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Abstract. A dominating set of a graph G which intersects every independent set of a maximum cardinality
in G is called an independent transversal dominating set. The minimum cardinality of an independent
transversal dominating set is called the independent transversal domination number of G and is denoted
by yi(G). In this paper we investigate the independent transversal domination number of the path graph
P, with the star graph S ,,, the wheel graph W, and the complete graph K, under neihgbourhood corona,
edge corona and join operation providing p(P,) > S(G).

1. Introduction

In this paper, we consider simple finite undirected graphs without loops and multiple edges. Let
G = (V(G), E(G)) be a graph. For a vertex x of G, N(x) denotes the set of all neighbours of x in G. The distance
d(u, v) between two vertices u and v in G is the length of a shortest path between them. The diameter of
G, denoted by diam(G) is the largest distance between two vertices in V(G). The number of the neighbor
vertices of the vertex v is called degree of v and denoted by deg;(v). The minimum and maximum degrees
of a vertex of G are denoted by 6(G) and A(G). A vertex v is said to be pendant vertex if degs(v) = 1. A
vertex u is called support if u is adjacent to a pendant vertex [7]. The eccentricity e(u) of a vertex u in G is
the distance from u to a vertex farthest from #. The minimum eccentricity of the vertices of the graph G is
the radius of G denoted by rad(G), while the diameter of G is the greatest eccentricity[4].
Let G be a graph and S € V(G). We denote by < S > the subgraph of G induced by S. A set S is said
to be an independent set of G, if no pair of vertices of S are adjacent in G. The independence number of G,
denoted by B(G), is the cardinality of a maximum independent set of G. We denote by {)(G) the set of all
maximum independent sets of G. A vertex and an edge are said to cover each other if they are incident. A
set of vertices which cover all the edges of a graph G is called a vertex cover for G, while a set of edges which
covers all the vertices is an edge cover. The smallest number of vertices in any vertex cover for G is called its
vertex covering number and is denoted by a(G) [7]. For any graph G of order n, a(G) + (G) = n.
A dominating set S in a graph G is a set of vertices of G such that every vertex in V(G) — S is adjacent to
at least one vertex in S. The domination number of G, denoted by y(G), is the minimum cardinality of a
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dominating set of G [8, 9]. It is clear that for a graph G, y(G) < B(G), and If G has no isolated vertices,
7(G) < a(G).

Given a graph G and a collection of subsets of its vertices, a subset of V(G) is called a transversal of G if it in-
tersects each subset of the collection. If we think of the graph as modeling a communication network, many
graph theoretical parameters have been used to describe the stability of communication networks includ-
ing connectivity, toughness, integrity, binding nimber, domination, exponential domination, independent
transversal domination etc. The independent transversal domination number is one of the measures of the
graph vulnerability. A transversal of a collection of sets is a set of distinct representatives of the elements
in the collection. It is possible to find transversals regarding several types of vertex sets in graphs such
that the domination number, the chromatic number and the independence number of a graph. In [2], the
concept “partition domination number” was defined as the largest integer k such that given any partition of
the vertex set of the graph having at most k elements in every set of the partition, there is transversal of the
partition being a dominating set. Some complexity results regarding the associated desicion problems and
some bounds or exact values for some specific families of graphs were presented in [2]. A recent work in
new style of transversal-type concepts has been presented in [6]: the independent transversal domination
number[1].

A dominating set of G which intersects every independent set of maximum cardinality in G is called an
independent transversal dominating set. The minimum cardinality of an independent transversal dominating
set is called the independent transversal domination number of G and is denoted by y#(G). An independent
transversal dominating set of cardinality y;(G) is called a y;(G) — set. Thus, if D is an ITD-set of G, then D
is a dominating set of G and S(G) > (G — D). The notion of independent transversal domination was first
introduced by Hamid [3, 6].

In this paper, firstly known results are given. Then, we investigate the independent transversal domination
number for the neighbourhood corona, the edge corona of the path graph with the star graph S ,,,, the wheel
graph Wy ,,, the complete graph K;, and join operation of the path graph with some graphs G providing
B(P,) > B(G). Lastly, the conclusion section is presented.

2. Known Results

Theorem 2.1. [6] If G is a complete multipartite graph having r maximum independent sets, then

2 ,r=1
yi(G) = { r , otherwise

Theorem 2.2. [6] For complete graph with order n and complete bipartite graph with order m + n, y;(K,,) = n and
Vit(Kmn) = 2, respectively.

Theorem 2.3. [6] For any path P,, of order n, we have
2 m=2,3
vil(Pr) =4 3 ,n=6
[51 ,otherwise

Theorem 2.4. [6] For any cycle C,, of order n, we have

3 ,n=23,5
Vit(Cn) = { [41 ,otherwise

Theorem 2.5. [6] If W,, is a wheel on n vertices, then
2, ifn=>5

yis(Wy) =4 3, if n>7andis odd orn=6
4, otherwise
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Theorem 2.6. [6] If G is a disconnected graph with compenents G1,Ga, ..., G,, then yi(G) = mini<i<,{yir(Gi) +
Z;’:l,j;tz' )/(Gj)}-

Theorem 2.7. [6] If G has an isolated vertex, then yi(G) = y(G).
Theorem 2.8. [6] For any graph G, we have 1 < y;(G) < n. Further y(G) = n if and only if G = K,,.
Theorem 2.9. [6] Let G be a graph on n vertices. Then y;i(G) = n — 1 if and only if G = Ps.

Theorem 2.10. [6] Let G be a non-complete connected graph with B(G) > 5. Then y#(G) < 5.

Theorem 2.11. [6] If G is bipartite, then y(G) < 5.

Theorem 2.12. [6] Let a and b be two positive integers with b > 2a — 1. Then there exists a graph G on b vertices
such that vy (G) = a.

Theorem 2.13. [6] If G is a non-complete connected graph on n vertices, then yi(G) < [5].
Theorem 2.14. [6] For any graph G, we have y(G) < yi(G) < y(G) + 0(G).

Corollary 2.15. [6] If T is a tree, then y;(T) is either y(T) or y(T) + 1.

Theorem 2.16. [6] If G is a graph with diam(G) = 2, then y(G) < 6(G) + 1.

Theorem 2.17. [3] If G is a connected graph and u is a vertex of minimum degree in G, then

VilG) < { 8(G)+1 if eccg(u) <2

% +1, if eccg(u) >3
and these bounds are tight.

Theorem 2.18. [3] If G is a graph with B(G) > @, then yi(G) < y(G) + 1, and this bound is tight.

3. Independent Transversal Domination Number for the Neighbourhood Corona of the Path Graph

Definition 3.1. [6] A dominating set S C V of a graph G is said to be an independent transversal dominating set if S
intersects every maximum independent set of G. The minimum cardinality of an independent transversal dominating
set of G is called the independent transversal domination number of G and is denoted by y(G). An independent
transversal dominating set S of G with |S| = y(G) is called a y; — set.

The following figure shows the independent transversal domination number of a graph G.

where, (G) = 4, 7(G) = 4. The maximum independent set of the graph consists of four pendant vertices
or two two support vertices on cycle having deg(v) = 2. The dominating set of the graph consists of four
pendant vertices or four support vertices on cycle having deg(v) = 2. Let S be an independent transversal
dominating set. If we pick the support vertices on cycle for S, then all vertices of the graph G are dominated.
But the independence number of the graph doesn’t decrease. V — S contains at least one § — set. So, we
must also add any pendant vertex to S. Hence, $(G) > (G — S) and yi(G) = 5.

Definition 3.2. [5]
The graph Gy * G which is obtained by neighbourhood corona operation of a connected graph Gy and graph G is formed
as follows: Every vertex u; of graph Gy correspond to a graph G and every vertex v;; of G is adjacent to every neighbour

vertex of the corresponding vertex u; of G1, where i = 1,|Gq| and j = 1,|G|.

The neighbourhood corona of the graph Pg * P, can be depicted as in the following figure:
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Figure 1: The graph G

Figure 2: The graph Pg * P>

Theorem 3.3. Let P, and P,, be any path graphs with order n and m, respectively. Then,

5+1, if n=0(mod4) and m is odd,

(P %P = 5+2, if n=0(mod4) and m is even
it(Pu* P) = 2]1+2, if n=1,2,3(mod4) and m is odd,
L2]+3, if n=1,2,3(mod4) and m is even.

10

Proof. We denote the vertices of P, with u;, i = 1,_n and the corresponding vertices of P, with v;, j = 1,m.

Let D be a y — set of the graph P,, * P,. So, fork € {0,1, ..., [ 3] — 1},
D = {ugks2, ugr3} and [D| = 3, if n = 0(mod 4);

D = {ugks2, Ugkr3, n-1} and [D| = [ 5] + 1, if n = 1(mod 4);

D = {ugks2, Ugks3, Un-1, U} and |D| = [ 5] + 1, if n = 2,3(mod 4).

The vertices of the maximum independent set of P, * P,, consist of the maximum independent sets of every
Py,. Then, B(P, * P,y) = n[%]. Independence number of < V(P, * P;;) — D > is the same as the independence
number of V(P,, *P,,). Let S be the independent transversal dominating set of the graph P, *P,,. S = DU{v11}
if mis odd and S = D U {v11, v1} if m is even. So, we have B(V(P,, * Py,) — S) < (P, * Py,) and this means that

< V(P, * Py,) — S > doesn’t contain any f — set of P, * P,,. So,

5+1, if n=0(mod 4) and m is odd,
5+2, if n=0(mod 4) and m is even
L31+2, if n=1,2,3(mod 4) and m is odd,
L31+3, if n=1,2,3(mod 4) and m is even.

Yit(Pn *P,) =

The proof is completed. [

Theorem 3.4. Let P, be any path graph with order n and Si,, be a star graph with order m + 1. Then,
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A _ ) 3+, if n=0(mod 4)
Vit(Pu* Sim) = { [51+2, if n=1,2,3(mod 4)
Proof. The proof is similar to the proof of Theorem 3.1. [J

Theorem 3.5. Let P, be any path graph with order n and W1, be a wheel graph with order m + 1 for m > 3 and
m # 9. Then,

5+2, if n=0(mod4) and m is even,
D, _ ) 3+3, if n=0(mod4) and m is odd,
Vit(Pu* W) = 4] +3, if n=1,2,3(mod4) and m is even,
[51+4, if n=1,23(mod4) and m is odd.
Proof. The proof is similar to the proof of Theorem 3.1. [

Theorem 3.6. Let P, be any path graph with order n and K,, be any complete graph with order m. Then,

5+m, if n=0(mod 4),
Vit(Pu*Ky) =3 5+1+m,  if n=2(mod4),
21, if n=1,3(mod 4),

Proof. Let Dbeay—set of the graph P,,*Ky,,. |D| = 5 if n = 0(mod 4), |D| = | 5 |+1 otherwise. < V(P,*K,,)-D >
contains a maximum independent set so, yi(Py, * Ky,) > (P, * Ki;). We denote the vertices of P, with u;,
i=1,n and the corresponding vertices of K;, with v;;, j = 1,m. We have three cases:

Case 1. n = 0(mod 4)

In this case D = {ugys2, tars3}, k = 0,1 7] — 1 is a dominating set and the maximum independent sets are
‘31 = {M1,7)1]‘, Us, 03j, Us, Usj, ..., Mn_1,vn_1]'}, ‘82 = {uz, U2j, Ua,04j, Ug, Vgjy ---y Un, Unj} and ﬁ3 = {Ul]', 02, U3y +eeys Un]'},
where each j is related to exactly one member of (1,2, ...,m}. So, f(P, * K;;) = n. Let S be an independent
transversal dominating set of P, * K;,. We must add 5 vertices from the graph P, and m vertices from any
graph K;, to S so that < V(P, = K;;) — S > doesn’t contain any f — set. So, we have (P, * K;,) = 5 +m.
Case 2. n = 2(mod 4)

In this case D = {ugk+2, Uaks3, Un-1,u,}, k = 0,1 7] — 1 is a dominating set and the maximum independent sets
are ﬁl = {Ml, 01j, U3, 03j, Us, Us5j, ..., Up-1, vn—lj}/ ﬁz = {uz, 02j, Usg, 04j, U6, Vpjy+eey Un,y Unj} and ﬁg = {01]', 02j,03jy +ey Z)n]'},
where each j is related to exactly one member of {1,2,...,m}. So p(P, * K,;) = n. For the independent
transversal dominating set selected as S = D U K, < V(P,, * K;;) — S > doesn’t contain any f§ — set and all
vertices of the graph P, * K, are dominated. So, we have y;;(P, * Ky,) = 5 + 1 +m.

Case 3. n = 1,3(mod 4)

In this case the maximum independent set of P, * K, is {u1,v1j, u3, 03j, ..., un, Unj}, Where each j is related
to exactly one member of {1,2,...,m}. The vertex set that occurs one vertex from every graph K,, isn’t

a maximum independent set. For k = 0,[7]-1, D = {ug2, Usks3, ..., p1} if n = 1(mod 4) and D =
{Ugks2, Usks3, . U1, Unj} if 1 = 3(mod 4) is a dominating set. So, < V(P, * K;;) — D > doesn’t contain any
B —set and yit(P, * Kip) = y(Py * Kyy) = [5].

The proof is completed. [

4. Independent Transversal Domination Number for the Edge Corona of the Path Graph

Definition 4.1. [10]
The graph G1 o G which is obtained by edge corona operation of a connected graph Gy and graph G is formed as
follows: Every edge e; of graph Gy correspond to a graph G and every vertex vij of G is adjacent to two end vertices of

the corresponding edge e; of G1, i = 1,|E(G1)| and j = 1,|V(G)|.

The edge corona of the graph Pg ¢ P, can be depicted as in the following figure:
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Figure 3: The graph Pg ¢ P

Theorem 4.2. Let P, and P,, be any path graphs with order n and m, respectively. Then,

_JL51+1, if m=1(mod 2)
Yit(Pp 0 Py) = { L%J +2, if m=0(mod2)

Proof. The domination setof (P,oPy,)is D = {ux},k = 1,2,...,[ 7]. Also, the maximum independence number
B((Py ¢ Py) = (n—=1)B(Py,). Let S be the independent transversal dominating set of P, o Py,. < V(P,oP,)—D >
contains  — set. So, Yi((Py ¢ Py) > (P © Py). If we also add the vertex v1; in case m = 1(mod 2) and the
vertices v11, v12 in case m = O(mod 2) to the S with V(D), then < V(P,, ¢ P,;) = S > doesn’t contain any f — set.
Hence, we have

. _J 151+1, if m=1(mod2)
Vzt(PnOP’”)_{ L§J+2/ if m=0(mod 2)

The proof is completed. [

Theorem 4.3. Let P, be any path graph with order n and Sy, be a star graph with order m + 1. Then,
VitPn © Sim) = 151+ 1.

Proof. The proof is similar to the proof of Theorem 4.1. 0O

Theorem 4.4. Let P, be any path graph with order n and W1 ,, be a wheel graph with order m + 1. Then,

. _J L31+2, if mis even,
VitlPn© Wam) = { LZ]1+3, if misodd,

Proof. The proof is similar to the proof of Theorem 4.1. [J
Theorem 4.5. Let P, be any path graph with order n and K,, be any complete graph with order m. Then,
Vit(Pn 0 Ky) = 5]+ m.

Proof. The proof is similar to the proof of Theorem 4.1. [J

5. Independent Transversal Domination Number for the Join Operation of the Path Graph

Definition 5.1. [7] Graphs Gy and G, have disjoint vertex sets V1 and V, and edge sets E1 and E; respectively.
Their union G = G1 U Gy has, as expected, V = V1 U Vy and E = E; U Ey. Their join is denoted Gy + G, and consists
of G1 U Gy and all edges joining V1 with V5.
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The join operation of the graph P, + P5 can be depicted as in the following figure:

Figure 4: The graph P, + P3

Theorem 5.2. Let G be any graph with order m and P,, be any path graph with order n. If B(P,,) > B(G) then,

|2, if n=1(mod 2),
Vi(G + Pp) = { 3, if n=0(mod 2).

Proof. We label the vertices as u; € G and v; € P, of the graph G + Py, for i = 1,m and for j= 1,1n. We
can dominate all vertices of P, with any vertex u; and all vertices of G with any vertex v; since d(u;, v;) = 1
Yu;, ;. So, (G + P,) = 2. Let S be any independent transversal domination set. If n = 1(mod 2) then,
B(Py) = p(Py-1). In this case S = {u;, v1} doesn’t contain any f — set. If n = 0(mod 2) then, p(P,) = f(Pn-1) + 1.
In this case S = {u;, v1,v2} doesn’t contain any 8 — set, where each i is related to exactly one member of
{1,2,...,m} So, we have

| 2, if n=1(mod 2),
Yir(G + Py) = { 3, if n=0(mod 2).

The proof is completed. [
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