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Partial Sums of The Miller-Ross Function

Sercan Kazimoglu®

*Department of Mathematics, Faculty of Science and Letters, Kafkas University, Kars, Turkey

Abstract. This article deals with the ratio of normalized Miller-Ross function [, (z) and its sequence of
partial sums (E,),, (z) . Several examples which illustrate the validity of our results are also given.

1. Introduction

Let A be the class of functions f normalized by

f@=z+) a2 (1)
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}.
Denote by S the subclass of A which consists of univalent functions in U. Consider the function E, . (z)
defined by

. (c2)"
E, =z'y —
(@) =2 n:OF(v+n+1)

(2)

where T stands for the Euler gamma function and v > -1, ¢ € C and z € U. This function was introduced
by Miller and Ross in 1993 [9] and is therefore known as the Miller-Ross function.

The function defined by (2) does not belong to the class A. Therefore, we consider the following normal-
ization of the Miller-Ross function E, . (z) : forz € U,

_ 1-v _ . c"l’ (V + 1) n+1
E, (z) =T (v+1)z Ev,c(z)_nzz'a—r(v+n+l)z 3)

wherev > -1land c € C.
Note that some special cases of E, . (z) are:

]E0,1 (Z) = ¢*z

]E1,1 (Z) =t -1

Z_ 2 Yy
Es: (z) = 3(2e zZ 22-2) 4)

2
E 1 (2) = e? /5 VzErf 4[5,
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where Erf 4/z is the error function.

For various interesting developments concerning partial sums of analytic univalent functions, the reader
may be (for examples) refered to the works of Brickman et al. [1], Kazimoglu et al. [7], Caglar and Orhan
[2], Lin and Owa [8], Deniz and Orhan [4, 5], Owa et al. [11], Sheil-Small [14], Silverman [15] and Silvia
[16]. Recently, some researchers have studied on partial sums of special functions (see [3, 7, 10, 13, 17]).

By using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma functions, by (1), =
r(r}a)” ) = ) (A+1)---(A+n+1), we obtain the following series representation for the ratio of normalized

Miller-Ross function E, . (z) given by (3):

(]Ev,c)o (Z) =z "
(E,o), () =z+ Y Az™, meN=(1,23,..., ()
n=1

where

_dTw+1) "
”_F(v+n+1)_(v+1)n'v> land c e C.

We obtain lower bounds on ratios like

R { ]Ev,c (Z) }/ R {(]Ev,c)m (2) } ) R { ]E,v,(i (2) }, R {(]EV;C)’m (2) } '
(]Ev,c)m (Z) ]Ev,c (Z) (IEV,C) m (Z) E v,c (Z)
Several examples will be also given.
Results concerning partial sums of analytic functions may be found in [6, 12] etc.

2. MAIN RESULTS

In order to obtain our results we need the following lemma.
Lemma 2.1. Let v > -1, c € Cand |c| < v + 1. Then the function E, . (z) satisfies the next two inequalities:

v+1

|1Ev,c (Z)‘ < v+

(zeU) (6)

2viel + 2e| = lc

E.,.(z)| <1+ (zel). 7)
| (v—lcl +1)° (
Proof. By using the well-known triangle inequality:
|z1 + 22| < |z1| + |22

and the inequality

v+1),2w+1)", neN, (8)
we have

dTwv+1) = |o"T (v +1)

= <
‘EV’C(Z” i Tv+n+1) <1 Tv+n+1)
lc|" — ( Ic| ) v+1
< =
(v+1)n_l+z v+1 v—lc+1’ (I <v+1)
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and thus, inequality (6) is proved.
To prove (7), using again (8) and the triangle inequality, for z € U, we obtain

1 +i (n+1)c”P(v+l)Zn

= (1 +1)|c|"T (v + 1)
Frv+n+1) S1+Z

Frv+n+1)

E\e (2)|

n=

+1), =l +1)

and thus, inequality (7) is proved. O

(n+1)c" . el \' L, 2viel+ 2] — el
Z 1+;(n+1)(m) =1+, (d<v+1)

169

Let w (z) be an analytic function in U. In the sequel, we will frequently use the following well-known result:

‘R{l+w(z)

———= >0, zeUifand onlyif |w(z)| <1, z € U.
1-w(z)

Theorem 2.2. Letv > —1and 0 < 2|c| <v+ 1. Then

E,(2) v=2lc|+1
%{(IEV,C)m(Z)} = v=ld+1”’ zet

and

(Eve),, (2) v—|c+1
9%{ E,.2) }2 vl

Proof. From inequality (6) we get

OT (v +1)
1 here A, = —————
+Z |c| Vo1 e Trv+n+1)

The last inequality is equivalent to
v—|c + 1) S
—_— Ay, <1
( |cl ; "

In order to prove the inequality (9), we consider the function w(z) defined by

1+w() (v— Iel +1) E,.(z) _(V—2|c| + 1)
1-w(z) |cl (Eyc),, (2) lc|

or

l+wE) 1+ Y= Anz" + (V_IEIH) Yomme1 AnZ"
1-w(z) 1+YM, Ayzn '

From (11), we obtain
—|c|+1 oo
(V }El\"— )Zn—m+l Anzn
242) 0 Azt + (V ‘C‘H) Yo a1 Anz

lc]

w(z) =

and

v—|c|+1 oo
( :i:Jr ) Zn:m+1 An
2-2 277?:1 An - (V_:i:-H) Z;t.o=m+1 A”

lw(z)| <

Now, [w(z)| < 1 if and only if

v>-1,ceCandn e N.

(10)

(11)
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which is equivalent to
ZA (V_'C'”) Z A< 1. (12)
n=m+1

To prove (12), it suffices to show that its left-hand side is bounded above by
—lcj+1 )
A,
( ol Z

which is equivalent to
m

(v 2|C|+1)Z 50

n=1

The last inequality holds true for 0 < 2|c] <v + 1.
We use the same method to prove the inequality (10). Consider the function w(z) given by

1-w(z)

1+w(z) (1/;-| 1) (]Ellisr(nzzz) B (v - :E: + 1)

1+ T A = () T2 A2
1+ Y0, Azt '

From the last equality we get

- (%) Z;t.o=m+1 Anzn
0(z) = i
- m n v=2|c|+1
242)0 Apzt — (T)Zn a1 AnZ"
and
v+l ZO"_ A
|w(z)| < ( |c] ) n=m+1*n

2-2 anzl Ap - (%) ZrDzO:erl Ay
Then, [w(z)| < 1 if and only if

Y 4, +(V_:%) i A, <1, (13)

we have that the inequality (10) holds true. Now, the proof of our theorem is completed. [

2 _ (+1)?
Theorem 2.3. Let v > —1and 0 < 2v|c| + 2|c| - |c|” < . Then

%{L@}Zl—w,zeﬂ (14)
(Eyo)y (2) (v —=lcl+1)
and )
(IEV/C):n (Z)} (w—lc+1)
R > , 15
{ E} (2) = v =lc|+ 1> +2vic| + 2| - | 15
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Proof. From (7) we have
o a2
1+2:(n+1)/1ns1+zv—|c—|igﬂ—¥l
=1 v —lc+1)

'T(v+1)
 T(v+n+1)”

where A, = v > -1, c € Cand n € N. The above inequality is equivalent to

(v—ld+1)°
2vc| +2]c| — |c|

Z(n+1)A <1.

To prove (14), define the function w(z) by

ltwe _ -ld+1)? E ( v-ld+1?
1-wz)  2vic]+2|c| - |cf* (Bue), () \2v]e| + 21c| = |c]?
which gives
— 2 00
(VL-H[)F anm+1 (n + 1)Anz1’l

2v|c]+2|c|—|c|

w(z) = 2
v— 1 )
24210 (n+ DAz + Z L YR (4 1) Az
and ,
(V*|C|+1) ZOO_ (1’1 + 1)A
w(z)| < 2vlcl+2|c]—|cf} “n=m+1 n

— 2 (o) :
2-2Y" (n+1)A, - Dy (14 1) A,

2vlcl+2le|—c?

The condition |w(z)| < 1 holds true if and only if

- v-ld+1° v
n+1) A, + —— 17 n+1)A, <1.
; "2l + 21 = P Z (n+ DA,

n=m+1

The left-hand side of (16) is bounded above by

_ ol D* Z(n+1)A

2ve| + 21c| = |cf? ~

which is equivalent to
(M—l)i("'*‘l)fl >0
el + 2~ ) T

which holds true for 0 < 2v|c| +2|c| - [c[* < (V+1)

The proof of (15) follows the same pattern. Con51der the function w(z) given by

l+we) _ ( (v —lel +1)? +1) E,.(2) _( (v —lel +1)? )
1-w(z) 2v el +21c| — Ic| (Evo) (@) \2v el +21c| - |cf

2vlc]+2lc]—|c?

1+ Y, (n+1)Az" - (M)Z;‘;mﬂ n+1)A,z"

1+Y,,(n+1)A,z"

Consequently, we have that

[ _=d+1)? o0
(2v\c\+2\c\—|c|2 + 1) Zn:mﬂ (n+1)Auz"

w(z) =

2vlc|+2c|—|c?

2425 (n+1)Anz — (ﬂ - 1)zf:m+1 (n+1)A,z"

171

(16)
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v— 1)? %)
(21/(|c|+|;||2|—)|c|2 * 1) Zﬂ=m+1 (n+1)A,

lw(z)] <

v— 2 o] ’
2-2%0 (n+1)A, - (% - 1)2,1:,,1+1 (n+1) A,

The last inequality implies that [w(z)| < 1 if and only if

( 2=l + 1)

o) m
—ur m+D)A, <2-2Y n+1)A
2v|c|+2|c|—|c|2) )3 ! Z} !

or equivalently

n=m+1

m 2 0
Zm+1>m+(%) Y DA, <1 (17)
n=1

2vc| +2]c| —

n=m+1

It remains to show that the left-hand side of (17) is bounded above by

This is equivalent to

v — e +1)°
(ZVICI +21cl = Ic? )Z‘(

AT SRS )
(2v|c|+2|c| )Z(n+1)A >0,

which holds true for 0 < 2v|c| + 2|c| = |c]* < @ Now, the proof of our theorem is completed. [

3. Examples

In this section, we give several examples which illustrate our main theorems in Sections 2. In Theorem
2.2 and Theorem 2.3, we obtain the following corollaries for special cases of v and c.

Corollary 3.1. If we take v = 3 and ¢ = 1, we have

3(207 22 -2z -2) 6 (z—-2)+2+2)

» By ()=

z2 z3

(Es1 @) (2) =2 (B}, @),(2) =1,

Es1(2) =
and for m = 0 we get
s0,
Y
*
M

o

Settingm = 0,v =3 and ¢ =

~0.222, zeU,

\Y
O N

~225 zeU,

|~

v

~0.037, ze U,

~
o
(8™
™
|
N
NN
w
)
N
|
)
g
—— —— ——
\%
=\

NN
NN

Z3
> — =X 3. .
(ez(z-2)+z+2)} = g Y35 e

1 in Theorem 2.2 and Theorem 2.3 respectively, we obtain the next result

involving the function IE%/% (), defined by (4), and its derivative.
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Corollary 3.2. The following inequialities hold true:

v

~025 zelU,

N

[\

R{—
e2 \JSErf\f5 -z
i V2m(z = 1) Erf[Z +2+z
zVz
zyz
i V2r(z - 1) Erf{Z +2+2

¢3 \EEf\E-2 B 2z 3 \2m(-DEf\[542 42
~ PO = rmeaw AP = o

R

7
ﬁ ~(0.583, z € (L[,

12
75~ 048, zeU.

v

2z } %zz.él,zel{,

Example 3.3. The image domains of fi(z) =

_ zvz . .
and fu(z) = — e shown in Figure 1.

0.6 R e o T P T T T e — — .2 )
04F w ]
02k .jil.—_] ’ "f[fllu'; \
00k - 5 ) | ]
-02f :
—04F L(z) Sl=
0.0 0.

b
.
=
—
(=]
=
=
)
L= ]
Lad
=
el
L

Figurel.
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