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Inequalities for strongly convex functions via Atangana-Baleanu
Integral Operators

Seydanur Kizil?, Merve Avci Ardic?
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b Adiyaman University, Faculty of Science and Arts, Department of Mathematics, Adiyaman, Turkey

Abstract. In this study, new results are generated for strongly convex functions with the help of Atangana-
Baleanu integral operators.

1. Introduction

We will start by remembering the definitions of convex and strongly convex functions respectively.
Let I be an interval in R. Then p : I — R is said to be convex if for all n1,1, € [ and all t € [0, 1],

p(tny + (1= D) < tp(ny) + (1 = Dp(na) @

holds. If the inequality in (1) is reversed, then p is said to be concave (See [36]).
Recall that a function p : I € R — R is called strongly convex with modulus c > 0 if

p(tny + (1 — Hny) < tp(ny) + (1 — Hp(na) — ct(1 — H)(n1 — n2)?, ()

for all ny,n, € I and ¢ € [0, 1] (See [37]).
The following inequality is the Hermite-Hadamard inequality that has an important place for convex
functions.

Theorem 1.1. Suppose that p : I € R — R is convex function on I C R where n1,ny € I, with n1 < ny. The
following double inequality is called Hermite-Hadamard’s inequality for convex functions (See [36]):

n + 1o 1 "2 p (n1) + p (n2)
P( 2 )Snz—mj,; p(n)dnsf‘ )

In [27], Merentes and Nikodem obtained the following inequality. This inequality is important as being
a counterpart of the Hermite-Hadamard inequality for strongly convex functions.
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Theorem 1.2. If a function p : I — R is strongly convex with modulus c then

f " pmydn < w - Zm—m)?, )

(711 + 1y

¢ 2
J— — <
5 )+12(n1 ny)” <

np —m
forall ny,ny €1, 1y < ny.

In [30], Ostrowski proved Ostrowski’s inequality which is another important inequality in the theory of
inequalities as the following:

Theorem 1.3. Let p bea differentiable function on (11, n,) and let, on (ny, ny), p’(n)| < K. Then, for everyn € (n1,1y)

(n-2g2)
<|l-+—7

(n2 —m)
We recommend to see the studies [11], [12], [14], [16], [17], [21]-[29], [32]-[36] and [41]-[43] for results
that include convex functions, strongly convex functions, Hermite-Hadamard and Ostrowski inequalities.
Now, we will give some of the derivative and integral operators.

ny

1
p— fp(t)dt

n

p(n) —

I

‘ (le - 711) K. (5)

Definition 1.4. (See [15]) Let p € HY(0,1,), ny > ny, & € [0,1] then, the definition of the new Caputo fractional

derivative is: ,
ot = 1 [ e -

where M(&) is normalization function.

&
a _5)(t—s)}ds (6)

The integral operator associated to this fractional derivative has been given with a non-singular kernel
structure as follows.

Definition 1.5. (See [2]) Let p € HY0,1,), ny > ny, & € [0,1] then, the definition of the left and right side of

Caputo-Fabrizio fractional integral is:

(1) 0 = 30+ 505 f p(y)dy,
and nz
(“Ep) 0 = S0+ o [ oy
where B(&) is normalization function.
Atangana and Baleanu have defined the following fractional derivative and integral operators.

Definition 1.6. (See [7]) Let p € H'(n1, 1), np > ny, & € [0,1] then, the definition of the new fractional derivative

is given:
ABCyé _BE® (", L (E=w)e
Definition 1.7. (See [7]) Let p € H'(n1,n), np > ny, & € [0,1] then, the definition of the new fractional derivative
is given:
ABRyE _ B(é)ift G0

The associated integral operator is presented as follows.
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Definition 1.8. (See [7]) The fractional integral associate to the new fractional derivative with non-local kernel of a
function p € H'(n1,ny) as defined:

& _ 1- é é ' &
Wl p) = 30 " 35 f p(u)(t — 1) du

where n, > ny1,& €[0,1].
In [1], the authors have given the right hand side of integral operator as following;

£ _1-¢ < " £
(15 100 = b+ g [ pladte=

Here, I'() is the Gamma function. Since the normalization function B(§) > 0 is positive, it immediately
follows that the fractional Atangana-Baleanu integral of a positive function is positive. It should be noted
that, when the order & — 1, we recover the classical integral. Also, the initial function is recovered
whenever the fractional order £ — 0.

We recommend to see the studies [2]-[6], [8], [9], [13], [18]-[20], [31] and [38]-[40] for results that include
fractional operators.

In this study, we obtained Hermite-Hadamard and Ostrowski type inequalities for strongly convex
functions with the help of Atangana-Baleanu integral operators. In addition, we obtained inequalities on
the product of convex and strongly convex functions and the product of two strongly convex functions via
Atangana-Baleanu integral operators.

2. New results for strongly convex functions

Theorem 2.1. Let p : I — R be a strongly convex function with modulus c (c > 0). If p € L[ny, ny], forallny, ny €1,
n < ny following inequality which involves Atangana-Baleanu integral operators holds

1 (213, {p(m2))) )

(”2 - 711)‘S
£ [ptm) | plm) o —m)? 1-¢
= B@W@J * "

1 EE+D ©+0E+2|" momyBe ™

where & € (0,1], B(E) and I'(&) are normalization function and Euler gamma function respectively.
Proof. Since p is strongly convex function, we can write
p(tny + (1= Hnz) < tp(m) + (1 = Hp(nz) = ck(1 = £)(n2 — m)? (10)

for all ny,ny € I, n1 < np and t € [0,1]. If we multiply the both sides of (10) with 571 and after that if we
integrate the resulting inequality on [0, 1] over ¢, we obtain

1
fo 57 p(tny + (1 — tynp)dt (11)

IA

1
f 7 [tp(m) + (1 = Dp(inz) — ct(1 = )(mp — m)? | dt
0
pim)  plna) el —m)

E+1 &+ (E+D(E+2)
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By changing the variable fn; + (1 — £)n, = u, we can write the inequality in (11) as

&-1
i | = (12)

p(n1) p(nz) c(ny —m)?

E+1 E(E+1) (E+D(E+2)

If we multiply the both sides of (12) by m and if we add the term
(12), we get the inequality in (9). O

Remark 2.2. If we choose & = 1 in Theorem 2.1, we obtain the right hand side of (4).

W p(nz) to the both sides of

Theorem 2.3. Suppose that p,o : I C R — [0, o0) are convex and strongly convex (with modulus c, c > 0) functions
on I respectively where ny, ny € 1, ny < ny. If po € L[ny, nz], we have the following inequality

(13)
AB7é
%_M(J{mmm
< 1 2
< BOTE) {5 ) |p(n1)o(n1) e 1)p(n2)o(n2)]
1
t T D E g o) + plm)atm)]
2p(n2) 1-¢&
—c(ny — m)? m [P( )+ i1 ]} s nl)éB(é)pa(nZ)
where & € (0,1], B(&) and T'(&) are normalization function and Euler gamma function respectively.
Proof. If we consider the definitions of convex function and strongly convex function we can write
p(tmy + (1 = t)na) < tp(m) + (1 = Hp(nz) (14)
and
o(tny + (1 — Hnp) < to(m) + (1 — Ho(ng) — ct(1 — £)(ny — n1)? (15)
forall n1,n; € I and t € [0, 1]. If we multiply the inequalities in (14) and (15) side by side, we obtain
p(tny + (1 — Hng)o(tng + (1 — H)ny) (16)

< Pp(m)o(m) + H1 - H)p(ni)o(ng) — ct(1 = H)(ny — m1)*p(n1)
+t(1 — Ho(n1)p(n2) + (1 — £)*p(n2)a(n2) — ct(1 — £)*(ny — n1)*p(na).

Similar to the steps in the proof of the Theorem 2.1, if we multiply both sides of (16) by t*71, and after that
if we integrate the resulting inequality on [0, 1] over ¢, we obtain

1
f 7 p(tny + (1 = Hng)o(tny + (1 — tyny)dt A7)
0

p(ni)o(n) + P(nz)U(nz)]

2
EE+1)
[p(n1)a(nz) + p(n2)o(n1)]

2p(n2)
p(n1) + Tl ]

1[
<
- &+2
P S
(E+1)(E+2)

—c(ny — 711)

@+2M5+$

If we change the variable for the left hand side of inequality in (17), and after this operation if we multiply the
bozll135)1des of resulting inequality with 5z g)r ; and if we add the term m po(ny), we get the inequality
n |
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Remark 2.4. If we choose & = 1 in Theorem 2.3, we obtain the inequality in Theorem 2.14 in [41].

Theorem 2.5. Suppose that p,o : I C R — [0,00) are strongly convex functions with modulus c¢ (c > 0) on I
respectively where ny,ny € I, my < ny. If po € L[n1, ny], we have the following inequality

(18)

R (#515, {po(n2)})

& 1 2
B(EL(E) {m [P(nl)a(nl) + mp(n2)o(n2)]

IN

1
t T @ e [Pmolm) + plm)o(m)]

c(ny — ny)? 2p(n2) 20(n2) 2 4 2
'Xé+2xé+$[9m”*'é+1 olm)+ 5+1]+C“”_””(5+2M5+3M5+®}
1-¢&

oy B@E "

where & € (0,1], B(&) and T'(&) are normalization function and Euler gamma function respectively.
Proof. Theorem 2.5 can be proved similar to the proof of Theorem 2.3. It is left to the interested reader. [

Remark 2.6. If we choose & = 1 in Theorem 2.5, we obtain the inequality in Theorem 2.11 in [41].

Now, we will give some results by using the following lemma which is the first lemma of Ostrowski
type that includes Atangana-Baleanu operator.

Lemma 2.7. (See[10]) Let ny < ny, ny,np € I°and p : I € R — Rbeadifferentiable functiononI°.If p’ € L[ny, ny],
the following identity for Atangana-Baleanu integral operators is valid for all n € [n1,n3], £ € (0,1]and t € [0,1] :
(19)
p(n)
(2 = n1)B(E)I(E)

1
G 13 (o)} +1° 15, {p(n2)]

[(12 = n)* + (n = my)*]

1-¢
o B L) + pna)]
- (n —np)stt 1 ., )
~ (m—n)BEI(E) Jy tp’(tn + (1 — tyny)dt
(ny — )1 1

tep (tn + (1 — tyny)dt.

(12— m1)BE(E) Jo

Here B(&) > 0 and I'(E) are normalization function and Euler gamma function respectively.
By using this lemma, let us arrange results for first order differentiable strongly convex functions.

Theorem 2.8. Let 11y < np, ny,np € I°and p : I € R — R be a differentiable function on I° and p’ € L[ny, ny]. If

M cn-m)?>  c(ny—n)?
p’ o/l < Mand &7 > max{(£+2)(§+3)' <<s+22)(£+3>}'f"r

is strongly convex function with modulus ¢ > 0 on [ny,nz],
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all n € [ny,n,], & € (0, 1] we obtain the inequality below:

(20)
p(n) NN
2= myp@r@ L2~ Y]
AB7E AB 7&
~n s [ ) 7 4 {p ()
1-¢&
+m [p(n1) + p(n2)]
- (n —nqp)s*t ( M cn-m)? )
T (m—m)BEI(E) \E+1  (E+2)(E+3)
N (ny — n)c+t ( M c(np - n)? )
(n —n)BEOTE)\E+1  (E+2)(E+3))
Here B(&) > 0.
Proof. By using the equality in (19), we have
(21)

p(n)
(n2 — n1)B(ET(E)

MBI (p(m)) +1P I, {p(na))]

[(n2 = ) + (n = m)F]

__;L_[
(12 —m)
L 1=c
(n2 — n1)B(&)
(-m)t
(12 — n1)B(E)T(E) f(;
(ny — n)&+1 ! "

T2 - mBEOLE) Jo

and the fact that

[p(11) + p(n2)]

IA

p'(tn + (1 — tyny)| dt

p'(tn + (1= Hymy)| dt.

If we use the strongly convexity of < Min (21), we can deduce

o’ o’
p(n)

(na —n1)B(ET(E)
(n2 i 1) [ABIE {p(n)} +,° I, {P(nz)}]

fo1=&
(n2 — n1)B(E)

< (n —mnp)=*! ! é[t

= (n2 —m)B(ET(E) Jo

(2 — n)*+! L
n - mBET® fo “lelorol+a-n
(n —np)sH ( M c(n —mn)? )

[(12 = ) + (n = m)F]

[p(n1) + p(n2)]

p/(m)| + (1= 1) [p’ (m)| = ct(1 = H(n — m)?] dt

P/ ()| = ct(1 - t)(n — m)? | dt

IA

(n —n)BETE) \E+1  (E+2)(E+3)
. (ny — n)=*1! ( M (= n)? )
(ny —n)BETE)\E+1  (E+2)(E+3))°

The proof is done. [
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nitny ‘H’lz

Corollary 2.9. In Theorem 2.8, if we choose n = , we have the following inequality:

(ny —m)*t (m +my
2&%@Na4 2 )
[ 00} #4512
p1=¢

(2 — m)B(&)

(ny —m)°* ( M cm-m) )

T OB \E+T 4(E+2)(E+3))°

[p(n1) + p(n2)]

In the rest of the this section, for the simplicity we will use the following notations:

B p(n) :

Ni = BT L ]
1

1y —m)

1—¢

- m)BE)

|21 {p ()} +12 I, {p (o)}

[p(n1) + p(n2)],

_(—m)*t i+
M‘Z*%@nad 2 )

1 c £
P [ABIMMZ{ ()} +4 ,WZ 5 {p (nz)}]

1_

+m [p(n1) + p(n2)] .

It will also not be repeated in the rest of the study that B > 0 is the normalization function and I is the
gamma function.

Theorem 2.10. Let 1y < np, 1y, np € Pand p: ICIR — Rbea diﬁerentiablefunction onI°and p’ € L[ny, np]. If
{C(" m)? C("z n)? } for all

n € [ny,nz], & € (0, 1] we obtain the inequality below:

(1 — )+ ( )( o - n1 )
NI < G omB@ET® (T 1 @)

(n2 = m)**! ( ) ( g Cln2 - ”)2)
Tm-mBor@\ma1) M6

whereq>1and}17+%:1.

Proof. To prove Theorem 2.10; we will use Lemma 2.7, property of modulus, Holder inequality, strongly
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SRR —

Ml = (ny —n1)B(ET(E) t dt t)nl)‘ dt
[ [ -ror]
+(n2—n1)B(§)r(5) ft Pdt t)n2)| dt

IA

(n—ny)** ( 1 )’1’
(n2 —n1)BEI(E) \ép +1

><(f01 [t )| + @1

N (ny — n)s+1 ( 1 );
(n2 —m)B(E(E) \ép +1

><(f01 [t )| + @1

(n = ny)**! ( 1 ):’ (Mq _co(n— nl)z);
(n2 —n1)BOI(E) \&p +1 6

(12 = )" ( 1 )’1” ( oy - n)Z);
T —mBor@ \g+1) M7 6

which is the inequality in (22). O

1

)" = ct@ = H(n - m)?] dt)

1

)" = ct(d = H(n2 — n)?] dt)

Corollary 2.11. In Theorem 2.10, if we choose n = "5, we have the following inequality:

(np —m1)* 1y c(ny —m1)? g
'NZ'S%B(&)F(&)(@H) (Mq_ 24 ) |

Theorem 2.12. Let ny < np, ny,ny € [°and p: I CR — Rbea dlﬂ'erentiablefunction onI° and p’ € L[ny, np]. If

> cn=m)® _c(np—n)
na] el max{(a+2)<z+3>f <5+z><a+3>}'f07
all n € [n1,n,], & € (0, 1] we obtain the inequality below:
n—np)et! c(n-n)? \i
Ny < ( 1) ( ( 1) ) (23)
(n2 —n1)B(E) 1"(5) 5+1 E+1 (E+2)(E+3)
%

L (- ( ) ( M7 c(ny = n)? )
(o —m)BEOTE)\&+1) \E+1  (E+2)(E+3)
where g > 1 and + =1

Proof. In the proof of Theorem 2.12, we will use the Holder’s inequality in a different way as following:

(n - my)e . ) (

NIl < G SmBEN® (f rat f
([

- mBEOLE) f et f

— )|’ dt)

~ )|’ dt) .
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If we use the strongly convexity of |p’ 7 and the fact that p’| £ Min above and if we make the necessary
calculations in obtained new inequality we will reach the inequality in (23). O

n1+ns

Corollary 2.13. In Theorem 2.12, if we choose n = =52, we have the following inequality:

INo| < (na — mp)* ( 1 )’1’( M1 c(ny — my)? );.

2BEOTE)\E+1) \E+1 4E+2)(E+3)

Remark 2.14. Theorems 2.8-2.12 and Corollaries 2.9-2.13 are generalizations of Theorem 2.2, Theorem 2.5, Theorem
2.8, Corollary 2.4, Corollary 2.7 and Corollary 2.10 respectively which are obtained by Set et al. in [41].

Theorem 2.15. Let ny < 1y, n1,ny € I°and p : I € R — R be a differentiable function on I° and p’ € L[ny, ny]. If
p/ p/ < M, M1 > max{ c(n—-m)? c(na—n)? }’

&+l (&p+2)(ep+3)” (p+2)(Ep+3)
forall n € [ny,n;], & € (0,1] we obtain the inequality below:

Tis strongly convex function with modulus ¢ > 0 on [ny, ny] and

IN:| (24)
(n —np)** ( g-1 )1_; ( MI c(n=m)? );
(ny —nm)BET(E) \&E(q-p)+q-1 p+1 (Ep+2)(p+3)

L ) ( 7-1 )1‘3(1\44 = )3'
(np —m)BET(E) \E(@-p)+q-1 p+l (Ep+2)(&p+3)

whereq2p>land%+%:1.

Proof. Applying Holder’s inequality in a different way, we have
IN1|

(”2(11 ;1;11;2?);(5) ( fol té(g‘p)dt) 1( fo L
([t ([
([ el

X (fo1 [t P/ ()| = ct(1 = H(n - ny)?] dt)q
Tm (zl_)gglr(a) (fol té(md’f) _

x(foltgf’[t

< M and if we calculate the integrals above, we complete the proof. [

p'(tn + (1= Hm)|" dt)q

p'(tn+ (1= )|’ dt)q

IA

1

p'm)|"+ (1 -1)

N

1

P+ (1= t) |’ (m)| - ct(1 = t)(n2 — m)?] dt)q .

If we use the fact that

p/

M2 we have the following inequality:

Corollary 2.16. In Theorem 2.15, if we choose n =

IN2| < (ny — my)¢ ( g-1 )1_; ( M1 c(ny — my)? ); )

2EBET(E)\E(G-—p) +g-1 p+1 4(Ep+2)(Ep+3)
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To obtain new results for second order differentiable strongly convex functions we will use the following
Ostrowski-like lemma.

Lemma 2.17. (See [10]) Let ny < np, ny,ny € I°and p : I € R — R be a differentiable function on I°. If
p” € L[ny, ny], identity for Atangana-Baleanu integral operators in equation (25) is valid for all n € [nq,nz],
t,&£€[0,1]:

(25)
(nz =y [T e} 4 1 p(r)}] - ﬁ [p(1) + p(12)]
~mmEr o o e
= s n(lr)lB_( ;})f; Y t£+1 P (tn + (1 — )y )dt
(12 — )2

1
g+1 ’” _
+ (ny —n)BE(E) (E+1) J t (tn + (1 — t)ny)dt.

Theorem 2.18. Let 1y < ny, n1,nz € I°and p : I € R — R be a differentiable function on I° and p” € L[nq, ny]. If

n2], || < My and 5 > max{(gig(”gi), (gi";){gﬁ)},for
all n € [n1,n,], & € [0, 1] we obtain the inequality below:
(26)
1-
(m —y [l 57 8 (ptna)l] - W [p(m) + p(n2)]
B p(n) c g, m=m)*" =y —n)*!
T mB@E® L=+ =) |+ e e S E e @
< (n = np)** ( M c(n-m)? )
T (m=m)BEOTE)E+D\E+2 (E+3)(E+4)
N (1p = n)°*2 ( M cnp—n) )
(my—m)BETE)E+D\E+2 (E+3)(E+4))
1 1-
s [0 Lot 42 5, )] ~ ot [ptm) + ()
) o a ]y ) = l
= B@TE |2 =+ = | e e e e
(7’1 —n )g+2 + 7 77
R BETE E D t‘i [tlo il + @ =)o )] = et1 = s — )] at
(np — n)**2

tf-“ [t

p(m)] + (1 = 1) |p” (n)] = ct(1 = H(mz = n)?] dt.

T2~ nBETE) €+ D)

We complete the proof by making the necessary calculations in above and by taking into consideration that
p” <M;. O

nitny

Corollary 2.19. In Theorem 2.18, if we choose n = =52,

(ny — ny)**! ( My c(np - m)* )
2HBEIE)(E+D)\E+2 4(E+3)(E+4))

we have the following inequality:

INo| <




S. Kizil, M. Avct Ardig, /TJOS 6 (2), 96-109 106

In the rest of this section, for simplicity we will use

_ 1 AB7E AB 1& _ 1-¢
N3 - (7’12 _ nl) [ I?’l {p(nl)} +n Il’lz {p(nZ)}] (le _ nl)B(é) [p(nl) + p(nZ)]
3 p(n) (n —n)** = (ny —n)*+! ()
(12— n)BET(E) (2 - n)BEIE© E+ 1 "
Theorem 2.20. Lef ny < np, ny1, 1z € [°and p : I € R — R be a differentiable function on I° and p” € L[ny, ny]. If
Jod Tis strongly convex function with modulus ¢ > 0 on [ny, ny] and |p”’'| < My, MZ > max {M, M} , for all
n € [ny,nz], € € [0,1] we obtain the inequality below:

IN3| (27)

(n —ny)&+? ( 1 ); (Mq B c(n—nl)z);
(ny —n)BEOT(E) E+D\(E+Dp+1 1 6

[(n2 = m)° + (n = m)*] +

. (1’12—1’1)&'2 ( 1 )]( . C(le_n)2)3’
(n2 =n)BEOTE) (E+D\(E+p+1 1 6

whereq>1and%+%=1.

Proof. To prove this theorem, we will use similar operations that we used when proving Theorem 2.10. So,
we have

IN|

1
p

(n —np)s*2 ! (E+1) )
(12— m)BEOIE E + D (j; e
1
x ( L [t
N (ny — n)&+? (fl t(£+1)pdt)p
(n2 = n1)BOT(E) (€ + 1) \

1
X t
L1
If we calculate the integrals above and if we consider the fact that
(27). O
ni+nn

Corollary 2.21. In Teorem 2.20, if we choose n = =52, we have the following inequality:

1

p ()] - ct(1 = (1 = m)?] dt)q

p" )"+ (1 -1

p”(n2)|q —ct(1-t)(ny — n)z] dt) q .

p" )"+ (1 -1

’”

p”’| £ My, we get the inequality in

(12 = m)**! LV (o =m2)e
2SHBEOTE) (E+ D \(E+Dp+1 ! 24 '
Theorem 2.22. Let ny < np, ny,n, € I°and p : I € R — R be a differentiable function on I° and p” € L[ny, ny]. If

#|" is strongl tion with modulus ¢ > 0 on [y, na] and |p”| < My, 155 > max | sl ducr )
p”’|" is strongly convex function wi ‘ mo u us c : on [my, na] and |p”| < My, 75 2 MaX |\ E@3@0 GaEd | -
for all n € [n1,n2], & € [0, 1] we obtain the inequality below:

IN3| (28)
(= nmy)+2 ( 1 )i M _cn-m)p Y
(n2 =m)BETE)(E+D\E+2) | E+2 (E+3)(E+4)

f (m-m ( 1 )5 M cm-np )
(2 =n)BEOLE)(E+D\E+2) (E+2 (E+3)(E+49)

IN>| <

144
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where q > Land § + 1 =1.

1
p

(n = n1)°*2 ( " )
Nl = Ou—mB@W@M5+D~£t ﬂ
1
&+1
S
(2 = n)f+2 al)
(m—mB@U®®+D(ft i

( f ol

If we consider the fact that

1
q

p" )|+ @ =" )| ct(1 - t)(n — nl)z] dt)

1

P

1

p" )|+ 1= |p" ()| = ct(1 - t)(nz - ]dt) .

we get the inequality in (28). [

Corollary 2.23. In Theorem 2.22, if we choose n =

B2 we have the following inequality:

Nl < g = ); My e =) '
AR EBETE) (E+)\E+2) |E+2 4E+3)(E+4))
Theorem 2.24. Let ny < np, ny,np € [Pand p: I C R — Rbea dzﬁerentiablefunction onI° and p” € L[ny, ny]. If
7" c(n—m c(ny—n
[, o) and |p”| < My, g £p+p+1 = ma X{(ép+p+2)(ép+p+3) (ép+p+2)(ép+p+3)}

forall n € [ny,n,], & € [0,1] we obtain the inequality below:

IN3| (29)

(n—n1)*2 ( 9- M c(n —m)? ’
(n2 = n)BEOT(E)(E+ D\ (E+1) (g - p)+q 1 €P+P+1 Ep+p+2)(Ep+p+3)
%

(2 — n)*2 ( g-1 )1 M’ (s - )? '
12— m)BETE) E + 1) E+D)(@g-p)+q-1 +p+l (Ep+p+2)(Ep+p+3)

1.1
whereq2p>1andp+q_1.

Proof. Via a version of the Holder inequality that we have used in the proof of Theorem 2.15, we can write

1-

(n - ny)e+2 (e )(2 ))
'M'Smrmmmwgnxft at
1
(E+1)p
x(ﬂt
N (13 — 1)E+2 (fl t(5+1)(‘”{)dt)
(2 —m)BETE) € + 1) \ o

1
0

|1

1
q

p(tn+ (1= tymy)|" dt)

1
-5

=

p(tn + (1= tyny)|' dt) .

with

If we use strongly convexity of p") < M, and if we calculate the necessary integrals, we obtain

the inequality in (29). O

p
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ni+ny

Corollary 2.25. In Theorem 2.24, if we choose n = =52, we have the following inequality:

IN2| <

(LS S —

2S1BETE) E+D\E+D(g-p)+q-1

« Mtll B C(le - 7’11)2 i
Ep+p+1 4CEp+p+2)(Ep+p+3)]
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