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Abstract. In this paper, we apply ZZ-transform to solve linear Volterra integral equation of the first kind.
The several examples solve by ZZ- Transform. This means that ZZ- transform is a powerful tool for solving
linear Volterra integral equations of the first kind. The Convolution theorem for the ZZ- transform has been
proved. ZZ- transform for the solution of linear Volterra integral equation of the first kind submitted in
application section of this paper, some applications are given to demonstrate the effectiveness of proposed
scheme.

1. Introduction

Integral transformations are encountered in many fields of engineering and science such as electrical
networks, heat transfer, mixing problems, springs, signal processing, bending of beams, Newton’s second
law of motion, carbon dating problems, decay and exponential growth problems. In later times, many the
scientist are related in solving the problems of engineering and science by introducing new integral trans-
forms. The ZZ-Transform is integral transform. There are many integral transforms in the literature. Some
of these transformations are Laplace transform, Fourier transform, Elzaki transform, Sumudu transform,
Aboodh transform, Kamal transform [1, 9]. These transformations are used to solve for differential equa-
tions and integral equations. The ZZ-Transform was first presented by Zain UI Abadin Zafar in 2016 [10].

The linear Volterra integral equation of the first kind is given by f (t) =
x∫

0
K(x, t)u(t)dt,u(x) is the unknown

function and occurs only inside the integral sign. The function f (x)and the kernel K(x, t) are real-valued
functions [11]. The ZZ−transform of the function f (t)for t ≥ 0is defined as;

Z(u, s) = Z
{
f (t)

}
= s

∫
∞

0
f (ut)e−stdt (1)

or

Z(u, s) = Z
{
f (t)

}
=

s
u

∫
∞

0
f (t)e−

s
u tdt (2)
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Where Z (u, s) is transform operator. Assuming that the integral on the right side in (2) exists. The unique
function f (t) in (2) is called the inverse transform of Z (u, s)is indicated by

f (t) = Z−1
{Z(u, s)} (3)

If F(t) is piecewise continuous and of exponential order, the ZZ−transform of the function F(t) for t ≥ 0exist.
These conditions are only sufficent conditions for the existence of ZZ−transform of the function F(t).

1.1. Linearity Property of ZZ−Transform:

If Z {F(t)} = A(u, s) and Z {G(t)} = B(u, s)then Z {aF(t) + bG(t)} = aZ {F(t)} + bZ {G(t)} = aA(u, s) + bB(u, s)
,where a, bare arbitrary constants.

1.2. ZZ− Transform of Some Elementary Functions:

Table 1: ZZ− Transform of Some Elementary Functions:
No f (t) Z f (t)

1 1 1

2 t u
s

3 eat u
s−au

4 sin at aus
s2+a2u2

5 cos at s2

s2+a2u2

6 tn n! un

sn

7 eat sin bt b s
u

( s
u−a)2

+b2

8 eat cos bt
s2

u2 −
as
u

( s
u−a)2

+b2

9 t cos at
s
u

(
s2

u2 −a2
)

(
s2

u2 +a2
)2

10 t sin at
2a s2

u2(
s2

u2 +a2
)2

1.3. Existence of ZZ−Transform

Theorem 1.1. If f (t) is piecewise continuous in interval 0 ≤ t ≤ Kand of exponential order γ for t > K, then its
ZZ− transform Z(u, s) exists for all s > γ,u > γ .

Proof. We have for every positive number K,

s
u

∞∫
0

f (t)e−
s
u tdt =

s
u

∫ K

0
f (t)e−

s
u tdt +

s
u

∫
∞

K
f (t)e−

s
u tdt

Since f (t) is piecewise continuous in every finite interval 0 ≤ t ≤ K, the first integral on the right side exists.
Also the second integral on the right side exists. So f (t) is of exponential order γ for t > K. To see this we
have only to observe that in such case:
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 s
u

∞∫
K

f (t)e−
s
u tdt

 ≤ s
u

[
f (t)e−

s
u t
]

dt

≤
s
u

∞∫
0

e−
s
u t( f (t))dt ≤

s
u

∫
∞

0
e−

s
u tMeγtdt

≤
sM
u

∞∫
0

e−
s
u teγtdt ≤

sM
u

∞∫
0

e−( s
u−γ)tdt

=
sM
u

e−( s
u−γ)t(

−
s
u − γ

) /∞
0

=
sM

s − γu

1.4. Convolution of two Functions:

Convolution of F(t) and G(t) functions is defined by

F(t) ⊗ G(t) = F ⊗ G =

t∫
0

F(x)G(t − x)dx =

t∫
0

F(t − x)G(x)dx.

u
s

s2

s2 + u2 Z {x(t)} = 2
s2

u2

u4

(s2 + u2)2

1.5. Convolution Theorem for ZZ−Transforms:

Theorem 1.2. If Z{F(t)} = A(u, s) and Z{G(t)} = B(u, s) then

Z( f ⊗ 1) =
u
s

Z( f )Z(1)

Z {F(t) ⊗ G(t)} =
u
s

Z {F(t)}Z {G(t)} =
u
s

A(u, s)B(u, s)

Proof.

Z( f )Z(1) =
s
u

∞∫
0

f (τ)e−
s
u τdτ

s
u

∞∫
0

1(ϑ)e−
s
uϑdϑ

Z( f )Z(1) =
s2

u2

∞∫
0

f (τ)e−
s
u τdτ

∞∫
0

1(ϑ)e−
s
uϑdϑ (4)

t = ϑ + τ and ϑ = t − τ

Z(1) =

∞∫
τ

1(t − τ)e−
s
u (t−τ)dt

=

∞∫
0

1(t − τ)e−
s
u te

s
u τdt
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=

∞∫
τ

1(t − τ)e−
s
u te

s
u τdt

= e
s
u τ

∞∫
τ

1(t − τ)e−
s
u tdt

Thus

=
s2

u2

∞∫
0

f (τ)e−
s
u τdτe

s
u τ

∞∫
τ

e−
s
u t1(t − τ)dt

=
s2

u2

∞∫
0

f (τ)

∞∫
τ

e−
s
u t1(t − τ)dtdτ

=
s2

u2

∞∫
0

e−
s
u t

t∫
0

f (t)1(t − τ)dτdt

=
s2

u2

∞∫
0

e−
s
u t( f ⊗ 1)(t)dt

=
s
u

Z( f ⊗ 1)

Z( f ⊗ 1) =
u
s

Z( f )Z(1)

1.6. Inverse of ZZ−Transforms:
If Z {F(t)} = Z {u, s}then F(t) is called the inverse ZZ−transform of Z {u, s}and it is defined as F(t) =

Z−1
{Z (u.s)} , where Z−1 is the inverse ZZ−transform operator.

1.7. Applications:
In this chapter, some applications are given to show the effectiveness of ZZ−transform for solving of

linear Volterra integral equation of the first kind.

Example 1.3. Consider linear Volterra integral equation of the first kind:

x =

x∫
0

u(t)dt (5)

Applying the ZZ− transform to both sides of (5), we have:

Z {x} = Z


x∫

0

u(t)dt

 (6)

Using convolution theorem of ZZ−transform on (6), we have:

Z {x} =
u
s

Z {1}Z {u(x)}
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u
s

=
u
s
.1.Z {u(x)}

Z {u(x)} = 1 (7)

Operating inverse ZZ−transform on both sides of (7), we have:

Z−1
{Z {u(x)}} = Z−1(1)

u(x) = 1.

This is the exact solution of equation (5).

Example 1.4. Consider linear Volterra integral equation of the first kind:

x2 =
1
2

x∫
0

(x − t)u(t)dt (8)

Applying the ZZ−transform to both sides of (8), we have:

Z
{
x2

}
= Z

1
2

x∫
0

(x − t)u(t)dt

 (9)

Using convolution theorem of ZZ−transform on (9), we have:

2
u2

s2 =
1
2

u
s

Z {x}Z {u(x)}

2
u2

s2 =
1
2

u
s

u
s

Z {u(x)}

Z {u(x)} = 4 (10)

operating inverse ZZ−transform on both sides of (10), we have:

Z−1
{Z {u(x)}} = Z−1

{4}

u(x) = 4

This is the exact solution of equation (8).

Example 1.5. Consider linear Volterra integral equation of the first kind:

y(t) = t2 +

t∫
0

y(u) sin(t − u)du (11)

Z
{
y(t)

}
= Z

t2 +

t∫
0

y(u) sin(t − u)du


From the linearity property of the inverse ZZ−transform

Z
{
y(t)

}
= Z

{
t2
}

+ Z


t∫

0

y(u) sin(t − u)du

 (12)
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Using convolution theorem of transform on (12), we have:

Z
{
y(t)

}
= Z

{
t2
}

+
u
s

Z
{
y(t)

}
Z {sin t}

Z
{
y(t)

}
= 2

u2

s2 +
u
s

Z
{
y(t)

} us
s2 + u2

Z
{
y(t)

}
− Z

{
y(t)

} ( su2

s3 + su2

)
= 2

u2

s2

Z
{
y(t)

} (
1 −

su2

s3 + su2

)
= 2

u2

s2

Z
{
y(t)

} ( s3

s3 + su2

)
= 2

u2

s2

Z
{
y(t)

} ( s2

s2 + u2

)
= 2

u2

s2

Z
{
y(t)

}
= 2

u2

s2 .
s2 + u2

s2 .

Z
{
y(t)

}
= 2

u2

s2 + 2
u4

s4 (13)

operating inverse ZZ−transform on both sides of (13), we have:

Z−1 {
Z

{
y(t)

}}
= Z−1

{
2

u2

s2 + 2
u4

s4

}
From the linearity property of the inverse ZZ−transform

y(t) = Z−1

{
2

u2

s2

}
+ Z−1

{
2

u4

s4

}

y(t) = t2 +
t4

12
This is the exact solution of equation (11).

Example 1.6. Consider linear Volterra integral equation of the first kind:

t∫
0

cos(t − s)x(s)ds = t sin t (14)

Applying the ZZ−transform to both sides of (14), we have:

Z


t∫

0

cos(t − s)x(s)ds

 = Z {t sin t} (15)

Using convolution theorem of ZZ−transform on (15), we have:

u
s

Z {cos t}Z {x(t)} =
2 s2

u2(
s2

u2 + 1
)2
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u
s

s2

s2 + u2 Z {x(t)} = 2
s2

u2

u4

(s2 + u2)2

Z {x(t)} = 2
us

s2 + u2 (16)

operating inverse ZZ−transform on both sides of (16), we have:

Z−1
{Z {x(t)}} = Z−1

{
2

us
s2 + u2

}
x(t) = sin t

This is the exact solution of equation (14).

2. Conclusion

In this study, we have discussed the ZZ−transform for the solution of linear volterra integral equation
of the first kind. The given examples show that the exact solution have been obtained spending a very little
time and using very less computational work.
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