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On the Stability of Finite Difference Scheme for the Schrodinger
Equation Including Momentum Operator

Nigar Yildirim Aksoy?, Emel Sariahmet?

?Department of Mathematics, Faculty of Arts and Sciences, Kafkas University, 36100 Kars, Turkey

Abstract. In this paper, we apply the finite difference method to a Schrédinger equation which contains
a momentum operator. For this, we constitute a difference scheme. A priori estimate for the solution of
difference scheme is obtained. By using this estimate, we prove that the difference scheme is unconditionally
stable.

1. INTRODUCTION

Schrodinger equation,

2
ih%(g, t) = [—f—mvz +V(c, t)] u(c, t) = (T + V)u(c,t)

is a partial differential equation, where i? = =1, ¢ and t are the variables of space and time, respectively,
u(g, t) is a wave function; fi = % is the reduced Planck’s constant; / is the Planck’s constant; m is the mass
of particle; T = ;—;I is the kinetic energy operator; p = —ifiV is the momentum operator; V = V(c, t) is the
potential energy operator; V is the gradient operator; V2 is the Laplace operator.

As seen, the left hand side (Lh.s.) of above-mentioned equation describes the ratio of change of wave
function u according to time, namely; Schrédinger equation is a equation describing how the energy of a
quantum mechanical system evolves in time. Itis a very sophisticated model applicable to many disciplines
in engineering and applied sciences.

Many researchers analyzed the solutions of different versions of Schrodinger equation by using various
methods (exactly, approximately or numerically). For example, Khuri and Sadighi et al. applied the
Adomian decomposition method to Schrodinger equation [18, 25]; Biazar et al., He, Mousaa et al. studied
the linear and nonlinear Schrédinger equations by Homotopy perturbation method [4, 12, 22]; Alomarietal.,
Ghanbari examined the linear and nonlinear Schrédinger equations by Homotopy analysis method [2, 11];
Hosseinzadeh, Wazwaz analyzed the linear and nonlinear Schrédinger equations by Variational iteration

method [13, 29]; Iskenderov et.al., Mahmudov, Yagub et al., Yildirim Aksoy examined the solvability of
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Schrodinger equations by Galerkin’s method [15, 16, 21, 31-33]. Besides, there is a great variety of solution
procedure for Schrodinger equation.

In this work, we apply the finite difference method to a linear Schrodinger equation. In studies [3, 7,
8, 10, 16, 27], the solutions of linear Schrodinger equations is examined by finite difference method and,
in that studies, generally, the stability and convergence of difference scheme are shown. Also, in studies
[5,9, 14, 17, 23, 24, 26, 28, 30] the finite difference method is applied to the boundary value problems for
nonlinear Schrodinger equations and in most of them, the stability, error and convergence of method are
analyzed.

In the most of studies mentioned above, Schrodinger equations do not include the momentum operator.
Especially, [27], the numerical solution of linear Schrodinger equation including a momentum operator is
investigated. For this, the finite difference method is applied to the considered problem and the conditionally
stability of method is proved. As distinct from the earlier studies in literature, in this work, we examine a
boundary value problem for the linear Schrédinger equation including a momentum operator and apply the
finite difference method to it. We analyze the difference scheme and prove that scheme is unconditionally
stable.

Consider the following problem for linear Schrédinger equation including a momentum operator;

2
% ﬂog—;; " ialg—z — aa(Q)u + as(u = g, B, () €Q 1)
u(c,0) = f(c), cel )
u0,H)) =u(X,£)=0, t€(0,T) 3)

where I = (0,X),Q =1x(0,T), ap,a; > 0 are real numbers; a,(c) and a3(¢) are real valued functions such that

0 < ax(c) < pg almost everywhere (a.e.) in I, g = const. >0, 4)
az € Lo(I), las(c)| < bgae. inl, ®)

bo > 0 is a given number; f € W2(I), g € Wy''(Q).
Here, Lo(I) is the space of all functions that are essentially bounded on I equipped with the norm
Il = esssup |ul;

Wi(Q) = u € Ly(Q) : D’u € L,(Q) for every multi-index y with |)/) <r,
b - where D”u is the weak(or distributional) partial derivative

and
the closure of Cj’(Q) in the space W;(Q)

Wi

[1].

In [19], it was shown that the following theorem is valid:

Theorem 1.1. Assume that (4) and (5) are satisfied and f € W%(I), ge Wg’l(Q). Then there exists a unigue solution
u € W2(Q) of the problem (1)-(3) and the following estimate holds

e Dy < olll iz + N9t o) (6)

where ¢y > 0 is a constant independent of f, g.

2. NOTATIONS AND DIFFERENCE SCHEME

In this section, we will denote the notations used in the paper and discretize the problem (1)-(3). Later,
we will express some lemmas and inequalities used in the paper.
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Let a, f be any positive integers, h = X5, 7 = %,

h h h
Qh - {gk'gk_kh_zlk_lla_llgl_E_OIGD(1+§_XI}I
Q, = {flltl=l’[, l=0,ﬁ},

QZ = QpxQ,.

Letuy, k=0,a,l= ﬁ be the numerical approximation of u(c, t) at the point (c, f;) on Q.
Introduce the following notations:

U — U U — Ugy
6;14;(1 = - 5Eukl - T 1
T h
5 _ Mg o Octlg — Ozl Ugyq) — Uiy + g1
g = = Ocgun = p = 2 /

a—=1 a-=1
@w) = Y o@ llol, = [h) ol llolle = max fod, |60, =
Py ey 1<k<a-1

wherev,w € V), = {v: v = (v1, 0, ..., V4-1)} are discrete grid functions on €,. We denote by ||.||,, |||l , (., .) the
discrete norms on spaces Ly(I), L»(I) and discrete inner product on L,(I), respectively. Also, throughout this
paper, we denote by ¢, = 1,2, ..., 5 the positive constants independent from 7, & and m.

Now, we present finite difference scheme of problem (1)-(3) as follows:

107U + o0zl + 101071 — Axllyg + Azl = g, k=1,a-1,1=1,8, )
o = fi, k=0,a, (8)
ug =uy =0, =18, )

where the grid functions ay, a3, g and fi are Steklov averages of the functions a,(c), a3(c), g(c, t) and f(c)
respectively, defined by

ckt+h/2
1 -
o= 3 [ mod k=Ta1

ck—h/2
gk+h/2

1 -
a3k i a3(c)de, k=1,a-1
ck—h/2
t cx+h/2

g = Tl_hf f e, hdedt, k=T,a—1, I=1,8
i1 ¢—h/2

ck+h/2

1 -
E f f(g)dgl kzlla_ll f0:fa:0
ck—h/2

fr

[6]. Also, from conditions (4) and (5), the inequalities

0
0

IA

ax < po, k=1,a-1, (10)
lasl < bo, k=1, -1 (11)

IA

is written.
In the paper, the lemmas and inequalities we need are as follows:
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Lemma 2.1. (Discrete Gronwall’s Inequality [9]): Assume that the nonnegative grid functions
{wz),y(z), z=1,2,..., B, Bt = T} satisfy the inequality

w(z) < y(z) + 7Y Bao(w),
=1

where B, (1 = 1,2, ..., B) are nonnegative constant. Then, for any 0 < z < B, there is
z
w(z) < y(z) exp (ZT BLJ.
=1
Lemma 2.2. (Summation by Parts Formula): For any two grid functions

v,weV,=1{v:v=(vy,01,02,...,Vq-1,%), Vo = 0, = 0}, we have

nY (60 @i = —h Y (6c06) (o).

Lemma 2.3. (€ —Cauchy’s inequality [20]): For any €> 0 and arbitrary a and b, the inequality

€, 1.,
SR+ —b
2" 2.
is valid.

Lemma 2.4. (Young's Inequality): Let a,b > 0. Then,
ab < 1a” + lbq

when%+%=1andpe(1,+oo).

3. THE STABILITY OF DIFFERENCE SCHEME

In this section, firstly, we obtain an estimate for solution of scheme (7)-(9). Later, using this estimate we
prove the stability of scheme.

Theorem 3.1. Assume that (4) and (5) are satisfied and f € VV%(I), ge Wg'l(Q). Then, the solution uy, of scheme
(7)-(9) for any m € {1,2, ..., B} satisfies the estimate

a—=1 m a-=1 m m a=1
2 2 2 2
Y i+ 20 Y Y g = w1+ 2017 Yt 201 Y Y g = e <
k=1 I=1 k=1 =1 I=1 k=1
a-1 B a-1
2 2
C1 hz )fk) + Thz |gkl| . (12)
k=1 I=1 k=1

Proof. For any grid function &y defined on Q with conditions &y = &y = 0 for | = m, scheme (7)-(9) is
equivalent to the summation identity

a-1

a—1 a—1
ih Z Opux & + aoh Z Occupéy + iarh Z Ozt —
k=1 k=1 k=1

a—1 a—1 a—1
h Z Akt +h Z asxun g = h Z Irékis (13)
=) =) k=1
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where &, is the conjugate of &. If we substitute ity for & in (13) and apply the formula of summation by
parts, we get

a-1 a-=1 ) a=1
iht Z‘ 6;1/lk]ﬁkl - aoh’[ Z (6gukl| + i&lﬂ’l’( Z 6guklﬁk1 -
k=1 k=1 k=1

a-1 a-1 a-1
2 2 —
ht Z aog |uw|” + ht Z asg luy|” = ht Z it (14)
=1 =1 )

If we extract its complex conjugate from (14) and then, use the relations

2 2 2
[up|”™ = g1 |” + g — g1l (15)

T (6;1/!}(151{1 + 6;ﬂkluk1)

- — 2 2 2
h (6Euklukl + 6Eukl”k1) [ug|™ = l—il® + g — -1l (16)

we get

[y

a—

a-1
2 2 2 2 2 2
hZ [ug]™ = lgg—1|” + [ug — g1l )+ﬂ1’f (lukzl = [ug—ul” + g — vyl )=
=1 1

P
1l

ZhTZ Im (guuip) forl=1,p. 17)

If we sum all equalities in (17) in ! from 1 to m < § and consider

m a-— l a-1 a-1 a-1 )
2 2 2 2 2
YN (P = twa?) =Y (ol = lasol) = Y i = Y |
=1 k=1 k=1 k=1 k=1
m a—1 m m
2 2 2 2 2
(= ) =Y (il = o) = )t
=1 k=1 =1 =1
by (8) and (9), we obtain from (17) the inequality
a-1 m a-1 m
h 2,y 2 2
|tm|” + g = 1" + a1t ) up-ul” +
k=1 I=1 k=1 1=1
m a-1 m a—1
2
ﬂlTZ vy — ug-ul™ < 2ht Z Z | 9] sl + hZ |fk
=1 k=1 I=1 k=1

Let’s distinguish m-th term from first summation in the right-hand side (r.h.s.) of above inequality and
apply € — Cauchy’s inequality to distinguished term. Then, if we take € = 27 and use Young's inequality we
get

a-1 m a-1 m a-1
1Yl + 20 g = g1 +2a1TZ|ua P +2m7 Y Y fug = P <
k=1 I=1 k=1 =1 k=1

m—=1 a-1 m=1 a-1

2ht Z Z |!]kl‘ + 4TThZ ‘gkm) + 2ht |Mk1|2 + 2’/12 |fk|2
k=1

I=1 k=1 =1 k=1
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which is equal to

a-1 m m
2
hz [t +2h2 lugg — gy | +2111T§ [t +2111Tz z g — w_ul* <
=1

=1 k=1 =1 k=1

a-=1

—

a— m=1 a-1

ﬁ —
athe Y Y |gu|* + 20 jugl® + 21 Z I (18)
k=1

1=1 1 =1 k=1

o~
1l

foranym € {1,2,...,p} . Since all terms in the Lh.s. of (18) are non-negative, it is written that

m=1 a-1 a=1
2
hZ il < 4TmZZ lga|* + 207 gl + 21 )" AL (19)
I=1 k=1 1=1 k=1 k=1
In (19), using discrete Gronwall’s Inequality, we obtain
a-1 a-1 ) B a-1 )
h Z gl < {hz |fk| + Th Z |gk1) ] foranyme{1,2,...,B}. (20)
k=1 k=1 1=1 k=1

If we use the inequality (20) in (18), we get for any m € {1,2, ..., B}

a-1 m a-1 m a-1
hZ|ukm|2+2hZZ|uk1—ukz P +2mZ|ua wl+2m7 Y Y fug = P <
= I=1 k=1 =1 I=1 k=1
a—-1 ) B a-1 )
c3(h2)fk) +hy |gk,|] 1)
k=1 I=1 k=1

which shows the hypothesis of theorem 3.1 is valid. [

Theorem 3.2. Suppose that u,,, is a solution corresponding to the initial value f,' and the right side g}, of scheme
(7)-(9) and w3, is a solution corresponding to the initial value fZ and the right side g7, of scheme (7)-(9). Assume that
the conditions of theorem 3.1 are fulfilled. Let @y = u}, — uz,. Then, for any m € {1,2, ..., p} and h, T > 0

a-1 a-1 ) B-1 a-1 5
ot <1 E - af e LY -
k=1 k=1 =1 k=1

Hence, the difference scheme (7)-(9) is unconditionally stable.

Proof. 1t is clear that @y satisfies the scheme

ié@kl + {Iloéggq)k] + ialégCDkl — A Dy + a3 Py = glll - gil’ k=1,a-1,l= 1,ﬁ
Do =fi - f, k=0,
Py =Dy =0, [=1,8

which is equivalent to

a-1 a-1
ih Z O q)kl®kl + aoh Z 6gg®kl®kl + ia1h Z Oz q)kl@kl
k=1 k=1 k=1
a-1 a-1 .
h Z 1 DO + I Z 3 PuOy = h (.%d gfl) O, (22)

o~
1l

k=1 k=1 1
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for any grid function Oy, where @y, is the conjugate of O defined on Q such that ®y =0, =0forl/=1,p.
From (22) for Oy = 1Dy it is written that

a-=1 a-=1 a-=1
. e 2, —
iht Z 6;@;(1(1);(1 - Lloh’[ Z }65(1);(1' + laﬂ’l’f Z 6E(Dqu)kl -
k=1 k=1 k=1
a—=1 a-1 -1
h Y e Byl + I ) as Dyl = e Z a4 - 75) Pu (23)
k=1 k=1 k=1

with summation by parts. Extracting its complex conjugate from (23) and using (15) and (16) for ®y, we
obtain

—_

1]
[

o
h (I‘I’kll2 — @1 * + |y — ‘Dk1—1|2) +mT (lCDkll2 — | @p_yt* + Dy — (Dk—11|2) =
1 1

a-=1

2ht Z Im ((g}d - gil) 5,(1) forl=1,p. (24)

k=1

>~
I

o~
1l

Summing all equalities in (24) in [ from 1 to m < f and using @y = f! — fZ fork = 0,a, Dy =0forl=1,6,
we have

a-1 m a-1
hZ|q)km|2 +hz D — Prg1]? +ﬂ1TZ|CDa ul +
k=1 I=1 k=1 I=1
m a—1 m a—1 )
a1t Z | Dy — (Dk,11|2 < 2ht Z Z |gkl gkl| | D + hz ‘fkl - k2| .
I=1 k=1 I=1 k=1
which is equal to
a-1 m a-1
Y [Pl + 1YY 1 = Dy +mZ|®a ul? +
k=1 =1 k=1 =1
m a—1 a-1
ﬂlTZ D — Pp_yyf* < ZhTZ |f]km gkm) | D] +
=1 k=1 k=1
m— a-1
ht I!]kl gkl||®kl|+h2|fk fk : (25)
=1 k=1

Applying € — Cauchy’s and Young’s inequalities to (25), we get

m a—-1 m a—1
h2|q)km| +2h22|®k1 Dy +2111TZ|®a ul? +2ﬂ1TZ |y — Dy_yyf* <
=1 k=1 =1 k=1
B a-1 ) m-1 a-1 - s
4T]’ZTZ ‘gil - !71%1| + 2ht |Oyl* + 1 Z |fk1 - sz( (26)
=1 k=1 =1 k=1 k=1

by € = 2. It is clear that all terms in the Lh.s. of (26) are non-negative. So, we write that

a-1 m=1 a-1

a—1
hZ|(I>km| <4ThTZZ|_qkl 7 +2m ol +1 Y |- AL 27)
k=1

1=1 k=1 I=1 k=1
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Thus, applying discrete Gronwall’s inequality to (27), we obtain

B a-1

a-l a-1
hZ |Dpul® < c5 hTZ |g111 - gillz + hZ |fk1 —fk2|2 foranym e {1,2,..., B}
k=1 k=1

1=1 k=1

which this complete the proof. [

4. Conclusion

In this paper, a finite difference scheme for the Schrodinger type equation has been introduced and
analyzed. We have obtained a priori estimate for solution of scheme. We have also proved that the
proposed scheme is unconditionally stable, without any restriction on both time and spatial step sizes.
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