou, Uz + A, ¢Us + Awu, U,
ii- F is a kerF.-pluriharmonic map,

iii- F is a horizontally homothetic map and (VFE.)*(wU;, oU,) = 0

for any Uy, Uy € T'(kerF,).
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Proof. We only show the proof of (iii). The proof of (i) and (ii) are clear. From (5), (13), (14) and (37), we get
M
F*(quul(i)uZ + ﬂwulqbllz + ﬂmuquul) + P*(CTU1¢UZ + ChVuleZ)

(VE) (wUy, wUy) + wU; (In A)F.(wUy)
wly(In A)F.(wl) = gm(wU;, wUs)F.(grad(In A)) (38)

(@]
+ o+

M
forany U,, Uy € I'(kerF.). Suppose that (i) and (ii) are satisfied in (38). Then, we have C{7T;, ¢y, +hVy,wls} =
Tou, Uz + A, Uz + Apu, Uy and F is a kerF.-pluriharmonic map for any Uy, Uy € I'(kerF.), respectively.
Thus, we have

0 = (VE) (ol o)+ wl;(In A)F.(wlh)
+  wlh(nV)F.(wlh) — gp(@Uy, @U)F.(grad(In A)). (39)

It is clear from (39) that (VF.)*(wU;, wU,) = 0. Now, we obtain from (2), (18) and (39)
0 = A2wls(In A)gai(wUy, wly) (40)
for wl € T(w(DH)). So, we get wly(In A) = 0. It means A is a constant on w(D™). Similarly, we obtain from

(39)
0 = —A*CX(In V)gm(wlUy, wly) (41)

with wl; = wlU, for CX € T'(u). So, we get CX(InA) = 0. It means A is a constant on u. Thus, F is a
horizontally homothetic map from (40) and (41). The proof is complete. [J

Definition 3.10. Let F be a map from a complex manifold (M, gm, J) to a Riemannian manifold (N, gn). Then F is
called a (kerF.)*-pluriharmonic map if F satisfies the following equation

(VE)(Z1,Z2) + (VE)(JZ1,]Z2) =0 (42)
for Z1,Z, € T((kerF.)*) [16, 17].

Theorem 3.11. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gum, ]) to a
Riemannian manifold (N, gn). Then any three conditions below imply the fourth condition:

i- VNleF*(Zz) = F.(Tpz,BZ; + Acz,BZ1 + Acz,BZ,),
ii- F is a (kerF.)*-pluriharmonic map,
iii- F is a horizontally homothetic map and (VF.)*(CZ,,CZ,) =0,
iv- The distribution (kerF.)"* defines a totally geodesic foliation in M
forany Zy,Z, € T((kerF.)*).

Proof. We only show the proof of (iii) and (iv). The proof of (i) and (ii) are clear. From (5), (13), (14) and
(42), we get

nglP*(Zz) +(VE.)*(CZ1,CZ,)

- F*(TBLBZZ + ﬂCZZ BZl + ﬂczl BZ2)

+ CZi(InA)F.(CZs) + CZo(In A)E.(CZ)

—  gu(CZy, CZy)E.(grad(In A)) (43)

M
F.(Vz,2Z,)
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for any Zi,Z; € I'((kerF.)*). Suppose that (i), (ii) and (iii) are satisfied in (43). Then, we have

N
V! 2.F.(Z5) = F(T82,BZs + Acz,BZ1 + Acz,BZy),

(VE)(Z1,2Z) + (VEN]Z1,]Z2) = 0,

CZy(In N)F.(CZ2) + CZa(In A)F.(CZ1) — gai(CZ1, CZo)E.(grad(n A)) = 0,
(VE)*(CZ1,CZy) =0,

M
respectively. Thus, we have F.(VzZ,) = 0 for Z,Z, € I'((kerF.)*). Therefore, the distribution (kerF.)*
defines a totally geodesic foliation in M. Suppose that (i), (ii) and (iv) are satisfied in (43). Then, it is clear
from (43) that (VF.)*(CZ,,CZ,) = 0 and we obtain

0 = CZ1(In A)F.(CZy) + CZy(In A)F.(CZ1) — gm(CZ1, CZy)F.(grad(In A)) (44)
for any Zi,Z, € T'((kerF.)*). From (2) and (44), we get
0 = A>CZy(In A)gm(CZ1,CZ4) (45)

for CZ; € I'(u). So, we get CZ>(InA) = 0. It means A is a constant on u. Similarly, we obtain from (18) and
(44)
0 = —A*wlU;(In A)gp(CZy, CZ3) (46)

with CZ; = CZ; for wU; € T(w(D)). So, we get wl;(InA) = 0. It means A is a constant on w(D*). Thus, F
is a horizontally homothetic map from (45) and (46). The proof is complete. [

Definition 3.12. Let F be a map from a complex manifold (M, gm, J) to a Riemannian manifold (N, gn). Then F is
called a D*-pluriharmonic map if F satisfies the following equation

(VE)(V1, V2) + (VE)(JV1,]V2) = 0 (47)
for V1, V, € T(D*) [16, 17].

Theorem 3.13. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gum, ]) to a
Riemannian manifold (N, gn). Then any three conditions below imply the fourth condition:

- Tov,@Va2 + Ay, V1 + Apy, 9V2 =0,
ii- Fis a D*-pluriharmonic map,
iii- F is a horizontally homothetic map and (VF,)*(wV1, wV>3) =0,
iv- The distribution D* defines a totally geodesic foliation in M
for any V1, V, € T(DH).
Proof. We only show the proof of (iii) and (iv). The proof of (i) and (ii) are clear. From (5), (13), (14) and
(47), we get

M
F.(Vy, V)

—F.(Topv,@V2 + Auv, V1 + Auv, 9 V2)
wVi(In V)F(wV3) + @Vi(In A)F.(wV7)
- gm(wVy, wVy)F.(grad(In A)) + (VE.) (wV1, wVy) (48)

+

for any V1, V, € T(D*). Suppose that (i), (ii) and (iii) are satisfied in (48). Then, we have

Tovi@Va + Ay, V1 + Apy, V2 = 0,

(VE)(V1, V2) + (VE)(JV1,]V2) =0,

wVi(InA)F.(wV3) + wVa(In A)F(wV7) — gu(w V1, wV2)F.(grad(In A)) = 0,
(VE) (@V1, wVa) = 0,
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M
respectively. Thus, we have F.(Vy,V3) = 0 for V1, V, € T(D*). Therefore, the distribution D+ defines a
totally geodesic foliation in M. Suppose that (i), (ii) and (iv) are satisfied in (48). Then, it is clear from (48)
that (VF.)*(wV1,wV>,) = 0 and we obtain

0 = wVi(In V)F(wV?) + wVa(In A)F.(w V1) — gm(@V1, Va)F.(grad(In A)) (49)
for any V1, V, € T(D*). From (2) and (49), we get
0 = A2 Vy(In V)gm(wVi, wV7) (50)

for vV € T(w(D1)). So, we get wVr(In A) = 0. It means A is a constant on w(D™). Similarly, we obtain from
(18) and (49)
0 = —A2CX(In M)gm(w Vi, @ V) (51)

with wV;1 = @V, for CX € I'(u). So, we get CX(InA) = 0. It means A is a constant on p. Thus, F is a
horizontally homothetic map from (50) and (51). The proof is complete. [

Definition 3.14. Let F be a map from a complex manifold (M, gy, J) to a Riemannian manifold (N, gn). Then F is
called a D-pluriharmonic map if F satisfies the following equation

(VE)(V1, V2) + (VE)(JV1,]V2) =0 (52)
for Vi, Vs € T(D) [16, 17].

Theorem 3.15. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gm, ]) to a
Riemannian manifold (N, gn). Then any two conditions below imply the third condition:

i- CTov,¢*Va + wv%,vlq)sz =0,
ii- Fis a D-pluriharmonic map,
iii- The distribution D defines a totally geodesic foliation in M
forany Vi,V € T(D).

Proof. We only show the proof of (iii). The proof of (i) and (ii) are clear. From (5), (14), (17), (18), and (52),
we get

M M
F.(Vv,V2) = F.(CT 41,V + woVey, $* V) (53)
for any Vi, V, € I'(D). Suppose that (i) and (ii) are satisfied in (53). Then, we have

M
CT(pV] (PZVZ + Q)UV(pV] (PZVZ = O,
(VE)(V1, V2) + (VE.)(JV1,]V2) = 0,

M
respectively. Thus, we have F.(Vy, V,) = 0 for V1, V; € I'(D). Therefore, the distribution O defines a totally
geodesic foliation in M. [

Definition 3.16. Let F be a map from a complex manifold (M, gm, J) to a Riemannian manifold (N, gn). Then F is
called a {(kerF.)* — kerF.}-pluriharmonic map if F satisfies the following equation

(VE)X, V)+(VF)(X,JV) =0 (54)

for X € T((kerF.)*) and V € T(kerF.) [17].
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Theorem 3.17. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gum, ]) to a
Riemannian manifold (N, gn). Then any two conditions below imply the third condition:

M M
i- C{ﬂx(pv + hVXa)V} + w{ﬂXwV + UVX(pV} = —{TBchV + AL,vBX + ﬂcx¢)V},
ii- Fis a {(kerF.)* — kerF.}-pluriharmonic map,

iii- F is a horizontally homothetic map and (VF,)*(CX,wV) =0

for any X € T((kerF.)*) and V € T'(kerF.).

Proof. We only show the proof of (iii). The proof of (i) and (ii) are clear. Since second fundamental form of
a map (VF.) is symmetric from (5), (12), (13), (14), (18) and (54), we get

M M
0 = F(CAxPV + wvVxdpV + wAxwV + ChVxwV)
F.Tpx¢V + AyvBX + AcxdV) + (VE)*(CX, wV)
CX(InV)F.(wV) + wV(In A)F.(CX) (55)

+

for any X € I'((kerF.)*) and V € I'(kerF.). Suppose that (i) and (ii) are satisfied in (55). Then, we have
M M
C{ﬂxqbv + hVXa)V} + a){&zlxa)V + UVX(pV} = —{Tgx(pV + ﬂa,vBX + ﬂcx(pV},
(VE)X, V) + (VE)(JX,]V) =0,
respectively. Then, it is clear from (55) that (VF.)*(CX, wV) = 0. Thus, we have
0 = CX(In A)F.(wV) + @V(In A)F.(CX) (56)
for any X € I'((kerF.)*) and V € I'(kerF.). From (2) and (56), we get
0 = A?wV(In A)gp(CX, CX) (57)

for CX € T'(u). So, we get wV(InA) = 0. It means A is a constant on w(D+). Similarly, we obtain from (18)
and (56)
0 = A’CX(In )gu(wV, wV) (58)

for wV € TI'(w(D™)). It means A is a constant on u. Thus, F is a horizontally homothetic map from (57) and
(58). The proof is complete. []

Now, we investigate totally geodesicness of distributions in M.

Theorem 3.18. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gu, ]) to a
Riemannian manifold (N, gn). Then, kerF. defines a totally geodesic foliation in M if and only if

i- gn((VE)(U, V), F(w¢Z)) - IZN((VF*)(U, V), F(wZ))
= A{gu(VuV, $2Z) — gu(hVuwV, 0Z)),

ii- gn((VE)(U, V), F(wBX)) + gn((VE)(U, ¢V), F.(CX))
M
= 2{gu(VuV, ¢BX) + gm(hVywV, CX)}

are satisfied for any U,V € I'(kerF.), X € T(u) and Z € T(D™+).
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Proof. Firstly, we show (i). Since M is a Kaehlerian manifold from (17), we have

M M
gM(VUV/ Z) = gM(VU¢V +wV, (PZ + wZ)
for any U, V € I'(kerF.) and Z € T'(D+). Then, from (2), (8) and (9) we have

M M
= gm(VulV, ¢Z) + gu(TudV, wZ) + gu(hVuwZ, wZ).
Since (VE.)(U, ¢V) = =F.(Tu¢pV), we obtain

= VY, 62) + guN oV, 07) - on(VENU V), F.(w2) 59)
for any U, V € I'(kerF.). On the other hand, we have from (8)
m(VulV,02) = ~gu(VuV,J92)
= —gm(TuV,0pZ) = gu(VuV, $*Z)
= SON(TRUY), E@2) - gu(TuV,$°2), (60)

Now, using (60) in (59) we get
0 = %ww((VR)(U, V), Fw$Z)) — gn(VEY)U, V), Fu(wZ))}

M ~
+ guVuoV,wZ) - gu(VuV, ¢22). (61)
Therefore, we obtain (i). Now, we show (ii). Thus, from (8), (9), (17) and (19) we get
M M M
gm(VuV, X) = gm(VuV,JBX) + gu(VuoV + 0V, CX)
= gu(TuV,wBX) + gu(VuV, pBX)
M
+  gm(TueV,CX) + gu(hVywV, CX)
1 ~
= —ﬁgz\i((vﬂ)(uf V), F(wBX)) + gu(VuV, ¢BX)

- SNV 6V), ECX) + gV uaoV, CX) ©

for any U, V € I'(kerF.) and X € I'(u). Hence, we obtain (ii) from (62). The proof is complete. [J
Theorem 3.19. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gum, ]) to a
Riemannian manifold (N, gn). Then, (kerF.)* defines a totally geodesic foliation in M if and only if
gV((VE)(X, BY), E.(wl) = 22{gu(iVxCY, wl) + gu(@VxBY + AxCY, ¢UD)
is satisfied for any X, Y € T((kerF.)*) and U € T(kerF.).
Proof. From (17) and (19), we have

M M
gM(VXy, U) = gM(VxBY + CY, quI + a)U)
for any X, Y e I'((kerF.)*) and U € T'(kerF.). Since (VF.)(X, BY) = —F.(AxBY) we have

M 1 M
gu(VxY,U) = —-59n((VE)X, BY), E.(0U)) + gu(iVxCY, U)

M
We obtain the proof from (63). O
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Theorem 3.20. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gum, ]) to a
Riemannian manifold (N, gn). Then, the distribution D defines a totally geodesic foliation in M if and only if

i gn((VE)(Us, $U), E-(@V)) = A2 @V, oL, V),

M
ii- gn((VE.)(Uy, ¢Uy), F.(CX)) = A2gm(vVy, ¢pUs, BX)
are satisfied for any Uy, Up € T'(D), X € T((kerF.)*) and V € T(DH).

Proof. From (16) and (17) we know wll, = 0. Then, we get

M
gM(Vu1¢U2, (PV + CL)V)
M
Im(Tu, @Uz, wV) + gm0V, pUz, V)
for any Uy, Up € T(D) and V € T(D*). Since (VE.)(Us, pUy) = —F.(Tu,¢pUs), we have

M
gm(Vu, Uz, V)

gV, Un, V) = =25 an(TE (U, pU), FuwV) + gV, oL, 6V). (64)

From (64) we have (i). Similarly, we get

M M
gm(Vy, Uz, X) gm(Vu, Uy, BX + CX)

M
gM(Tul(PU2, CX) + gM(vVul¢u2, BX)

L (VU §L), Fo(CX0) + gua(@V o 9L, BX) )

for any U;, U, € I(D) and X € I'((kerF.)*). From (65) we have (ii). The proof is complete. [

In a similar way, we get the following theorem.

Theorem 3.21. Let F be a proper conformal generic Riemannian map from a Kaehlerian manifold (M, gm, ]) to a
Riemannian manifold (N, gn). Then, the distribution D* defines a totally geodesic foliation in M if and only if

i gn((VE)(V1, oU), (V) = A2gu(@Vy, dU, 6V2),

M M
ii- gn((VE.)(V1, BX), F.(@V2)) = AX{gm(hVy,CX, @V2) + gm(©Vy,BX + Ty, CX, pV2)}
are satisfied for any V1, V, € T(D*), X € T((kerF.)*) and U € T(D).
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