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Partial Sums of The Miller-Ross Function
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Abstract. This article deals with the ratio of normalized Miller-Ross function Eν,c (z) and its sequence of
partial sums

(
Eν,c

)
m (z) . Several examples which illustrate the validity of our results are also given.

1. Introduction

LetA be the class of functions f normalized by

f (z) = z +

∞∑
n=2

anzn (1)

which are analytic in the open unit diskU = {z ∈ C : |z| < 1} .
Denote by S the subclass of A which consists of univalent functions in U. Consider the function Eν,c (z)
defined by

Eν,c (z) = zν
∞∑

n=0

(cz)n

Γ (ν + n + 1)
(2)

where Γ stands for the Euler gamma function and ν > −1, c ∈ C and z ∈ U. This function was introduced
by Miller and Ross in 1993 [9] and is therefore known as the Miller-Ross function.
The function defined by (2) does not belong to the class A. Therefore, we consider the following normal-
ization of the Miller-Ross function Eν,c (z) : for z ∈ U,

Eν,c (z) = Γ (ν + 1) z1−νEν,c (z) =

∞∑
n=0

cnΓ (ν + 1)
Γ (ν + n + 1)

zn+1 (3)

where ν > −1 and c ∈ C.
Note that some special cases of Eν,c (z) are:

E0,1 (z) = ezz
E1,1 (z) = ez

− 1

E3,1 (z) =
3(2ez

−z2
−2z−2)

z2

E 1
2 ,

1
2

(z) = e
z
2
√
π
2

√
zErf

√ z
2 ,

(4)
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where Erf
√

z is the error function.
For various interesting developments concerning partial sums of analytic univalent functions, the reader
may be (for examples) refered to the works of Brickman et al. [1], Kazımoğlu et al. [7], Çağlar and Orhan
[2], Lin and Owa [8], Deniz and Orhan [4, 5], Owa et al. [11], Sheil-Small [14], Silverman [15] and Silvia
[16]. Recently, some researchers have studied on partial sums of special functions (see [3, 7, 10, 13, 17]).
By using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma functions, by (λ)n =
Γ(λ+n)

Γ(λ) = λ (λ + 1) · · · (λ + n + 1) , we obtain the following series representation for the ratio of normalized
Miller-Ross function Eν,c (z) given by (3):

(
Eν,c

)
0 (z) = z(

Eν,c
)

m (z) = z +
m∑

n=1
Anzn+1, m ∈N = {1, 2, 3, . . .} , (5)

where

An =
cnΓ (ν + 1)

Γ (ν + n + 1)
=

cn

(ν + 1)n
, ν > −1 and c ∈ C.

We obtain lower bounds on ratios like

<

{
Eν,c (z)(
Eν,c

)
m (z)

}
, <

{(
Eν,c

)
m (z)

Eν,c (z)

}
, <

{
E′ν,c (z)(
Eν,c

)′
m (z)

}
, <

{(
Eν,c

)′
m (z)

E′ν,c (z)

}
.

Several examples will be also given.
Results concerning partial sums of analytic functions may be found in [6, 12] etc.

2. MAIN RESULTS

In order to obtain our results we need the following lemma.

Lemma 2.1. Let ν > −1, c ∈ C and |c| < ν + 1. Then the function Eν,c (z) satisfies the next two inequalities:∣∣∣Eν,c (z)
∣∣∣ ≤ ν + 1

ν − |c| + 1
(z ∈ U) (6)

∣∣∣E′ν,c (z)
∣∣∣ ≤ 1 +

2ν |c| + 2 |c| − |c|2

(ν − |c| + 1)2
(z ∈ U) . (7)

Proof. By using the well-known triangle inequality:

|z1 + z2| ≤ |z1| + |z2|

and the inequality
(ν + 1)n ≥ (ν + 1)n , n ∈N, (8)

we have

∣∣∣Eν,c (z)
∣∣∣ =

∣∣∣∣∣∣∣z +

∞∑
n=1

cnΓ (ν + 1)
Γ (ν + n + 1)

zn+1

∣∣∣∣∣∣∣ ≤ 1 +

∞∑
n=1

|c|nΓ (ν + 1)
Γ (ν + n + 1)

= 1 +

∞∑
n=1

|c|n

(ν + 1)n
≤ 1 +

∞∑
n=1

(
|c|
ν + 1

)n

=
ν + 1

ν − |c| + 1
, (|c| < ν + 1)
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and thus, inequality (6) is proved.
To prove (7), using again (8) and the triangle inequality, for z ∈ U, we obtain

∣∣∣E′ν,c (z)
∣∣∣ =

∣∣∣∣∣∣∣1 +

∞∑
n=1

(n + 1) cnΓ (ν + 1)
Γ (ν + n + 1)

zn

∣∣∣∣∣∣∣ ≤ 1 +

∞∑
n=1

(n + 1) |c|nΓ (ν + 1)
Γ (ν + n + 1)

= 1 +

∞∑
n=1

(n + 1) |c|n

(ν + 1)n
≤ 1 +

∞∑
n=1

(n + 1)
(
|c|
ν + 1

)n

= 1 +
2ν |c| + 2 |c| − |c|2

(ν − |c| + 1)2 , (|c| < ν + 1)

and thus, inequality (7) is proved.

Let w (z) be an analytic function inU. In the sequel, we will frequently use the following well-known result:

<

{
1 + w (z)
1 − w (z)

}
> 0, z ∈ U if and only if |w (z)| < 1, z ∈ U.

Theorem 2.2. Let ν > −1 and 0 < 2 |c| ≤ ν + 1. Then

<

{
Eν,c(z)(
Eν,c

)
m (z)

}
≥
ν − 2 |c| + 1
ν − |c| + 1

, z ∈ U (9)

and

<

{(
Eν,c

)
m (z)

Eν,c(z)

}
≥
ν − |c| + 1
ν + 1

. (10)

Proof. From inequality (6) we get

1 +

∞∑
n=1

An ≤
ν + 1

ν − |c| + 1
,where An =

cnΓ (ν + 1)
Γ (ν + n + 1)

, ν > −1, c ∈ C and n ∈N.

The last inequality is equivalent to (
ν − |c| + 1
|c|

) ∞∑
n1

An ≤ 1.

In order to prove the inequality (9), we consider the function w(z) defined by

1 + w(z)
1 − w(z)

=
(
ν − |c| + 1
|c|

) Eν,c(z)(
Eν,c

)
m (z)

−

(
ν − 2 |c| + 1
|c|

)
or

1 + w(z)
1 − w(z)

=
1 +

∑m
n=1 Anzn +

(
ν−|c|+1
|c|

)∑
∞

n=m+1 Anzn

1 +
∑m

n=1 Anzn
. (11)

From (11), we obtain

w(z) =

(
ν−|c|+1
|c|

)∑
∞

n=m+1 Anzn

2 + 2
∑m

n=1 Anzn +
(
ν−|c|+1
|c|

)∑
∞

n=m+1 Anzn

and

|w(z)| ≤

(
ν−|c|+1
|c|

)∑
∞

n=m+1 An

2 − 2
∑m

n=1 An −
(
ν−|c|+1
|c|

)∑
∞

n=m+1 An

.

Now, |w(z)| ≤ 1 if and only if

2
(
ν − |c| + 1
|c|

) ∞∑
n=m+1

An ≤ 2 − 2
m∑

n=1

An
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which is equivalent to
m∑

n=1

An +
(
ν − |c| + 1
|c|

) ∞∑
n=m+1

An ≤ 1. (12)

To prove (12), it suffices to show that its left-hand side is bounded above by(
ν − |c| + 1
|c|

) ∞∑
n=1

An

which is equivalent to (
ν − 2 |c| + 1
|c|

) m∑
n=1

An ≥ 0.

The last inequality holds true for 0 < 2 |c| ≤ ν + 1.
We use the same method to prove the inequality (10). Consider the function w(z) given by

1 + w(z)
1 − w(z)

=
(
ν + 1
|c|

) Eν,c(z)(
Eν,c

)
m (z)

−

(
ν − |c| + 1
|c|

)
=

1 +
∑m

n=1 Anzn
−

(
ν−|c|+1
|c|

)∑
∞

n=m+1 Anzn

1 +
∑m

n=1 Anzn
.

From the last equality we get

w(z) =
−

(
ν+1
|c|

)∑
∞

n=m+1 Anzn

2 + 2
∑m

n=1 Anzn −
(
ν−2|c|+1
|c|

)∑
∞

n=m+1 Anzn

and

|w(z)| ≤

(
ν+1
|c|

)∑
∞

n=m+1 An

2 − 2
∑m

n=1 An −
(
ν−2|c|+1
|c|

)∑
∞

n=m+1 An

.

Then, |w(z)| ≤ 1 if and only if
m∑

n=1

An +
(
ν − |c| + 1
|c|

) ∞∑
n=m+1

An ≤ 1. (13)

Since the left-hand side of (13) is bounded above by(
ν − |c| + 1
|c|

) ∞∑
n=1

An,

we have that the inequality (10) holds true. Now, the proof of our theorem is completed.

Theorem 2.3. Let ν > −1 and 0 < 2ν |c| + 2 |c| − |c|2 ≤ (ν+1)2

2 . Then

<

{
E′ν,c(z)(
Eν,c

)′
m (z)

}
≥ 1 −

2ν |c| + 2 |c| − |c|2

(ν − |c| + 1)2 , z ∈ U (14)

and

<

{(
Eν,c

)′
m (z)

E′ν,c(z)

}
≥

(ν − |c| + 1)2

(ν − |c| + 1)2 + 2ν |c| + 2 |c| − |c|2
, z ∈ U. (15)
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Proof. From (7) we have

1 +

∞∑
n=1

(n + 1) An ≤ 1 +
2ν |c| + 2 |c| − |c|2

(ν − |c| + 1)2 ,

where An = cnΓ(ν+1)
Γ(ν+n+1) , ν > −1, c ∈ C and n ∈N. The above inequality is equivalent to

(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

∞∑
n=1

(n + 1) An ≤ 1.

To prove (14), define the function w(z) by

1 + w(z)
1 − w(z)

=
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2
E′ν,c(z)(
Eν,c

)′
m (z)

−

(
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2
− 1

)
which gives

w(z) =

(ν−|c|+1)2

2ν|c|+2|c|−|c|2
∑
∞

n=m+1 (n + 1) Anzn

2 + 2
∑m

n=1 (n + 1) Anzn +
(ν−|c|+1)2

2ν|c|+2|c|−|c|2
∑
∞

n=m+1 (n + 1) Anzn

and

|w(z)| ≤

(ν−|c|+1)2

2ν|c|+2|c|−|c|2
∑
∞

n=m+1 (n + 1) An

2 − 2
∑m

n=1 (n + 1) An −
(ν−|c|+1)2

2ν|c|+2|c|−|c|2
∑
∞

n=m+1 (n + 1) An

.

The condition |w(z)| ≤ 1 holds true if and only if

m∑
n=1

(n + 1) An +
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

∞∑
n=m+1

(n + 1) An ≤ 1. (16)

The left-hand side of (16) is bounded above by

(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

∞∑
n=1

(n + 1) An

which is equivalent to (
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2
− 1

) m∑
n=1

(n + 1) An ≥ 0

which holds true for 0 < 2ν |c| + 2 |c| − |c|2 ≤ (ν+1)2

2 .
The proof of (15) follows the same pattern. Consider the function w(z) given by

1 + w(z)
1 − w(z)

=

(
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2
+ 1

)
E′ν,c(z)(
Eν,c

)′
m (z)

−

(
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

)

=
1 +

∑m
n=1 (n + 1) Anzn

−

(
(ν−|c|+1)2

2ν|c|+2|c|−|c|2

)∑
∞

n=m+1 (n + 1) Anzn

1 +
∑
∞

n=1 (n + 1) Anzn
.

Consequently, we have that

w(z) =
−

(
(ν−|c|+1)2

2ν|c|+2|c|−|c|2
+ 1

)∑
∞

n=m+1 (n + 1) Anzn

2 + 2
∑m

n=1 (n + 1) Anzn −

(
(ν−|c|+1)2

2ν|c|+2|c|−|c|2
− 1

)∑
∞

n=m+1 (n + 1) Anzn
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and

|w(z)| ≤

(
(ν−|c|+1)2

2ν|c|+2|c|−|c|2
+ 1

)∑
∞

n=m+1 (n + 1) An

2 − 2
∑m

n=1 (n + 1) An −

(
(ν−|c|+1)2

2ν|c|+2|c|−|c|2
− 1

)∑
∞

n=m+1 (n + 1) An

.

The last inequality implies that |w(z)| ≤ 1 if and only if(
2 (ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

) ∞∑
n=m+1

(n + 1) An ≤ 2 − 2
m∑

n=1

(n + 1) An

or equivalently
m∑

n=1

(n + 1) An +

(
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

) ∞∑
n=m+1

(n + 1) An ≤ 1. (17)

It remains to show that the left-hand side of (17) is bounded above by(
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2

) ∞∑
n=1

(n + 1) An.

This is equivalent to (
(ν − |c| + 1)2

2ν |c| + 2 |c| − |c|2
− 1

) m∑
n=1

(n + 1) An ≥ 0,

which holds true for 0 < 2ν |c| + 2 |c| − |c|2 ≤ (ν+1)2

2 . Now, the proof of our theorem is completed.

3. Examples

In this section, we give several examples which illustrate our main theorems in Sections 2. In Theorem
2.2 and Theorem 2.3, we obtain the following corollaries for special cases of ν and c.

Corollary 3.1. If we take ν = 3 and c = 1, we have

E3,1 (z) =
3
(
2ez
− z2
− 2z − 2

)
z2 , E′3,1 (z) =

6 (ez (z − 2) + z + 2)
z3

and for m = 0 we get (
E3,1 (z)

)
0 (z) = z,

(
E′3,1 (z)

)
0

(z) = 1,

so,

<


(
2ez
− z2
− 2z − 2

)
z3

 ≥
2
9
≈ 0.222, z ∈ U,

<

{
z3

(2ez − z2 − 2z − 2)

}
≥

9
4
≈ 2.25, z ∈ U,

<

{
(ez (z − 2) + z + 2)

z3

}
≥

1
27
≈ 0.037, z ∈ U,

<

{
z3

(ez (z − 2) + z + 2)

}
≥

27
8
≈ 3.375, z ∈ U.

Setting m = 0, ν = 3
2 and c = 1

2 in Theorem 2.2 and Theorem 2.3 respectively, we obtain the next result
involving the function E 1

2 ,
1
2

(z), defined by (4), and its derivative.
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Corollary 3.2. The following inequıalities hold true:

<

 e
z
2
√
π
2 Erf

√ z
2 −
√

z

z
√

z

 ≥
1
4
≈ 0.25, z ∈ U,

<

 z
√

z

e
z
2
√
π
2 Erf

√ z
2 −
√

z

 ≥
12
5
≈ 2.4, z ∈ U,

<

 e
z
2
√

2π (z − 1) Erf
√ z

2 + 2
√

z

z
√

z

 ≥
7

12
≈ 0.583, z ∈ U,

<

 z
√

z

e
z
2
√

2π (z − 1) Erf
√ z

2 + 2
√

z

 ≥
12
25
≈ 0.48, z ∈ U.

Example 3.3. The image domains of f1(z) =
e

z
2
√

π
2 Erf
√

z
2−
√

z

z
√

z
, f2(z) =

z
√

z

e
z
2
√

π
2 Erf
√

z
2−
√

z
, f3(z) =

e
z
2
√

2π(z−1)Erf
√

z
2 +2
√

z

z
√

z

and f4(z) =
z
√

z

e
z
2
√

2π(z−1)Erf
√

z
2 +2
√

z
are shown in Figure 1.

Figure1.
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[3] Çağlar M, Deniz E. Partial sums of the normalized Lommel functions. Math. Inequal. Appl. 18, 2015, 1189–1199.
[4] Deniz E, Orhan H. Some Properties Of certain subclasses of analytic functions with negative coefficients by using generalized

Ruscheweyh derivative operator. Czech. Math. J. 60, 2010, 699–713.
[5] Deniz E, Orhan H. Certain subclasses of multivalent functions defined by new multiplier transformations. Arab. J. Sci. Eng. 36,

2011, 1091–1112.
[6] Frasin BA. Generalization of partial sums of certain analytic and univalent functions. Appl. Math. Lett. 21, 2008, 735–741.
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