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Abstract. In the present paper, new classes of convexity, namely, exponentially m— and(a, m)—convex
functions on the co-ordinates are defined. Then, some new integral inequalities are proved by using some
classical inequalities and properties of exponentially m— ad (a, m)—convex functions on the co-ordinates.

1. Introduction
In [8], Toader defined m—convex functions as following;:
Definition 1.1. The function f : [0,b] = R, b > 0 is said to be m—convex, where m € [0, 1], if we have

fltx+m(1 - ty) < tf(x) +m(-1)f(y)
forallx,y € [0,b] and t € [0, 1].

Denote by K,,(b) the class of all m—convex functions on [0, b] for which f(0) < 0. Obviously, if we choose
m =1, we have ordinary convex functions on [0, b].

In [7], Mihesan introduced («, m)—convexity as following:
Definition 1.2. The function f : [0,b] = R, b > 0 is said to be (o, m)—convex, where (o, m) € [0,11?, if we have

fltx +m(1 = ty) <t f(x) + m(1 =) f(y)
forallx,y € [0,b] and t € [0, 1].

Denote by K, (b) the class of all (a, m)—convex functions on [0, ] for which f(0) < 0. If we choose
(a,m) = (1, m), it can be easily seen that («, m)—convexity reduces to m—convexity and for (a, m) = (1,1), we
have ordinary convex functions on [0, b].

For several results related to above definitions we refer interest of readers to [4], [5], [6], [7], [8], [9] and
[11].
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We will start by expressing an important inequality proved for convex functions. This inequality is presented
on the basis of averages and give bounds for the mean value of a convex function.
Assume that f : I € R — R is a convex mapping defined on the interval I of R where a < b. The following

statement;
a+b fla) + f(b
(555 f Fyx <

holds and known as Hermite-Hadamard 1nequa11ty. Both inequalities hold in the reversed direction if f is
concave.

In [1], Dragomir mentions an expansion of the concept of convex function, which is used in many inequalities
in the field of inequality theory and has applications in different fields of mathematics, especially convex
programming.

Definition 1.3. Let us consider the bidimensional interval A = [a,b] X [¢,d] in R*> witha < b,c < d. A function
f+ A — Rwill be called convex on the co-ordinates if the partial mappings f, : [a,b] — R, f,(u) = f(u,y) and
fr i e, d] = R, fi(v) = f(x,v) are convex where defined for all y € [c,d] and x € [a,b]. Recall that the mapping
f A = Ris convex on A if the following inequality holds,
FOx + (1= Dz, Ay + (1= Aw) < Af(x,y) + (1= Df(z,w)

forall (x,y),(z,w) € Aand A € [0,1].

Expressing convex functions in coordinates brought up the question that it is possible for Hermite-
Hadamard inequality to expand into coordinates. The answer to this motivating question has been found

in Dragomir’s paper (see [1]) and has taken its place in the literature as the expansion of Hermite-Hadamard
inequality to a rectangle from the plane R? stated below.

Theorem 1.4. Suppose that f : A = [a,b] X [c,d] = R is convex on the co-ordinates on A. Then one has the

inequalities;
a+b c+d
ffezt exa) »

A [ o]

< o= | b | " o iy

< }L[(blj jjf(x,c)dx+(bljj;f(x,d)dx
e fd fo iy + e | df(b,wdy]

_ @O+ fad) + f0.0+ S0,

4
The above inequalities are sharp.

The concept of exponentially convex function on the coordinates and the associated results are presented
as the followings:

Definition 1.5. (See [12]) Let us consider the interval such as A = [e1, €3] X [€3, €4] in R? with €1 < €, €3 < €4.
The function W : A — R is exponentially convex on A if

W(uy, u) N C‘I’(u3, Ug)

e (u1+1iz) ea(uz+iiy)

W((1-CQup+Cuz, (1 =CQux+ Cug) <(1-0)

forall (u1,u2), (uz, us) € A, « € Rand C € [0,1].
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An equivalent definition of the exponentially convex function definition in coordinates can be done as
follows:

Definition 1.6. (See [12]) The mapping ¥ : A — R is exponentially convex function on the co-ordinates on A, if

W(Cer+(1-0erées+(1—&)es)
eene) | g gFene) o pYene)

e(e1+es) paler+es)

W(ey, €3)

p(ex+e3)

W(er, €4)

a(€z+€4)

IA

+(1-00-8)——=
fOT all (61,63), (61,64), (€2,€3), (62,64) eAaelR and C, e [0, 1] .

The main motivation of this paper is to define exponentially m— and (a, m)—convex functions on the co-
ordinates. We have proved several integral inequalities for these classes of functions.

2. Exponentially m—convex functions on the co-ordinates

Definition 2.1. Let us consider the bidimensional interval A = [0,b] X [0,d] in R? with0 <a <b < coand c < d.
The mapping f : A — R is exponentially m—convex function on the co-ordinates on A, if the following inequality

holds,
fxy)
ea(x+y)

fz,w)

a(z+w)

fx+A -tz ty+m(Q-Hw) <t +m(l —t)——

forall (x,y),(z,w) € A,a e R,me (0,1] and t € [0,1].

An equivalent definition of the exponentially m—convex function definition in coordinates can be done
as follows:

Definition 2.2. The mapping f : A — R is exponential convex on the co-ordinates on A, if the following inequality
holds,

fa+(1-t)b,sc+m(l—s)d)

fla,c) f( d)

iy 10— 0 L

ts pa(b+c) + (1 =51 —s)m palb+d)

+(1=1bs

forall (a,c),(a,d),(,c),(bd) e A,aeRandm,t,se]0,1]
Lemma 2.3. A function f : A — R will be called exponential m convex function on the co-ordinates on A, if the
partial mappings f, : [a,b] — R, f,(u) = e* f(u,y) and f, : [c,d] — R, fr(v) = e* f(x,v) are exponentially

m—convex function on the co-ordinates on A, where defined for all y € [c,d] and x € [a, b].

Proof. From the definition of partial mapping f,, we can write

f(tvr +m (1 — 1) vy) e f(x, tvr + m (1 — 1) vy)

= e f(tx+ (1= t)x, toy + m (1~ t)vy)

< | D ema oL
_ tf(:a,fl)m(l f(;;:z)
fx(vl) fv(vz

= 1ot m(l -7
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Similarly,

fy(tur +m (1 —t)up) eVf(tur +m(1 —t)uy, y)
= Yty +mQ —Hug, ty+ (1 -1)y)

S y) flua, y)

< v a(u1 +y) + m(l - t) ea(uz-#y)
f(u2r ]/)

flus,y
fy 2)

= t—+m(1—t

= fy 1) m(1 - =

The proof is completed. O

Theorem 2.4. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] x [0,d] in R* with
O<a<b<ooand0<c<md<oo,feL(A),acR. If fisexponentially m—convex function on the co-ordinates
on A, then the following inequality holds;

1 b md
Wﬁ ‘fc fx, y)dxdy
l[f(a,c) N f(b,c) +m(f(b’d) . f(a,d))]
4 .

eala+c) ea(b+c) pa(b+d) e(a+d)

Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta + (1 —t)b,sc + m(1 —s)d)

fla,c fla,d) f(b,0) fb,d)

ts u(a+c) +mt(1 = s) pa(a+d) +(1-1t)s pa(b+0) +m(l = 1)1 -8~ pa(b+d)

By integrating both sides of the above inequality with respect to t,s on [0, 1]>, we have

1 1
f f f(ta+ (1 = t)b,sc + m(1 — s)d) dtds

d
= f s +f f 11 - L 2D gy
ea(a+c a(a+d)
Jbe £b,4)
+f(; f(; (1=1)s e(b+c) dtds + o Jo (1 - (1 —s)m oa(bd) dtds.

By computing the above integrals, we obtain the desired result. [

Theorem 2.5. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] x [0,d] in R* with
O<a<b<ooand0<c<md<oo,fel(A),aeR. If)f| is exponentially m—convex function on the co-ordinates
on A, p>1and m € (0,1], then the following inequality holds;

1 b md
’m f ) f(X,y)dxdy|
( : ];(V(alc)l mfa. D] |f©,0) |mf(b,d)|]

(p + 1)2 ealatc) ealatd) ea(b+c) ea(b+d)
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Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta+ (1 —1t)b,sc+m(l—s)d)
fiﬁi? + t(l - s)m%

f(b,c f(b,d)
(1-1t)s palbrc ) +(1 =51 =s)m oa(b+d)

ts

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to t,s on [0, 1]*, we can write

1 1
'f f f(ta+ (1 —1b,sc+m(1l—s)d)dtds
0o Jo

1 1
ts] (’Z Y dtas + K
0
f(,0) " f(,d)
f f — B g |Ats + fo j; — (1 = s)m Gy | dtds

If we apply the Holder’s inequality to the right-hand side of the inequality, we get

md
’(b —a)(md - c) f f f(x, y)dxdy

([ oo

2

1

dtd )

==

ea(a+c)

+(f01 foltm_s)vdtds);(folf ”Z{éﬁdf) dtd)
([ [a-meas | [ [ "o
( f f (1—t)P(1—s)Pdtds) ( f f "Z: (:id‘f dtd)

By computing the above integrals, we obtain the desired result. [

Theorem 2.6. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] X [0,d] in R* with
0<a<b<ooand O <c<md<oo, feL(A),acR.If ) f | is exponentially m—convex function on the co-ordinates
onA,p,qg>1,1 » o 1 =1, then the following inequality holds;

1 b ~md
‘m f flx, ]/)dxdy‘

o)
p(p+1)

+1(|f(a,c)lq mf@,d)| |fo,o) Imf(b,d))q]
; .

eaq(a+c) eaq(a+d) eaq(b+c) eaq(b+d)
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Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta+ (1 —t)b,sc + m(1 — s)d)

fla,c f(a,d)

< s eala+c) + t(1 —s)m eala+d)
b,c b,d)
+(1-1)s ng(b+c)) +(1 =61 -s)m fi(zﬂ.d)

By the absolute value property and by integrating both sides of the above inequality with respect to t,s on
[0,1]%, we can write

1
‘f f f(ta+ (1 —1b,sc+m(l—s)d)dtds
0o Jo

1
tsf(a’c) dtds +
0o Jo | ex@o 0 Jo
1 1 1 1
f(b,c) f(,d)
+ fo fo — 05 gy | dids + fo fo = (1 = sy dids

If we apply the Young’s inequality to the right-hand side of the inequality, we get
1 b md
e, | T

([ Lo [ L1

ea(a+c)

dtds)

+%(£1£1tp(1—S)Pdtds)+1(f1f1 %thds)
+%( fol fol (1—t)7"spdtds) ( f f eiij))" dtds)
+% ( fo 1 fo 1(1 _tya —s)Pdtds) ( f f ”Z: (b’id’j) dtds).

By computing the above integrals, we obtain the desired result. [

Proposition 2.7. If f,g: A — R are two exponentially m—convex functions on the co-ordinates on A, then f + g is
exponentially m—convex function on the co-ordinates on A.

Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write
fta+ 1 —1tb,sc+m(l—s)d)+g(ta+ (1 —1t)b,sc+m(l—s)d)
/ / ,d ,d
s (f(a Q9@ c)) 41— sym (f(a G ))

ealatc) eala+c) eala+d) eala+d)

fb,c)  g(b,0) fb,d) g(b,d)
+(1-1t)s ( pa(b+0) + ea(h+c)) +(1 =51 =s)m ( oa(b+d) + pa(b+d) ) :

Namely,
(f+9)(ta+ 1 —t)b,sc+m(l—s)d)
0O g g 00D

(f+9)(b,c)

ea(b+c)

+(1-1t)s )

+(1-H1-s)m

Therefore, (f + g) is exponentially m—convex functions on the co-ordinates on A. [J
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Proposition 2.8. If f : A — R is exponential m—convex functions on the co-ordinates on A and k > 0 then kf is
exponential m—convex functions on the co-ordinates on A.

Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta+ (1 —1)b,sc+m(l—s)d)

f(a,c) f(a,d)

ts ealatc) t(l _S)m eala+d)

+(1—Bs f,0) + (=D —sm f(bd)

(b+ ) a(b+d)
If both sides are multiplied by k, we have
(kf)(ta+ (1 —t)b,sc + m(1 —s)d)
KH@o = (kf) (a, d)
= a(a+c) a(a+d)
(kf) (b, ) (kf) (b, d)
+(]. - t) W + (1 - t)(]. - S)mw.

Therefore (kf) is exponentially m—convex functions on the co-ordinates on A. [J

3. Exponentially (@, m)—convex functions on the co-ordinates

Definition 3.1. Let us consider the bidimensional interval A = [0,b] X [0,d] in R>? with0 <a<b < ocoand ¢ < d.

The mapping f : A — R is exponentially (a1, m)-convex on the co-ordinates on A, if the following inequality holds,

f(tx+(1_t)z,t]/+m(1—t)w)Sth+m(1 tm)f( z,w)

ea(x+y) pa(z+w)

forall (x,y),(z,w) € A,a € R, (a1, m) € [0, 1]2 and t € [0,1].

An equivalent definition of the exponentially (@, m)-convex function definition in coordinates can be
done as follows:

Definition 3.2. The mapping f : A — R is exponentially (a1, m)-convex on the co-ordinates on A, if the following
inequality holds,

fta+ 1A —-t)b,sc+m(1l—s)d)
< poig alf( ’ ) tal(]. al) f(ﬂ d)

- eala+c) a(a+d)

b, b,d
o1 = oy SO f®,d)

a 14
g T (LA —sTmmT

forall (a,c),(a,d),(,c),(b,d) e A aeR, (a;,m) e [0, 1P and t,s € [0,1]

Lemma 3.3. A function f : A — R will be called exponentially (a1, m)-convex on the co-ordinates on A, if the

partial mappings f, : [a,b] — R, f,(u) = e* f(u,y) and f, : [c,d] — R, fr(v) = e* f(x,v) are exponentially
(a1, m)-convex on the co-ordinates on A, where defined for all y € [c,d] and x € [a, ].
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Proof. From the definition of partial mapping f,, we can write
ftvi+mA—-Hvy) = e f(x, tv; +m(l—1)vy)
= ftx+(Q-tx, tvy+m(1l -1 ovy)
mf( , 1) (1 tal)f(x ,02)

p(x+01) ea(x+v2)

(1 tal)f(x ,02)

fx(UZ)

tal f( ’ 1
a1

v
L)

Similarly,

eVf(tur +m(1 -t uy, y)
= eYf(tuy +m(1 —t)ug, ty + (1 - t)y)

fy(tuy +m (1 —t)uz)

o | g f( 1s y) a f(u2/ ]/)
< vt a(mﬂ) +m(l — ") ——— Y
= M i a1u,_y) +m(l - t‘”)f(uzr Y
eat paiz
fy 2)

— tO(1

B - 22

The proof is completed. [

Theorem 3.4. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] X [0,d] in R? with
0<a<b<o,0<c<md<oofelL),(a,m)e [0,11? and a € R. If f is exponentially (a1, m) —convex
function on the co-ordinates on A, then the following inequality holds;

1 b md
mfg fC fx, y)dxdy
1 f@9, (mf(a, q) f(b,c))

(al + 1)2 eala+c) (051 + 1)2 eala+d) ea(b+c)
G mfld

(a1+1)2 pa(b+d) :

<

Proof. By the definition of the exponentially (a, m)-convex on the co-ordinates on A, we can write
f(ta+ (1 —1)b,sc+m(l —s)d)
) f(a,d)

a a
a(u+c) +i 1(1 =S 1)711 eala+d)

b,c d
109 e - sl D).

<

( t(‘q) a1

By integrating both sides of the above inequality with respect to t,s on [0, 1], we have

1 1
f f f(ta+ (1 =t)b,sc +m(1 - s)d) dtds

ot a1(q _ gyt @)
fft e(+ fft tosm “d)dtd
ff — o) a(b+czdtd +f f(l (1 - s"™)ym fo(((bli»d)) dtds.
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By computing the above integrals, we obtain the desired result. [

Theorem 3.5. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] x [0,d] in R* with
0<a<b<oo,0<c<md<oo,felL(A)),(a1,m)el0, 1% and a € R. If|f| is exponentially (aq, m)-convex on the
co-ordinates on A, p > 1, then the following inequality holds;

1 b ~md
‘m f f f(X,y)dxdy‘
[ 1 )3” [f(@,0)

(pay +1)*) ex@0

+( pan ]5 (mlf(a,d)l . If(b,c)l)

(pal + 1)2 eala+d) ea(b+c)
pPad ) m|fo,d)
+ .
(pa1 + 1)2 ea(b+d)

Proof. By the definition of the exponentially (a;, m)-convex on the co-ordinates on A, we can write

fta+(1- t)b, sc +m(1 —s)d)

aq 0{1 f( aq a1 f(a’ d)
<t a(a+c) +HE (1 = s")m pa(a+d)
b,c b,d
w - L0 g g - gy L0

ea(b+c) a(b+d)

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to t,s on [0, 1]*, we can write

1 1
f fta+ (1 —t)b,sc+m(l—s)d)dtds
0 0

1l 1l
f f g L@ ey f f (1 — sl @D s
0 0 a+c) 0 0 +d)
1
avear J(0,€) f(b,4d)
(1 — )™ ) dtds + — 1 = s")m ) dtds

If we apply the Holder’s inequality to the right-hand side of the inequality, we get

1 b ~md
’m f f f(x,y)dxdy’

( f 1 f 1 tl’alspmdtds); ( f 1 f i;fff? dtd)

( f f (1 — Sal)PdtdS) ( f f ng (idd) dtd)
+(f(; j;(l—tal)pspaldtds)p(f(;f(; J;E(l;+i) dtd)

+( fo 1 fo 1(1—t“1)P(1—s”‘)Pdtds); ( fo 1 fo ’Z{;(blid‘f) dtd)
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By using the fact that |1 -(1- t)e‘ﬁ <1-1-1)%foro> 0,8 > 0, we can write

1 b ~md
'mﬁ[ f(X,y)dxdy‘

([ [ o] ([ [ o)

o[ - ([ [ 2t
o[ Lo ([ o)
o[ fmr-eomf ([ 222

By computing the above integrals, we obtain the desired result. [

Theorem 3.6. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] X [0,d] in R? with
0<a<b<oo,0<c<md<o f € L(A), (a1, m) € [0,1]* and a € R. If|f| is exponentially (o, m)-convex on the
co-ordinateson A, p,q > 1,1 + - =1, then the following inequality holds;

1 b ~md
'm f; j; flx, ]/)dxdy‘

( 1 ] [f@, o
+

p (Pal + 1)2 qeaq(u+c)

[ o ] [1mf(a,d)|q If(b,c)lq]
+ ( + +

pay + 1)2 qeaq(uﬂi) qeaq(b+c)

[ pa’ ] Imfo,d)|"
+ +

(Pal + 1)2 qeaq(b+d) '
Proof. By the definition of the exponentially (a1, m)-convex on the co-ordinates on A, we can write

fta+(1- t)b, sc + m(1 —s)d)
or g [0,0) fa,d)

a(u+c) eala+d)

<

+ (1 = s")ym

f,0)

ea(b+c)

f(b,d)

a a
+(1 —t*)s™ cab+d) "

+ (1 =t"Y1 -s")m

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to f,5 on [0, 1]%, we can write

1l
‘fff(ta+(1—t)b,sc+m(1—s)d)dtds
0

1 1 1

fft“l“lf(’ dtds +ff
0 0 e a(a+c)

1 1

— t"M)s af a(bm dtd + f f

(1 - s“l)m

f,4d)

— ) (1= s dids




S. Aslan, A.O. Akdemir, M.A. Dokuyucu /TJOS 7 (3), 231-244 241

If we apply the Young’s inequality to the right-hand side of the inequality, we get

‘(b—a)(lT—c) f b Cmdf(x,y)dxdy‘
[ emanf [
+%(folfoltml(1‘S“l)pdtds)JrEUOfo
ML fo-rre)- ([
AL fo-ero-ra
AL T

o(b+d)
e‘ﬁ <

<1-1-0%foro > 0,8 > 0, we can write

fa@,of

ea(a+c)

IA

dtds)
mf(a,d)|’
ea(a+d)

f, 0

ea(b+c)

dtds)

dtds)

dtds)

By using the fact that |1 -(1-1)

1 b md
’m f fx, y)dxdy’

3T [ o)} s

AL L) 3 8t
A Lo 3] 2
+%( fo 1 fo 1(1—t”“1)(1—5”“1)dtds) ( f f ”Zf (bli;f dtds).

By computing the above integrals, we obtain the desired result. O

Proposition 3.7. If f,g : A — R are two exponentially (a1, m)-convex on the co-ordinates on A, then f + g is
exponentially convex functions on the co-ordinates on A.

Proof. By the definition of the exponentially (a, m)-convex on the co-ordinates on A, we can write

f(ta+ (1 —1t)b,sc+m(l—s)d)
+g(ta+ (1 —t)b,sc + m(1 — s)d)
jar g (f @) , 9@, c))

IA

ea(a+c) ea(a+c)

fla,d) g, d)
a '
+ 1(1 S 1)m(ea(a+d) + ea(a+d)

fb,c)  g(b, c))

a 44
(1=t 1( o) | palor)

aq a1 f(b’ d) g(b/ d)
+(1 —t )(1 -5 )m(ea(b+d) + e(b+d) |°
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Namely,
(f +g) (ta + (1 = t)b, sc + m(1 — s)d)
P——y :jiﬁ?'c g — sy a(g)j)Z ,d)
(1 =y S +az,)$' )
w1 - sy LD 0D,

Therefore (f + g) is exponentially (a1, m)-convex on the co-ordinates on A. [

Proposition 3.8. If f : A — R is exponentially (a1, m)-convex on the co-ordinates on A and k > 0 then kf is
exponentially (a;, m)-convex on the co-ordinates on A.

Proof. By the definition of the exponentially (a1, m)-convex functions on the co-ordinates on A, we can write
f(ta+ (1 —1b,sc+m(l —s)d)
or g 100 f(a,d)

a g
a(a+c) + (1 ' )m ea(a+d)

b, d
e L e -smZE

<

If both sides are multiplied by k, we have,
(kf) (tu + (1 - t)b, sc + m(1 — s)d)

ay Dtl( f)( ’C) a; ai (kf) (b/d)
(1—1t")s ) 1-t")1-s )mw,

Therefore (kf) is exponentially (a1, m)-convex functions on the co-ordinates on A. [
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