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Abstract. In this study, for double set sequences, we introduced the notions of invariant and lacunary
invariant statistical convergence of order 1 (0 < n < 1) in the Wijsman sense. Also, we investigated the
inclusion relations between them.

1. Introduction

Long after the notion of convergence for double sequences was introduced by Pringsheim [12], this
notion was respectively extended to the notions of statistical convergence, lacunary statistical convergence
and double o-convergent lacunary statistical sequence by Mursaleen and Edely [5], Patterson and Savas
[11] and Savas and Patterson [13]. Recently, for double sequences, on two new convergence concepts called
double almost statistical and double almost lacunary statistical convergence of order a were studied by
Savas [14, 15].

Over the years, on the various convergence notions for set sequences have been studied by many
authors. One of them, discussed in this study, is the notion of convergence in the Wijsman sense [1, 2, 6].
Using the notions of statistical convergence, double lacunary sequence and invariant mean, this notion was
extended to new convergence notions for double set sequences by some authors [7-9]. In [8], Nuray and
Ulusu studied on the notions of invariant and lacunary invariant statistical convergence in the Wijsman
sense for double set sequences.

In this paper, using order 7, we studied on new convergence notions in the Wijsman sense for double
set sequences.

More information on the notions of convergence for real or set sequences can be found in [3, 4, 6, 10, 16—
20].

2. Definitions and Notations

Firstly, let us remind the basic notions that need for a better understanding of our study (see, [7-9, 11]).
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For a metric space (Y, d), u(y, C) denote the distance from y to C where
(Y, ©) = 1,(C) = inf(y, o

for any y € Y and any non-empty set C C Y.

For a non-empty set Y, let a function g : N — Py (the power set of Y) is defined by g(m) = C,, € Py
for each m € IN. Then, the sequence {C,,} = {C1,Cy, ...}, which is the codomain elements of g, is called set
sequences.

Throughout this study, (Y, d) will be considered as a metric space and C, C,,, will be considered as any
non empty closed subsets of Y.

A double set sequence {C,,} is called convergent to the set C in the Wijsman sense if each y € Y,

lim 11 (Coun) = p1y(C).

m,n—oo

A double set sequence {C,,} is called statistically convergent to the set C in the Wijsman sense if every
E>0andeachye,

lim 1 {(m,n):m <pn<y,

pa—c0 pgq [vly(cmn) - ,Uy(C)| > 5}) =0.

A double sequence 0, = {(ju, kv)} is called a double lacunary sequence if there exist increasing sequences
(ju) and (k,) of the integers such that

jo=0, hy=jy,—ju-1 > o0 and ko =0, hy =k, —kp—1 — 00 as u,v — co.
In general, the following notations is used for any double lacunary sequence:

buo = juko, Mo =iy, Lo = {(m,m) : jury <m < and koy < n <kl

_ _
u = ju—l and o= kv—l.

v

Throughout this study, 0> = {(ju, kv)} will be considered as a double lacunary sequence.
A double set sequence {Cy,,} is called lacunary statistically convergent to the set C in the Wijsman sense
ifevery £ >0andeachy €,

. 1
lim —
w0=00 1y

(i, € L iy (Con) = () = & =0,

Let 0 be a mapping such that o : IN* — IN* (the set of positive integers). A continuous linear functional
Y on £ is called an invariant mean (or a o-mean) if it satisfies the following conditions:

1. ¥(xs) = 0, when the sequence (x;) has x; > 0 for all s,

2. P(e) =1, wheree=(1,1,1,...) and

3. P(xs()) = P(xs) for all (x5) € leo.

The mappings ¢ are assumed to be one to one and such that 0" (s) # s for all m,s € IN*, where ¢"(s)

denotes the m th iterate of the mapping o at s. Thus ¢ extends the limit functional on ¢, in the sense that
P(xs) = lim x;, for all (x;) € c.
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A double set sequence {C,,,,} is called invariant statistically convergent to the set C in the Wijsman sense
ifevery £ >0andeachy €Y,

lim 1 {(m,n) m<pn<y,

! C(r"‘ s)o™ - C > =0
pg—c pq Auj( (s) (t)) Auy( )‘ 5}‘

uniformly in s, t.

The set of all invariant statistically convergent double set sequences in the Wijsman sense is denoted by
(W25, ).

A double set sequence {C,} is called lacunary invariant statistically convergent to the set C in the
Wijsman sense if every £ > 0 and each y € Y,

. 1
Iim —
up—c0 I

{(m/ n) €Ly : |,Uy(co”’(s)o"(t)) - ,Uy(c)| > é}‘ =0

uniformly in s, t.

3. Main Results

In this section, for double set sequences, we introduced the notions of invariant and lacunary invariant
statistical convergence of order 1 (0 < nn < 1) in the Wijsman sense. Also, we investigated the inclusion
relations between them.

Definition 3.1. The double set sequence {C,,} is invariant statistically convergent of order 1 to the set C in the
Wijsman sense if every & > 0 and each y € Y,

lim L

oy {(m, n):m<pn<yg,

i Comr) = 1(C)] 2 &} =0

. . . WSy
uniformly in s, t where 0 < 1 < 1 and we denote this in Cy,y, — C format.

Example 3.2. Let Y = R? and a double set sequence {C,,} be defined as following:

c {(a, h)eR>:a?>+ (b+1)? = %} ;if mand n are square integers
" {(-1,0)} ; otherwise.
In this case, the double set sequence {C,.y} is invariant statistically convergent of order n (0 < 1 < 1) to the set
C = {(-1,0)} in the Wijsman sense.

Remark 3.3. For n = 1, the notion of invariant statistical convergence of order 1 in the Wijsman sense coincides
with the notion of invariant statistical convergence in the Wijsman sense for double set sequences in [8].

Definition 3.4. The double set sequence {Cy,} is lacunary invariant statistically convergent of order 1 to the set C
in the Wijsman sense if every & > 0 and each y € Y,

. 1
lim T
U,0—00 huv

(im0 € T i Camigorr) = ()] = €] =0

W,S!!
uniformly in s,t where 0 < 1 < 1 and we denote this in Cy, e format.

The set of all lacunary invariant statistically convergent double set sequences of order 1 in the Wijsman
sense is denoted by {WQSZQ}.
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Example 3.5. Let Y = R? and a double set sequence {Cy,,} be defined as following:

co {(a, b) e R?: (a+m)? + (b—n)? = 1} ; if (m,n) € Ly, m and n are square integers
" {(1,1)} ;  otherwise.

In this case, the double set sequence {C,,} is lacunary invariant statistically convergent of order n (0 <1 < 1) to the
set C = {(1,1)} in the Wijsman sense.

Remark 3.6. For n = 1, the notion of lacunary invariant statistical convergence of order 1 in the Wijsman sense
coincides with the notion of lacunary invariant statistical convergence in the Wijsman sense for double set sequences
in [8].

Theorem 3.7. If
liminfg, > 1 and liminfqy > 1
u v
where 0 < n <1, then

Wq
Co 25 Co C,y 29

Proof. Let 0 < 1 < 1 and suppose that liminf, g} > 1 and liminf, g > 1. Then, there exist @, § > 0 such that
g0 > 1+ aand g > 1+ g for all u, v, which implies that

3‘

ap My, alp
(1 +a)(1+p) va 1+ a1+

For every £ > 0 and each y € Y, we have

{(m,m) < juym < ko, 1ty (Conponit) = 1y (C)] 2 5}\

€
1
2 T {(m, n) € Iuv : |.uy(C(7"‘(S)(7”(t)) - My(C)| > E}‘
i 1
= fThT {(m, Tl) € Iuv : |.uy(co”’(s)(7”(t)) — Py(c)‘ > é}‘
ngn 1
> mﬁ {(m, 7’1) (S qu; : )‘uy(co"’(s)o"(t)) — [Jy(c)| > E}‘
W,S]

foralls, t. If C,,y — C, then for each y € Y the term on the left side of the above inequality convergent to 0
and this implies that

h {(m 1’1) € Iuv |yy(cg”’(s)a”(t)) - ;uy(c)| 2 5 ' -0

uv

W,5
uniformly in s, t. Thus, we get C,, —”f’ C. O

Theorem 3.8. If
limsupg, < oo and limsupg, < oo,
u v

then

W) S
c. oo, WS c

where 0 <n < 1.
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Proof. Letlimsup, g, < oo and limsup,_ g, < co. Then, there exist M, N > 0 such that g, < M and g, < N for

W,S!,
all u,v. Also, we suppose that C,,, — C (where 0 < <1)and & > 0, and let

Kup 1= ‘{(mr n) € lyy : |Hy(ccr'"(s)a"(t)) - [,ly(C)| > CS}'

Then, there exist 1y, vy € IN such that for every £ > 0, each y € Y and all u > 1, v > vy

for all s, . Now, let

Kuy
1
huv

<&

yi=maxi{ky 11 <u<uy, 1<0<0),

and let p and q be any integers satisfying j,—1 < p < j, and k,—1 < g < ky. Then, for each y € Y we have

1
W’{(m, n):m<p,n<q,|uy(Consonr) — .Uy(c)l > 5}‘
1 .
< {”7— {(m, n):m< jyu,n <k, ‘Uy(com(s)on(t)) — yy(C)| > 5}
(u-1)(v-1)
2577 {K11+K12+K21+K22+"'+Ku0-00+"'+1<uv}
(u-1)(v-1)
UpTo
- 121% {ienn )
(u-1)(-1) 1_571;21(?
1 n Kug(v0+1) n K(llo+1)270
+€71 up(vo+1) 1,1 + (up+1)vg h’l
(u-1)(v-1) 1up(vo+1) (ug+1)vg
K
n (u0+1)(21(]+1) n Kuv
(tp+1)(wp+1) 7,11 T +h”vh7}
(uo+1)(vo+1) uv
UpUoy 1 Kuv . n
= + o sup o~ Z Ponn
g(u—l)(v—l) g(u—l)(v—l) u=to v I\ 19,00
v>0) e
UpUoy 1 Kuv .
<= +7 sup - Z Ryn
f(u—l)(v—l) (w=1)0=1) \u>up My m,n>1i, 0o
U>0g
Uop0oy (]u - jug)(kv - kvo)
<5 +& 7
(u=1)(v-1) (@=D)(-1)
UpOoYy
<5 +<qudo
(u=-1)(0-1)
U0
_ %oy +EMN

- pl
(u—1)(v-1)
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for all s, t. Since j,—1,ky,—-1 — c0 as p,q — oo, it follows that foreach y € Y

{(m n)y: m<pn<yq,

1
(pq)" #y(Comyort) = 1y(©)] = £} ‘ -0

W,S]
uniformly in s, t. Thus, we get C,, =C O

Theorem 3.9. If
1 < liminf, g, < limsup, g, < o and 1 < liminf, gy <limsup, g, < o0

where 0 < n <1, then

qu W,S!
Con —3 C o Cpn - C.

Proof. This can be obtained from Theorem 3.7 and Theorem 3.8, immediately. [

Theorem 3.10. If
n

liminf22 > 0
u,0—00 uo

where 0 < n <1, then
(WS, < (Was, ).

Proof. For every £ > 0 and each y € Y, it is obvious that

{(m,n) cm < jy,n <k,

1y(Conory) = ty(Q)] 2 &} 5 {(m, 1) € Ly + |y (Conory) — 1y(O)] = £},

Thus, we have

—({m,m) = m < ju,n < ko, |y (Conror) — 1y(C)] 2 5}'

uo

> 2 |fmm € L i Coman) = )] >

uo
1
5”‘0 huv

{(m 11) € Iuv |‘Uy(ca”’(s)a”(t)) - Uy(c)| = é}‘

foralls, t. If Cypy ey C, then for each y € Y the term on the left side of the above inequality convergent to 0

and this implies that

o {(m 1) € Ly : |y (Conyony) — p1y(C)] > ,g ' -0
uo

Was"
uniformly in s, t. Thus, we get Cpy 2 C. Consequently,

{W1Ss} € (WS ).
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