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Analysis of the spread of Hookworm infection with Caputo-Fabrizio
fractional derivative

Esin ilhan?

# Faculty of Engineering and Architecture, Kirsehir Ahi Evran University, Kirsehir, Tiirkiye

Abstract. This research study provides a mathematical analysis for the spread of Hookworm infection
model. Firstly, the proposed disease model is extended by means of the Caputo-Fabrizio fractional deriva-
tive. Then, existence and uniqueness of the solution is presented for the fractional-type Hookworm infection
model with the help of the fixed-point theorem. Theoretical results of the model under consideration show
the advantages of the fractional differential operators.

1. Introduction

In comparison to traditional mathematical models, fractional-order models are more advantageous since
they generally produce better outcomes than classical order models [1]. Many researchers have concentrated
on studying non-linear dynamical systems based on different types of fractional differential operators,
inspired by the growth of fractional calculus, by creating a number of analytical or numerical techniques in
order to obtain solutions [2, 3]. In order to analyze and investigate these systems, Riemann-Liouville (RL),
Caputo, Caputo-Fabrizio (CF), Atangana-Baleanu (AB), as well as other non-local fractional derivatives,
are employed to reach more detailed results. Recently, a new-type fractional derivative including a non-
singular kernel has been presented as can be seen in [4]. The kernel of this non-local non-singular fractional
operator has the form of the exponential function. Some type of fractional operators, on the other hand,
have a power-law kernel and are limited in their ability to describe physical situations. Therefore, Caputo
and Fabrizio proposed an additional fractional differential operator with an exponential decay kernel to
overcome this challenge in [1]. The CF fractional derivative operator, which has a non-singular kernel, is a
new approach to the fractional calculus that has captivated the interest of many researchers. Additionally,
the CF operator is one of the best suited for simulating real-world problems that follow the exponential
decay law. Developing a mathematical model employing the CF fractional-order derivative became a
well-known subject of study over time [10-12].

Inspired by the above information, the Hookworm infection model [5] is investigated in this study
utilizing CF fractional-type derivative and integral operator. First, the model is updated to use CF fractional
operator. The existence and uniqueness of solutions are then determined under initial conditions utilizing
the fixed point theorem.
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2. Preliminaries

In the current portion, some fundamental definitions of fractional derivative and integral are presented.
For more information on fractional calculus, we refer the readers to [6-9].

Definition 2.1. Let n € N and n —1 < v < n, then Caputo fractional derivative is defined by [7]:

1 (")
Cryv
Dif ) = Tn-v)J, (t—ry+i—n @
Definition 2.2. For f € H'(a,b),b > a,v € (0,1), the CF fractional derivative is presented as [4]:
y M(v d (x t - X
SFDY(f() = M) f LG v v]dx. )

Here M(v) is a normalization constants given by M(0) = M(1) = 1. Also, the definition of CF operator can be
given as below:

1%

t
i) = T2 [ (70 - fesn| - v1 = fax

Remark 2.3. If = =2 € (0,00),v = plr_r, =€ [0, 1], then the above equation supposes the following expression

Vif() = 2D f ST t;x]dx, N(0) = N(co) = 1. 3)
Furthermore,
lvl_r% 1/exp[ - —] o(x —1t).

It should be noted that according to the definition, the fractional integral of Caputo type function with
order v is an average between function f and its integral of order one. Hence, this means that

M(V):%, 0<v<l. (4)

Owing to the above expression, Nieto and Losada presented the new Caputo type derivative of order v
can be rewritten as follows:

Definition 2.4. The fractional derivative of order v is [6],

t
TR0 = 1 [ ] - ®

At this instant subsequent to the preface of the novel derivative, the connected anti-derivative turns out
to be imperative; the connected integral of the derivative was proposed by Nieto and Losada [6],

Definition 2.5. Let 0 <v < 1., then the fractional integral with order v of a function f is given by

) 2v !
CFIVf(t) = mu(t) + m L M(S)ds, t>0. (6)
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3. Fractional Model

In this section, we expand the spread of Hookworm infection model [5] to the fractional CF derivative.
Classic integer order model is reformulated in the nonlinear system of differential in equations (7):

20 = A= uS(HL(F) — pS(t) + BR(t)

E2 = uS(HLa(t) — pE(t) — ayE(t) — (1 - a)yE(t)
=1 —a)yEt) - (n+p+P)h(t)

= ayE(t) + nli(t) — (p + p + Y2)La(t)

e 1Pllh(t) + llez(t) —(p+ ,62R(t)

?t(t)__qb 11:(1;) + C;béz(f) —L(Z? + X)E(t)

%:x (t) = (6 + OLi(t)

22 = CLy(t) — kLo(h).

dt
L

dt
L®

dt
K@)

In the above system (3.1), S(t), E(t), I1(t), I(t), R(t), F(t), L1(t) and L(t) represent the the dynamics of
hookworm and human populations, susceptible humans,exposed humans, infective humans with mod-
erate infection, infective humans with heavy infection, recovered humans and, worm eggs, non infective
rhabditiform larvae, infective filariaform larvae respectively. All the parameters are positive constants and
A is the recruited at the rate of the population, u is the individuals from the recovery class at the rate, 1
is the moderate infectious individual progresses at the rate of the population, 1 is the rate of recovery
from moderate infection , 1, is the rate of heavy infection, the natural death rate of human and the dis-
ease induced related mortality rate are denoted by p and u while w,  and k are respective death rates for eggs.

The spread of Hookworm infection model is integrated via Caputo-Fabrizio fractional derivative with
the model and can be written as follows:

SFDYS(t) = A — uS(HLa(t) — pS(t) + BR(H),

6 DYE() = uS(HLa(t) = pE(t) = ayE() = (1 - a)yE(t),
SFRVI(H) = (1 — a)yE(t) — (n+ p + P11 (8),

SEDVL(t) = ayE(t) + nli(t) — (1 + p + Y2)la (),
SFRVR(H) = Yrla(t) + Pala(t) — (p + PR(),

SEDYE(t) = PL(t) + Ph(t) — (w + YE(t),

SFDYLy(t) = XF(t) - (6 + O)La(t),

CFRYLy(t) = CLa (8) — kLa(t).

where v € (0, 1) is the order of the fractional derivative operator. Then the initial values are as follows:

S(O)(t) = 5(0), E(O)(t) = E(0), Il(o)(t) = 1(0),
L, (1) = L(0), R(f) = R(0), F)(t) = F(0),
Ly, (£) = L1(0), Lo, (t) = L2(0).

4. Existence and Uniqueness of Hookworm infection Model

Utilizing fixed point theorem, we show the existence of the model under investigation in this section.
We utilize the CF integral operator on (9) in order to get
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S(t) = S(0) =5F I/{A — uS()La(t) — pS(t) + BR(H)},

E(t) = E(0) =§F [ {uS(HLa(t) — pE(t) — ayE(t) = (1 - a)yE(t)},
L(t) = L(0) =§F IY{(1 = a)yE() = (n + p + YL (B},

Ir(t) = 1(0) =5F IV {ayE(t) + nli(t) — (u + p + Y2)L(1)},

9
R(t) — R(O) =5 E{gaFs(6) + abo(8) — (p + PR(D) ©)
F(t) - F(0) =T QL (1) + () — (w + YF (B},
Ly(t) = L1(0) =5 IAXF(t) = (6 + O)L1(1)),
Ly(t) = La(0) =§" L{CLA(#) = kLa(t)}.
By using the approach in [6], we have
S(t) = S(0) = 7= jmzzv (A= uS®La(E) = pS(®) + BRE)
T M) V)M(v) 0 A pS(r)La(r) = pS(r) + BR(r)}dr,
E(H) - E(0) = (ziﬁ)ﬁzv) {HS(HLa(t) = pE() — ayE(H) — (1 - a)yE(t)}
+ 2 b uS(OLa() — pE() — ayE(r) — (1 - a)yE(r)}dr,
L(H) - L(0) = (2”3)1\;&) (= a)yE®) =1+ +y)h(h)
(2 v)M(v) o (1 a)VE(r) (77 +u+ l,bl)ll(r)}d”
I(t) - L(0) = (jﬂmz’v) {ayE(®) +nh(t) = (u + p + P2)(t))
+ s PHayE) + nl(r) = (i + p + pa)L()dr 10)

R(t) - R(0) = (;%;zzv) Y1h() + yza(t) = (o + HRO)
m b 1,0111(7) + Yolo(r) — (p + B)R(r)}dr
F(t) - F(0) = 2 S)Azzv) Oh(t) + L) - @+ VFE)
T oMo v)M(v) N (Pll(”) + ¢hL(r) — (w + X)F(r)}dr,
Li(t) = L1(0) = o= AXF(t) = (6 + O)L1 (1)
+ o2 [ F@) = 6+ OLa()ldr,

Lo(t) - Lo(0) = amzv (L) = kLo(t)

(2—V)M(v) N CLl(T)—kLz(T’)}dT

For simplicity, we replace as follows:

Gi(t,S) = A — uS(H)La(t) — pS(t) + BR(?),

Ga(t, E) = uS(t)La(t) — pE(t) — ayE(t) — (1 — a)yE(?),
Gs(t, I1) = (1 = a)yE(t) — (n + p + P1)ha(h),

Ga(t, L) = ayE(t) + nli(t) — (u + p + P2)a(t),

Gs(t, R)T = P11 (f) + 2o (f) — (p + BR(D),

Ge(t, F) = ¢Li(t) + ¢La(t) — (w + X)E(),

Gy(t,L1)T = xF(t) — (6 + O)La(t),

Gs(t, Lo) = CL1(t) — kLa(t).

For proving our results, we assume the following assumption (H). For the following continuous func-
tions 5(¢), E(t), (1), I(t), R(t), F(£), L1 (F), L2(t) € L[O, 1], such that [[S(I| < c1, IE@OI < ca, IOl < e3, A1 <
ca, IR < s, [IE@O < cs, IL1(B)I] < 7, IL2 (] < cs.

Theorem 4.1. The kernels G1, Gy, G3, Gy, Gs, G, G7 and Gg satisfy the Lipschitz condition if the assumption H is
true and they are contractions provied that ®; <1forVei=1,..., 8.
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Proof. We start with G;. Suppose that S and S; are two functions, then we obtain,

1G1(t,5) = Gi(t, Sl = (A = uS(B)La(t) = pS(E) + BR(E)) = (A = uS1(HLa(¢) = pS1(t) + BRO)II-
< A{uLa(t) + pHI(S(E) = S1 )
< {ucg + pHI(S(E) = S1 )l
< OyfI(S() = S1 ().

Next, we prove for G,. Suppose that E and E; are two functions, then we calculate in below,

IG2(t, E) = Ga(t, Enll = (uS(H)La(t) — pE(t) — ayE(t) — (1 — a)yE(?))
= (uS(OLo(t) = pEa(t) — ayEa(t) = (1 = a)yE1 (D).
sip+ay + 1 -a)}EER) - E@)l
< A{p + BIIE®) — E1@®))I]
< Dol |(E() = Ea())II-

Then we show for Gz. Suppose that I; and I;, are two functions, then one can reach

IGs(t, I1) — Gs(t, In)Il = (1 = @)yE(t) — (0 + pu + ¢1)1a(F))
— (L= a)yElt) = (n+ p + )L, Ol
<A{(m+ p+PHLE) - L,®)I
< Ds[I1 () = I, ()]

Similarly, we prove for G4. Suppose that I, and I, are two functions, then

IG4(t, L) = Gat, )l = (ayE(t) + nli(f) — (1 + p + ¢2)L2(F))
= (ayE(t) + nh(t) — (u + p + P2), (D)l
<{(u+p + Y)HL(t) — I, (D)l
< Dy|I(t) = I, (H)I.

For Gs, we suppose that R and R; are two functions, then we have

IG5 (t, R) — Gs(t, Ry)ll = (111 () + P2La(t) — (p + B)R(Y))
= (Y1l (t) + Pala(t) — (p + BRI
<A{(p + HIR(E) — Ra@))Il
< @s|(R(£) = Ra@))II-

Now suppose that F and F; are two functions, then for G¢ one can readily get

IGe(t, F) = Ge(t, F)ll = (¢Li(£) + @Lo(t) — (w + X)F(D))
= (h(D) + PL(H) — (w + Y)F1 ().
<A@ + HIEE) = FrO)II
< D|I(F(t) = Fa())Il-

For G7, supposing that L; and Ly, are two functions, we can obtain

47
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IG7(t, L1) — Gs(t, L1,)Il = (XF(t) — (6 + O)L1(#))
= (XF(t) = (6 + QL1 ().
<A{©O + OHIL1 () = Ly, W)l
< D7|ILy () = Ly, ),

and for Gg, suppose that L, and L, are two functions, then we reach

IGs(t, La) — Gs(t, L2,)Il = (CL1(t) — kL2(t))
= (CL1(t) — kL2 (£)I-
< {(RMIL2() = Lo, (D)1l
< DglILx(£) — Loy (D)II-
All kernels which G;,i = 1,..., 8 satisfy the conditions, so that they are contractions with ®;,i =1,...,8.

Therefore, this completes the proof.
Using notations for kernels, with all the initial values zero equation (9) becomes

5(t) = (22(v1>1\2)v) Gi(t,S) + momim) vM(v) o(Gl(Vr S))dr,

E() = & j)A;gv)cz(t E) + 5 V)M(V) 0(G2(r E))dr,

Ii(t) = (2 1})]\2V)G3(t L)+ M) v)M(v) O(Gg,(?' Iy))dr,

Iz(t) = @- S)Mvzv) G4(t 12) + 2=v)M(@) v)M(v) 0 (G4(7 12))d1’
2(1+v)

R(t) = (22(¥)MV;V) Gs(t, R) + 2=-)M@) v)M(v) 0 (G5(1’, R))dr,
y

F(t) = Moy Ge(t, F) + T=0)Mo) vM(v) b (Gé(i’,F))d?’,

Li(t) = it Gr(t, L) + =5 VW A '(Go(r, Lu)dr,

Lo(t) = g7 Gs(t, L) + [ (Gs(r, Lo))dr,

The following recursive formula is presented:

2-)M() V)M(V)

Sult) = (;(Vl)ﬁyv)cla Su1) + =i VMV) 0<cl(r Su-))dr,
En(t) = oo Galt, En) + =515 VW(V) 0(Gz<r E,-1))dr,
I (t) = st Galt hin-) + =241 VW , '(Ga(r, Lign1))dr,
Lwy(t) = (ZZ(J)J;\Z(V)GALU bu-1)) + 5wy (2 V)M(V) fO(G4(V Iyp-1y))dr,
Ru(t) = o= Gs(t, Ruca) + =25 V)M - fo (Gs(r, Ry-1))dr,
Fu(t) = ooy Golt, Fut) + 215 VMV) 0<G6(r Fy))dr,
L) = o Gr(t, Lin-) + =i V)M(V) fo (Gr(r, Lin—))dr,

2(1
Lz(n)(t) @- (V)I\;I/(V) GS(t Lz(n 1) ) + oMoy 2—")M@) v)M(v) fO (GS 7, Lz(n 1)))

(11)

and

So) = 5(0),
Eq)(t) = E(0),
Li)(t) = [1(0),
Io)(t) = 1(0),
R)(f) = R(0),
F(t) = F(0),
Lyoy(t) = L1(0),
Loy (t) = L2(0).
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where S()(t), Eq0)(t), M)(1), Li0)(t), 20y (t), Rioy (1), F(0) (), L1(0)(t) and L) (t) are the initial conditions. The dif-
ference of the succeeding terms is obtained as

Win(t) = Su(t) = Sp-a(t)
= (22—(3);\2@ (G1(t, Su-1) — Gi(t, Su-2)
+ o) fot(Gl(V, Sn-1) — Gi(r, Syp)dr

Wonlt) = En(t) = Enca(8)
= oo (Ga(t, En-1) = Galt, En-2)
+ 2 I (Galr, Eut) = Ga(r, Eno)dr,
Wa,(t) = Ii(t) — Li-1)(t)
= %(ny(t, Lin-1)) = Ga(t, i)
2 b G ) = Galr, L),
Wy (t) = Iy (t) = n—1)()
= %(G‘i(t Du-1)) — Ga(t, Ion-2))
+ 205 (Ga(r, Iognn) = Ga(r, Loy,
\I]5n(t) = Rn(t) - Rnfl(t)

oy (Gs(t, Rum1) = Gs(t, Ry-2)

+ o2 [ (Gs(r, Rucr) = Gs(r, Ry-)dr,

Weu(t) = Fult) = Fucr(t)
oo (Go(t, Fa1) — Go(t, Fu2)
+ 2 (Golr, Fucy) = Go(r, Fuoa)dr
W7,(t) = Ly(t) = Li-1)(t)

= %(Gya Ligs-1)) = Go(t, Liga-)

W b (G (r, Lyu-1)) = G7(r, Li(n-2))dr,

Weu(t) = Log(t) — Log-1)(t)
%(Gs(b Law-1)) — Gs(t, Lan-2))

t
+(2_1,2)—VM(V) fo (Gs(r, Layn—1y) — Gs(7, Lygu—2))dr.

Notive that

Su(t) = ity Wui(®),
Eu(t) = XLy Wai(h),
Ly () = Lity Wailt),
Ly (t) = Xty W),
R,(t) = XLy Wsi(t),
Fu(t) = LiLy Weilt),
Lioy(t) = Limy Wri(t),
Loy (t) = Limq Wsi(t).

Now we continue the same process and we have the following form,

W3 = 11Su(t) = Sua (B
= | it j)gzv)<cl(t Su1) = Galt, Su-2)
m O(Gl(f’ Sn-1) — G1(7, Su—p)drl.
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Using the triangular inequality, equation (11) is simplified to

n&m—a4mn<@%@mmﬁsno Gilt, Su)
(2—V)M(V) ” j(; (Gl (7’, Snfl) Gl (1’, SVHZ)dr”-

Because of the fact that the kernel satisfyies the Lipschitz condition, then we can get

2(1-v)
p&w—&dw < @ity PallSu-s = Sl 1)

+ sl f 11 — Sualldr.

Then we have

2(1-v)

IO < s

MWHMW—WF%IMWMW

Accordingly, we attain the results as below:

2(1
”\IIZn(t)” < - (VAZ(V)(DZ”\IIZ(n 1)(t)” + @-= V)M(V)(DZ j(; ||\y2(n 1)(7)“d7

n%w<£%wmwwuwmgpmmmw
W (Bl <

s allW ) (DIl + 2me0®4g|ry4n1xnmh
n%w<£%wwmmumwgwmmmw
IWM%<5%@%WWMW+QWW%LWWMWW
nww<£wwmmmwhmggmmmw

Isn (Bl < 2o @I Wsin 1) (D] + =iy @ fy Wsuny (Pl

We shall then state the following theorem. [

Theorem 4.2. The Hookworm infection model (9) has unique solution if the conditions below hold.

2(1-v) 2v
=M LT Eo M) <

Proof. Since all the functions S(t), E(t), [1(t), I(t), R(t), F(t), L1(t) and L(t) are bounded, we can say that the
kernels satisfy the Lipschitz condition, so by using the recursive method, we get the succeeding relation as

n

n

”\yln(t)” < ||5n(0)||[((22(vl)1\,¥(v)@1) ((2 vM(v)q)lt)]
W2 (Ol < NER O o P2) + (=g 21|
|\y3n(t)” < ”Il(n)(o)”[((zZ(Vl)Mvzv CD3) ( - V)M(v)q)3t)] ’
v n
IMMWWMW@%@)%MW%,
s, ()l < IRWO)| (5 ®5) + (=2 @5t -
2(1-v, 2v n
”\Pén(t)” < ”Fn(o)”[((z V)M(V)(I)é) ((2 V)M(V)(I)ét)] ’
2(1-v 2v "
W7 () < Mgy ON[( s 7) + (=2 @7t)]
— n
W () < Loy O] 5 @s) + (=2 Pst)]
Thus, the existence and continuity of the solutions is proved. Moreover, in order to ensure that the
above function is a solution of equation (9), we continue as below:

(13)
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5(t) = 5(0) = Su(t) — An(t),
E(t) — E(0) = E,(t) — Bu(t),
Li(t) = [1(0) = Lin(f) — Ca(t),
L(t) = L(0) = Tou(t) — Dy(t).
R() = R(0) = Ru(t) — Gu(t),
F(t) = F(0) = Fu(t) — Hu(t),
Li(t) = L1(0) = L1u(t) — Ma(t),
Lo(f) = L2(0) = Lan(t) — Na(?).

(14)

Therefore, we have

Al = ||(22<3)A;> 5(Ga(t,S1) = Galt, Su)
+ 52 [ G S) = Gir, Su))dr
< (22‘3);;2v)n(cl<t Su) = Gi(t, S
+ =255y Ga(r, S) = G (1, Syl

2(1-
< I IK ~ Kyll + =2 PallS = Syl

Using the process in a recursive manner gives

2(1-v) 2v
A0 < ((2 M) T 2- M@

By applying the limit on equation (4.8) as n tends to infinity, we get

n-1
)t) o, (15)

lAOIl = 0.

Similarly,
1B.(HIl = 0, [ICu(HIl =0, NIDx(OIl = 0,
GBI = 0, [[Ha(®Il = 0, [IMu (Il = O, [INu(£)l] = 0

For the uniqueness system (9) solution, we take on contrary that there exists another solution of (9)
given by S1(t), E1(t), [11(t), [12(), R1(¢), F1(t), L11(t) and Li»(t). Then

S(t) = Si(t) = (22_(3)_MV2V)(G1 (tt’ Su) = Gi(t, Su-1) (16)
+ it b (G1(1, S1) = Ga(r, S
Taking norm on equation (16), we get
IS®) = SiOll - < Zomisl(Galt, Su) = Ga(t, Su-a)ll
t
+ g2 (IG5 = Git, Sl
If we apply the Lipschitz condition of kernel, we have
IS = Sl < (;‘J)Azzv)cblnsa) S0l
(Z—V)M(v) o (Dlt”S(t) - Sl(t)”d?’
It gives
2(1-v) 2v )
150 - 51011 - G ® ~ T o) < 17)
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Theorem 4.3. The model (9) solution will be unique if

2(1-v) 2v
(1 T oM T @ M) ®1t) > 0. (18)

Proof. If condition (18) holds, then (17) implies that
IS(t) = S1()ll = 0.

Hence, we can attain

S(t) = Si(b).

On employing the same procedure, we get

E(t) = E1(1),
Li(t) = In(?),
L(t) = In(®).
R(t) = Ri(t),
F(t) = F1(#),
Ly(t) = L1 (),
La(t) = La ().

O

5. Conclusion

The Hookworm infection model is analyzed employing the fractional derivative and integral operator
presented by Caputo and Fabrizio. First, the model revised to the fractional derivative of Caputo—Fabrizio.
Then, using the fixed point theorem, existence and uniqueness solutions were performed under initial
conditions.
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