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Some special Smarandache ruled surfaces by Frenet Frame in E° -1
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?Department of Mathematics, Ordu University, Ordu, Turkey

Abstract. The paper introduces some new special ruled surfaces with the base TNB- Smarandache curve
where the unit vector of the generator is taken as one of other Frenet vectors and their linear combinations.
The geometric properties with reference to fundamental forms such as minimality and developability
of each generated surface are examined by Gauss and mean curvatures. An example is also given by
considering the famous Viviani’s curve.

1. Introduction

The theory of surfaces is an important branch of differential geometry. A typical surface is defined as an
image of a function with two real valued variables (domain) by a mapping to 2- or 3-dimensional space. As
a special type of surfaces, the ruled surfaces are defined to be one parameter family of lines. The simplest
formulation makes these surfaces popular to refer for purposes on geometric modeling. Therefore, they
are subjected in many areas such as engineering, architectural designs, computer graphics, automobile
industry, etc [1, 2]. Since they are mostly referred in geometric designs sometimes to deal with real world
problems and more frequently to model the real objects, introducing new ruled surfaces generated by
different methods will lead new potentials to the related fields. Providing their characteristics may also
enable easy adaptations for interested researchers. The basic theory related to ruled surfaces can be found
in many differential geometry textbooks such as [3-7]. Recently, Ouarab, (2021a) put forth a method to
generate new ruled surfaces in by taking the advantage of the idea of Smarandache geometry. By assigning
the base curve as one of the Smarandache curves and taking the generator as the another vector element of
Frenet frame, she introduced these ruled surfaces as Smarandache ruled surfaces according to Frenet frame
in [8]. The same method of generating such ruled surfaces is applied to the Darboux frame by Ouarab,
(2021b) in [9] and according to the alternative frame by Ouarab, (2021c) in [10]. Motivated by this, in
this study, we address new ruled surfaces by considering some linear combinations of Frenet vectors as a
Smarandache curve. Then, we study some characteristics of these ruled surfaces and present an example
regarding to Viviani’s curve to illustrate each surface.
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2. Preliminaries

We comprise the basic concepts which will be used throughout the paper in this section. Let a : [ — E3
be a regular unit speed curve. The very well-known Frenet apparatus is given by following identities:
al/

T=Oé/, N=Mr B=T/\N/ K=||0(N||, T=<N,IB>/

T"=xN, N =-xT+1B, B =-1N, [12]

On the other hand, a Smarandache curve of is a regular curve generated by the position vector of the

following form
_ fT+gN+hB

2+ 2+h2
Vfi+g

where f, g and h are real functions. For Vs € [ the vector y corresponds to a differentiable curve. If each
f, g and h is considered to be a constant function then the curves drawn by the y vector are known as
Smarandache curves [11]. There are many studies in the literature with the context of Smarandache curves
by applying different frames and considering different spaces. For more detail see [11-13].

A ruled surface, on the other hand is a one parameter family of lines and it has the following parameteri-
zation

1)

X (s,v) = a(s) + vr(s). (2)
The normal vector field of the ruled surface, is given as
Xs A Xo
M AR o

while the Gauss and mean curvatures are defined by

_eg—f? _ Eg—2fF+eG
~ EG-F?’  2(EG-P) '’

(4)

respectively [1-5]. The coefficients appeared at (4) are known to be the coefficients of first and second
fundamental forms and calculated by followings:

E = <XSI XS>/ F = (XS/ XU>/ G = (Xv/ XU>/ (5)
e= <X55/NX>/ f = <strNX>/ g= <va/NX> . (6)

3. Some special Smarandache Ruled Surfaces according to Frenet Frame in E?

Let us recall the relation (1) . If f = g = h = 1, then the corresponding curve whose position vector is
, T+N+B. .
y = ———— is called as the TNB— Smarandache curve. Next, let us consider the ruled surfaces whose
3
base is TNB— Smarandache curve and the genarator is the one of following unit vectors

T+N 2 T+B 2 N+B 2 T+N+B
= —, =, 3 = ’ 4 = .
V2 V2 V2 V3

We examine the properties of these seven ruled surfaces by means of Gaussian and mean curvatures.

-

’1_-1)/ 1\7/ BI r_l)

Definition 3.1. Let a : I € R — R be a reqular unit speed curve and denote {T, N, B} as its Frenet frame. We

define and consider the ruled surface where the unit vector T moves along on the TNB— Smarandache curve of . The
parametric form of this is given as

F (s,0) = ! ((1+ \/§v)T+N+B).

&l
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The first and second partial derivatives of the surface (s, v) are given in respective order as follows:
Fs = (—KT+(K—T+ \/§Z)K)N+TB), Fo=T, Few=«kN, Fupn=0,

Fos = ((—K' e \/§U1<2) T — (K2 +72 K +7 - \/G_SUK’)N + (T' + 1K — T2+ ‘/EUTK) B).

&l= sl

To formulate the normal vector field of # (s, v) denoted by N, we first compute

Fs NFp = (TN—(K—T+ \/gvK)B).

€
V3

When the norm is taken, we have

1 2 1
[|Fs A Foll = —\/T2+(K—T+ \/gmc) = — /K2 + 272 = 2x7 + 2 V30 (2 — x7) + 302x2.
V3 V3

Hence, we obtain
TN—(K—T+ \/§U1<)B

Ny =

\/KZ + 272 = 2kT + 2 V30 (k2 — k7T) + 30212

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated
as

K
%/
-7 (K2 +72 -+ - \/§v1<’) - (K -7+ \/§v1<) (T’ + 1k — T2+ \/§mk)

2
E7—'=%(K2+Tz+(K—T+\/§UK)), Fy-'= G}':l,

ey =

7

\/5\/1@ + 272 — 217 + 2 V30 (k2 — x7) + 302K2
KT

fr=

= . g7 =0
\/5\/18 + 272 — 27T + 2 V30 (k2 — k7T) + 302K2

Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as

K272
Ky = -,
<K2 +272 = 2kT + 2 V30 (k2 — x7) + 3021<2)
V3t (K2 +2 -+ 1 - \/§v1<’) + \/§(K -7+ \/§v1<) (7:’ + 1k — 12+ \/§UT1<) +2K27
Hy = - .

3
2

2(1<2 +272 = 2kT + 2 V30 (k2 — k1) + 302K2)
Corollary 3.2. If a is a planar curve then the ruled surface F (s, v) is both developable and minimal.
Definition 3.3. Let @ : I C R — R be a regular unit speed curve and denote {T, N, B} as its Frenet frame. We

define and consider the ruled surface where the unit vector N moves along on the TNB— Smarandache curve of a.
The parametric form of this is given as

U (s,v) = (T+(1+ \/§v)N+B).

&=
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The first and second partial derivatives of the surface U (s, v) are given in respective order as follows:
U, = %(—K(l + V3)T+(k-ON+7(1+ V30)), U =N, Uy=-kT+1B, Uy=0,
(—(K’(l + \/§U)+K(K—T))T+(1<’ -7 —(1 + \/§0)<K2 +72))N+<T(K—T)+T’(l + \/gv)) )

WSS - ‘\/—
To formulate the normal vector field of U(s, v) denoted by Nq;, we first compute

1
U AU, = —(T(1+ V30)T -« (1 + V30)B).
L (e(1 Vo) {1+ o))
When the norm is taken, we have
1
U AUl = — (1+ V30) Vi + 72,
V3
Hence, we obtain
N 7T — kB
u=———.
Vk? + 12

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated

as
Bu=3((@+2)(1+ Va0 4 (e-7),  Fu= % Gu=1,

(T’ + k1) (1 + \/50) + 27K (k — 7) 2%T
ey = — ’ f(LI == ’ Ju = 0.
Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as
12272
2 4
(1 + \/50) (12 + 72)°
3(txk’ + x1’) (1 + \/50) + 18x7 (k — 1)
Hqy =- = .
2\/3(1 + \/§v) (k2 + 12)2

Corollary 3.4.
e Ifais a planar curve, then the ruled surface F (s, v) is both developable and minimal.

o If ais a circular helix with equal curvatures, then the ruled surface ¥ (s, v) is minimal.
Definition 3.5. Let @ : I € R — R be a regular unit speed curve and denote {T, N, B} as its Frenet frame. We
define and consider the ruled surface where the unit vector B moves along on the TNB— Smarandache curve of a. The

parametric form of this is given as
Z(s,0) = %(T+N+(1+ \/§U)B).

The first and second partial derivatives of the surface Z (s, v) are given in respective order as follows:
(—KT + (K -T- \/:;UT)N + TB),.ZU =B,  Zw=-1N, Zw=0,

Zs=%
L (—(K’T+K2—T1<— \/gvKT)T+<K’—T/— \/gv’c'—Kz—Tz)N+(T’+TK—TZ— \/Emz) )

Zssz_
V3
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To formulate the normal vector field of Z(s, v) denoted by Nz, we first compute

1
ZSAZUZ%((K—T— \/EUT)T—KN).

When the norm is taken, we have

1 2 1
|Zs A Zoll = —\/K—T— V3ut) 4+ K2 = — /2K2 + 12 = 2kT — 2 V30 (kT — 12) + 30272,
A Zl= 2l Joe=
Hence, we obtain
(K—T— \/gvT)T—KN
Ng = .
\/21c2 + 12 = 2k7 — 2 V30 (k7T — 12) + 30272

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated
as

Ez=%((K2+T2)(K—T— \/gmf)z), Fz=%,

—(K’T+K2—T1<— \/§v1<’c)(1<—’c— \/EUT)—K(K’—T’— \/§m’—1<2—’[2)

Gz=1,

ez =

\/g\/ZKZ + 12 = 2k7 — 2 V30 (kT — 72) + 30272
KT

fz , g9z=0.

\/21<2 + 72 = 2kT — 2 V30 (kT — 12) + 30272

Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as

—3x212
Ky = -,
(21<2 + 72 = 2kT — 230 (kT — 12) + 30212)
- \/§(K’T +Kk2—TK — \/§v1<1) (K . — \/§UT) - \@(KK’ — k7 — VBoxt — 13 + KTZ)
Hy = .

3
2

2(1<2 + 12 = 2k7 — 2 V30 (kT — 12) + 31)2’[2.)
Corollary 3.6. If a is a planar curve, then the ruled surface (s, v) is developable.

Definition 3.7. Let a : I C R — R be a reqular unit speed curve and denote {T, N, B} as its Frenet frame. We
define and consider the ruled surface where the unit vector /i moves along on the TNB— Smarandache curve of a.
The parametric form of this is given as

S(s,0) = %(T+N+B)+%(T+N).

The first and second partial derivatives of the surface S (s, v) are given in respective order as follows:

S = (< (V2+0V3) T + (k (V2 +0V3) - V2o N + ¢ (V2 +0V3)B),

Sl %

S, = (T+N), SSU=%(—KT+KN+TB), S =0,
(—\/E(K’+K2—KT)—U\/§(K’+K2))T
ssF% +(V2( =7 =@ = 2) + 0B (' - P~ PN

+(\/§.(T’—T2+KT)+U\/§(T’+KT))B
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To formulate the normal vector field of S(s, v) denoted by N, we first compute

1
S AS, = ﬁ(—T(Z'F \/EZ))T+T(2+ «/EU)N+(2T—2K(2+ \/Ev))B).

When the norm is taken, we have

[Ss A Syl = % \/(41<2 + 372 — 4x7) + 2 V60 (22 + 12 — k1) + 302 (22 + T2).

Hence, we obtain

N —7:(2+ \/EZ))T+T(2+ \/EU)N+(2T—2K(2+ \/gv))B
<=

2 \/(41<2 + 372 — 4x7) + 2 V60 (22 + 12 — k7) + 302 (22 + 12)

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated
as

Es = %(4(1{2 — KT+ 72) + 2\/gv<21<2 — KT+ Tz) + 302 (21<2 + 72)),
FS:—%, Gszl,

4i'T — Akt — A3 + Vot + Vort? + 6x1? — 6K2T
+V6u (41<’T — 217 — 4kt — 3%3T + 2k - 2iK%T — 273> + 3072 (ZTK’ -2kt — 2K3T — 13)

es =

4

1

2 \/5(41<2 + 372 — 4T + 2 V6 (2K2 + 12 — k1) + 302 (22 + 12))2
72 = 2x1 — VérTU

fs=

V2 \/(4K2 + 372 — 4kT) + 2 V60 (2K2 + 12 — KT) + 302 (2K2 + 12)

P 9520.

Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as

—3(1:2 —2KT — \/gww)z

Ks = 5
(41<2 + 372 — 4xT + 2 V60 (22 + 12 — k7) + 302 (22 + ’52))
4’7 — Akt — 673 + Vort + (\/6 + 10) k1% — 6K2T
+V6v (41(”[ — 217 — 4kt — 32T + k1% — 2121 — 2’[3) + 302 (ZTK’ —2xT —2x%T — 73)
Hg =

3
2

(2/ \/5)(41<2 + 372 — 4T + 2 V60 (2K2 + 12 — 7) + 302 (22 + ’CZ))
Corollary 3.8. If a is a planar curve then the ruled surface S(s, v) is developable.
Definition 3.9. Let a : I € R — R be a reqular unit speed curve and denote {T, N, B} as its Frenet frame. We

define and consider the ruled surface where the unit vector 73 moves along on the TNB— Smarandache curve of a.
The parametric form of this is given as

Q(s,v):%(T+N+B)+%(T+B).
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The first and second partial derivatives of the surface Q(s, v) are given in respective order as follows:

Q= = (< VAT + (e ) (V2 + 0 V3N + V2rB),

N
_ L _ 1
Qv—\/z(T+B), Qw=0, Q ﬁ(K T)N,
(\/E(—K' — k2 4+ TK) + V3o (—K2 + TK)) T
QSS=L +(—\/§(K2+T2+T'—K')—\/EU(T/—K'))N

Ve +<\/§(T’+1<T—T2)+ @U(TK—TZ))B
To formulate the normal vector field of Q(s, v) denoted by Nq, we first compute

QNQ, = 21—\/6{(1(—1')(2+ \/EU)T+2(1<+T)N—(K—T)(2+ \/EU)B}.

When the norm is taken, we have

1Qs A Q|| = % \/31<2 + 372 — 2T + 02 V6(k — 1) + 302(x — 7).

Hence, we obtain
(K—T)(2+ \/EU)T+2(K+T)N—(K—T)(2+ \/EU)B

2 \/31{2 + 312 = 2x7 + v2 Vb(x — 7)* + 302(k — 1)°

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated
as

Eq = % (41<2 +47% — 41k +2 \/EU(K - 1) +30%(k — 1)2) ,
Fo="F Gg=1,
4\/§(T1<’ —xT -3 = 13) +4\/§U(—KT’ +1K =12 =+ kT + K’L’z) - 332 (KZ - 12) (x = 1)
Q= ’
‘ 6 \/31<2 + 312 = 2k + 12 V6(k — 1) + 302(k — T)°
()
Ja , gq =0.

2 \/31<2 + 372 = 27 + 02 V6(k — 7)* + 302(k — 7)°

Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as

—3(1<2 - 12)2
Ko = ‘v
(31<2 + 312 = 2kT + v2 V6(Kk — T)* + 302(x — T)2)2

4\/§(T1<’ —xT — K3 — T3) + <K2 - ”[2)(1<— 7)
+4/30 (—KT’ +Tk -1 -+t + KTZ) - 332 (K2 - 72) (x=1)

3
2

Hq =
2(31<2 +372 = 2k7 + v2 V6(Kk — 7)% + 302(k — T)Z)
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Corollary 3.10. If « is a circular helix with equal curvatures then the ruled surface Q(s, v) is developable.

Definition 3.11. Let a : I € R — R be a reqular unit speed curve and denote {T, N, B} as its Frenet frame. We
define and consider the ruled surface where the unit vector 73 moves along on the TNB— Smarandache curve of a.
The parametric form of this is given as

M(s,0) = %(T+N+B)+%(N+B).

The first and second partial derivatives of the surface M(s, v) are given in respective order as follows:

M; = %( (‘/_K+U\/_K)T+(\/_(K—T —v\/_T)N+(\/_T+v\/_T) )
Mv—7 +B), My =0, Msv=%(—KT—TN+TB),

1 (\/_(K +K2—K’C)+ ‘/gv(K/—KT))T
My = — +(\/—(KI—T/—K2—T2)+ \/§U(T’—K2—TZ))N

\G +(\/§(T’+KT—T2)+ %U(T’—Tz))B

To formulate the normal vector field of M(s,v) denoted by N, we first compute
1
M, A M, = ﬁ{(ZK—ZT(2+ \/Ev))T+1<(2+ \/EU)N—K(2+ \/EU)B}.

When the norm is taken, we have

[IMs A M| = # \/31<2 + 472 — dxct + 2 V6u (12 + 272 — k1) + 302 (k2 + 272).
6

Hence, we obtain

(2K—4T—2\/6TU)T+K<2+ \/gv)N—K(Z-i— «/EU)B

Ny = .
\/31<2 + 472 — 4xT + 2 V60 (k2 + 272 — k7) + 302 (k2 + 272)

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated
as

Epm= %(41< + 412 — 4xt + 2 Voo (k2 + 212 — k1) + 302 (x* + 277)),

K
FM = GM = 1/

V6

—4 \/E(K/T — kT — kT2 + T2 + K3) +2430 (4K’T — 4x72 4+ 37K2 — KK’) + %6 \/E(K/T - KTz)
em = ’

\/3K2 + 472 — 4T + 2 V60 (k2 + 272 — x7) + 302 (k2 + 272)
— \/EKZ

m= , gm=0.

\/31<2 + 472 — 4kt + 2 V60 (K2 + 272 — %7) + 302 (k2 + 272)
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Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as

121
Kym=- - ,

2
(31<2 + 472 — 4xT + 2 V60 (K2 + 272 — k7)) + 302 (k2 + 272))

-12 \/E(K'T — k7 — k1% + K% + K3) +23:3
+6 V30 (4K’T — 4x7? + 37K2 — KK’) + 218 \/E(K’T - KTZ)

Hp =

3
(31<2 + 4712 — 4T + 2 V6v (k2 + 272 — k1) + 302 (12 + 2’[2)>2
Corollary 3.12. The ruled surface M(s,v) cannot be a developable surface.
Definition 3.13. Let o : I € R — R be a reqular unit speed curve and denote {T, N, B} as its Frenet frame. We

define and consider the ruled surface where the unit vector 73 moves along on the TNB— Smarandache curve of a.
The parametric form of this is given as

1 v
I'(s,0) = %(T+N+B)+%(T+N+B).

The first and second partial derivatives of the surface I'(s, v) are given in respective order as follows:

I, = %(1+U)(—KT+(K—T)N+TB),
FU=%(T+N+B),
1

Iy = (1+v){(—1<’ —1<2+1<T)T+(K’—T’ —K2—72)N+ (T’+KT—T2)B},

V3

1
]"sv:—3(—KT+(K—T)N+ tB), I = 0.

\3
To formulate the normal vector field of I'(s, v) denoted by Nr, we first compute
I[LAT, = %(1+T))((K—2T)T+(K+T)N+(T—2K)B).
When the norm is taken, we have

ITs ATl = g (1+v) Vx2 — kT + T2

Hence, we obtain

_ (k=-21)T+ (k+7)N +(t—2x)B

V6 Vic2 — k7 + 12

Moreover, from the relations (5) and (6) the coefficients of first and second fundamental forms are calculated
as

Nr

Er = %(1 +v)2(1<2 —xt+7), Fr=0, Gr=1,
_ (1+0v) {—2 (K3 + ’53) —2*1 +3 ('t - KT’)}

er = , fFZO/ gr:()'
3V2Vi2 — k1 + 12

Finally, by referring the relation (4) the Gaussian and mean curvatures are obtained as

-2 (K3 + T3) — 2121 + 3 (x'T — kT')
Kr =0, Hr =

2\/5(1+v)(1<2—1<’[+’[2)%
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Remark 3.14. Note that since the directrix of this ruled surface can be collapsed to a point, it clearly corresponds to
a cone and can be parameterized as in the following form:

I'(s,0) = %(1+v)(T+N+B).

As known from the literature that for any conical surface, the coefficients Fr and fr of first and second fundamental
forms in respective order vanish, which corresponds to the relation Kr = 0. Therefore, the predefined ruled surface
forms always a developable cone. However, we find it worth to do the calculations for validation purposes and
providing the relation for mean curvature.

Example 3.15. Let us consider the well known Viviani’s curve parameterized as
1
yt) = (a(l + cost), asint, 2asin§t), te[-2n,2n], [Gray, 1997 p.201].

For a = 0.5 and by changing the parameter as t = 2s, we easily represent the given Viviani’s curve as in the following
way

a(s) = (cosz(s),sin(s) cos(s), sin(s)), s € [-m, n].

Then, the Frenet apparatus of a = a(s) are given as

T(s) = \/ﬁ(— sin (2s), cos (2s), cos (s)),
1 cos (4s) + 12 cos (2s) + 3,
N(s) = sin (4s) + 12sin (2s), ,
V2cos (25) + 64/6cos (25) +26 | 4 gin (s)
B(s) = ;(sin (3s) + 3sin(s), — cos (3s) — 3 cos (s) ,4).

4/6 cos (2s) + 26

For s € [-n, ] and v € [-1, 1], the ruled surfaces ¥ (s, v), U(s,v), Z(s,v), S(s,v), Q(s,v), M(s,v) and I'(s,v)
are sketched in the following figures from (a) to (g).

(a) generated by the unit vector T (b) generated by the unit vector N
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Tt

R

(e) generated by the unit vector 73 (f) generated by the unit vector 73

(g) generated by the unit vector 73

Figure 1: The ruled surfaces ¥ (s,v), U(s,v), Z(s,v), S(s,v), Qs,v), M(s,v) and I'(s, v) with the base TNB-
Smarandache curve
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