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Inequalities Involving Conformable Fractional Integrals for η-Convex
Functions
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Abstract. In the literature, both fractional integral operators and different types of convexity are used
to obtain generalizations, extensions and different versions of existing inequalities. Also in this paper,
new Hermite Hadamard type inequalities involving conformable fractional integral operators for η-convex
functions are obtained.

1. Introduction

Definition 1.1. A function f : [a, b]→ R is said to be η−convex (or convex with respect to η) if the inequality

f (tx + (1 − t)y) ≤ f (y) + tη( f (x), f (y))

holds for all x, y ∈ [a, b], t ∈ [0, 1] and η is defined by η : f ([a, b]) × f ([a, b])→ R.

In the above definition, if we set η(x, y) = x − y, then we can directly obtain the classical definition of a
convex function. To see more results and details on η-convex functions see [5, 7, 8].

A useful inequality that holds, the Hermite-Hadamard inequality, is embodied in the following theorem.
This inequality provides upper and lower bounds for the mean value of a convex function.

Theorem 1.2. (see, e.g, [3]) If f : I→ R is a convex function, where I = [a, b] and R are a set of real numbers, then
the inequalities

f
(

a + b
2

)
≤

1
b − a

∫ b

a
f (x)dx ≤

f (a) + f (b)
2

.

are valid.

In mathematical analysis and many applied sciences, the concepts of classical analysis have been used
effectively for a long time. Over time, however, it has become clear that in the description of physical
problems and dynamical processes of nature, the concepts of fractional analysis, whose origins are as
old as classical analysis, are more effective. The effective use of fractional analysis in mathematics and
other applied sciences has brought a new field of study to the literature. This development in fractional
analysis has also had an impact on inequality theory and led to remarkable studies. Fractional analysis
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has basically developed as the introduction of fractional order derivative and integral operators based
on the fact that the order of the derivative is not an integer. In this context, integral operators such as
Riemann-Liouville, Hadamard, (k-s) fractional integral have been presented. Recently, a new definition
of the fractional integral presented by Khalil et al. [9] and extended version of this operator provided by
Abdeljawad as the following:

Definition 1.3. [1] Let α ∈ (n,n + 1], n = 0, 1, 2, ... and set β = α − n. Then the left conformable fractional integral
of any order α > 0 is defined by

(Ia
α f )(t) =

1
n!

∫ t

a
(t − x)n(x − a)β−1 f (x)dx

Analogously, the right conformable fractional integral of any order α > 0 is defined by

(bIα f )(t) =
1
n!

∫ b

t
(x − t)n(b − x)β−1 f (x)dx.

Notice that if α = n + 1 then β = α − n = n + 1 − n = 1 and hence (Ia
α f )(t) = (Ja

n+1 f )(t). Some recent result
and properties concerning the fractional integral operators can be found in [1, 2, 4, 6, 9–12].

The Beta function B(α, β) is defined by (see, e.g., [14, Section 1.1])

B(α, β) =


∫ 1

0
tα−1(1 − t)β−1 dt (ℜ(α) > 0; ℜ(β) > 0)

Γ(α)Γ(β)
Γ(α + β)

(
α, β ∈ C \Z−0

)
where Γ (α) is Gamma function. The Incomplete Beta function is defined by

Bx(α, β) =
∫ x

0
tα−1(1 − t)β−1dt.

For x = 1, the Incomplete Beta function coincides with the Beta function.
The main motivation of this paper is to obtain some novel inequalities for differentiable η−convex

functions via conformable integral operators.

2. Main Results

Lemma 2.1. [13] Assume that a, b ∈ R with a < b and f : [a, b] → R is a differentiable function on (a, b). If
f ′ ∈ (L[a, b]) then the following equality holds:

Ψα(a, b) =
−(b − a)α

16

[ ∫ 1

0
Bt(n + 1, α − n) f ′

(
ta + (1 − t)

3a + b
4

)
dt

−

∫ 1

0
B1−t(α − n,n + 1) f ′

(
t
3a + b

4
+ (1 − t)

a + b
2

)
dt

+

∫ 1

0
Bt(n + 1, α − n) f ′

(
t
a + b

2
+ (1 − t)

a + 3b
4

)
dt

−

∫ 1

0
B1−t(α − n,n + 1) f ′

(
t
a + 3b

4
+ (1 − t)b

)
dt

]
for α > 0, n = 0, 1, 2, . . . where Bt(., .) is incomplete Beta function and

Ψα(a, b) (1)
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=
α
4

[
B(n + 1, α − n)

(
f (a) + f

(
a + b

2

))
+B(α − n,n + 1)

(
f
(

a + b
2

)
+ f (b)

)
−
α4α−1n!
(b − a)α

×

(
Ia
α f

(
3a + b

4

)
+ I

3a+b
4
α f

(
a + b

2

)
+ I

a+b
2
α f

(
a + 3b

4

)
+ I

a+3b
4
α f (b)

) ]
.

Theorem 2.2. Let f : [a, b]→ R be differentiable on (a, b) such that f ′ ∈ L([a, b]) with a, b ∈ I, a < b and α > 0. If
| f ′|q is η−convex function on [a, b] and q ≥ 1, then we have the following inequality:

|Ψα(a, b)| (2)

≤
(b − a)α

16
(B(n + 1, α − n + 1))1− 1

q

(
κ

1
q

1 + κ
1
q

3

)
+(B(n + 2, α − n))1− 1

q

(
κ

1
q

2 + κ
1
q

4

)
,

where

κ1 = B(n + 1, α − n + 1)

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

+
(1

2
B(n + 1, α − n) −

1
2

B(n + 3, α − n)
)
η

(
| f ′(a)|q,

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q)
,

κ2 = B(n + 2, α − n)

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

+
1
2

B(α − n + 2,n + 1)η
(∣∣∣∣∣∣ f ′

(
3a + b

4

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q)
,

κ3 = B(n + 1, α − n + 1)

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

+
(1

2
B(n + 1, α − n) −

1
2

B(n + 3, α − n)
)
η

(∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q)
,

κ4 = B(n + 2, α − n)
∣∣∣ f ′ (b)

∣∣∣q + 1
2

B(α − n + 2,n + 1)η
(∣∣∣∣∣∣ f ′

(
a + 3b

4

)∣∣∣∣∣∣
q

,
∣∣∣ f ′ (b)

∣∣∣q)
and α ∈ (n,n + 1], n = 0, 1, 2, . . ., B(a, b) is Euler Beta function.

Proof. From Lemma 2.1 and by applying power mean inequality with considering the η−convexity of | f ′|q

on [a, b], we can write

|Ψα(a, b)|

≤
(b − a)α

16

[ ∫ 1

0
Bt(n + 1, α − n)

∣∣∣∣∣∣ f ′
(
ta + (1 − t)

3a + b
4

)∣∣∣∣∣∣ dt

+

∫ 1

0
B1−t(α − n,n + 1)

∣∣∣∣∣∣ f ′
(
t
3a + b

4
+ (1 − t)

a + b
2

)∣∣∣∣∣∣ dt

+

∫ 1

0
Bt(n + 1, α − n)

∣∣∣∣∣∣ f ′
(
t
a + b

2
+ (1 − t)

a + 3b
4

)∣∣∣∣∣∣ dt

+

∫ 1

0
B1−t(α − n,n + 1)

∣∣∣∣∣∣ f ′
(
t
a + 3b

4
+ (1 − t)b

)∣∣∣∣∣∣ dt
]

≤
(b − a)α

16

[ (∫ 1

0
Bt(n + 1, α − n)dt

)1− 1
q
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×

(∫ 1

0
Bt(n + 1, α − n)

(∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

+ tη
(∣∣∣ f ′(a)

∣∣∣q , ∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q))

dt
) 1

q

+

(∫ 1

0
B1−t(α − n,n + 1)dt

)1− 1
q

×

(∫ 1

0
B1−t(α − n,n + 1)

(∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

+ tη
(∣∣∣∣∣∣ f ′

(
3a + b

4

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q))

dt
) 1

q

+

(∫ 1

0
Bt(n + 1, α − n)dt

)1− 1
q

×

(∫ 1

0
Bt(n + 1, α − n)

(∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

+ tη
(∣∣∣∣∣∣ f ′

(
a + b

2

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q))

dt
) 1

q

+

(∫ 1

0
B1−t(α − n,n + 1)dt

)1− 1
q

×

(∫ 1

0
B1−t(α − n,n + 1)

(∣∣∣ f ′ (b)
∣∣∣q + tη

(∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

,
∣∣∣ f ′ (b)

∣∣∣q)) dt
) 1

q ]
.

By using integration by parts and relations between Beta function and incomplete Beta function, we have∫ 1

0
Bt(n + 1, α − n)dt = B(n + 1, α − n + 1), (3)∫ 1

0
B1−t(α − n,n + 1)dt = B(n + 2, α − n). (4)

Substituting

κ1 =

∫ 1

0
Bt(n + 1, α − n)

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

dt

+

∫ 1

0
Bt(n + 1, α − n)tη

(
| f ′(a)|q,

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q)

dt

= B(n + 1, α − n + 1)

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

+

Bt(n + 1, α − n)
t2

2

∣∣∣∣∣∣
1

0

−

∫ 1

0
tn(1 − t)α−n−1 t2

2
dt

 η (| f ′(a)|q,

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q)

= B(n + 1, α − n + 1)

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

+
(1

2
B(n + 1, α − n) −

1
2

B(n + 3, α − n)
)
η

(
| f ′(a)|q,

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q)
,

κ2 =

∫ 1

0
B1−t(α − n,n + 1)

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

dt

+

∫ 1

0
B1−t(α − n,n + 1)tη

(∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q)

dt

= B(n + 2, α − n)

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

+

B1−t(α − n,n + 1)
t2

2

∣∣∣∣∣∣
1

0

+

∫ 1

0
(1 − t)ntα−n−1 t2

2
dt

 η (
∣∣∣∣∣∣ f ′

(
3a + b

4

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q)
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= B(n + 2, α − n)

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

+
1
2

B(α − n + 2,n + 1)η
(∣∣∣∣∣∣ f ′

(
3a + b

4

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q)
,

κ3 =

∫ 1

0
Bt(n + 1, α − n)

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

dt

+

∫ 1

0
Bt(n + 1, α − n)tη

(∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q)

dt

= B(n + 1, α − n + 1)

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

+

Bt(n + 1, α − n)
t2

2

∣∣∣∣∣∣
1

0

−

∫ 1

0
tn(1 − t)α−n−1 t2

2
dt

 η (
∣∣∣∣∣∣ f ′

(
a + b

2

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q)

= B(n + 1, α − n + 1)

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

+
(1

2
B(n + 1, α − n) −

1
2

B(n + 3, α − n)
)
η

(∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q)
,

κ4 =

∫ 1

0
B1−t(α − n,n + 1)

∣∣∣ f ′ (b)
∣∣∣q dt

+

∫ 1

0
B1−t(α − n,n + 1)tη

(∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

,
∣∣∣ f ′ (b)

∣∣∣q) dt

= B(n + 2, α − n)
∣∣∣ f ′ (b)

∣∣∣q
+

B1−t(α − n,n + 1)
t2

2

∣∣∣∣∣∣
1

0

+

∫ 1

0
(1 − t)ntα−n−1 t2

2
dt

 η (
∣∣∣∣∣∣ f ′

(
a + 3b

4

)∣∣∣∣∣∣
q

,
∣∣∣ f ′ (b)

∣∣∣q)
= B(n + 2, α − n)

∣∣∣ f ′ (b)
∣∣∣q + 1

2
B(α − n + 2,n + 1)η

(∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

,
∣∣∣ f ′ (b)

∣∣∣q)
and by arrangement via the equalities (3) and (4) in the desired inequality. This completes the proof.

Theorem 2.3. Let f : [a, b] → R be differentiable on (a, b) such that f ′ ∈ L([a, b]) with a, b ∈ I, a < b and α > 0. If | f ′|q is
η−convex function on [a, b], q > 1 and 1

p +
1
q = 1, then we have the following inequality:

|Ψα(a, b)|

≤
(b − a)α

16


(∫ 1

0
|Bt(n + 1, α − n)|pdt

) 1
p

×



∣∣∣∣∣∣ f ′

(
a + 3b

4

)∣∣∣∣∣∣
q

+
η
(∣∣∣∣ f ′ ( a+b

2

)∣∣∣∣q , ∣∣∣∣ f ′ ( a+3b
4

)∣∣∣∣q)
2


1
q

+


∣∣∣∣∣∣ f ′

(
a + 3b

4

)∣∣∣∣∣∣
q

+
η
(∣∣∣∣ f ′ ( a+b

2

)∣∣∣∣q , ∣∣∣∣ f ′ ( a+3b
4

)∣∣∣∣q)
2


1
q


+

(∫ 1

0
|B1−t(α − n,n + 1)|pdt

) 1
p
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×



∣∣∣∣∣∣ f ′

(
a + b

2

)∣∣∣∣∣∣
q

+
η
(∣∣∣∣ f ′ ( 3a+b

4

)∣∣∣∣q , ∣∣∣∣ f ′ ( a+b
2

)∣∣∣∣q)
2


1
q

+

∣∣∣ f ′ (b)
∣∣∣q + η

(∣∣∣∣ f ′ ( a+3b
4

)∣∣∣∣q , ∣∣∣ f ′ (b)
∣∣∣q)

2


1
q

 .

for α > 0, n = 0, 1, 2, . . . where Bt(., .) is incomplete Beta function.

Proof. Using Lemma 2.1, well-known Hölder inequality and the η−convexity of | f ′|q on [a, b], we get

|Ψα(a, b)|

≤
(b − a)α

16

[ ∫ 1

0
Bt(n + 1, α − n)

∣∣∣∣∣∣ f ′
(
ta + (1 − t)

3a + b
4

)∣∣∣∣∣∣ dt

+

∫ 1

0
B1−t(α − n,n + 1)

∣∣∣∣∣∣ f ′
(
t
3a + b

4
+ (1 − t)

a + b
2

)∣∣∣∣∣∣ dt

+

∫ 1

0
Bt(n + 1, α − n)

∣∣∣∣∣∣ f ′
(
t
a + b

2
+ (1 − t)

a + 3b
4

)∣∣∣∣∣∣ dt

+

∫ 1

0
B1−t(α − n,n + 1)

∣∣∣∣∣∣ f ′
(
t
a + 3b

4
+ (1 − t)b

)∣∣∣∣∣∣ dt
]

≤
(b − a)α

16

[ (∫ 1

0
|Bt(n + 1, α − n)|pdt

) 1
p (∫ 1

0

∣∣∣∣∣∣ f ′
(
ta + (1 − t)

3a + b
4

)∣∣∣∣∣∣
q

dt
) 1

q

+

(∫ 1

0
|B1−t(α − n,n + 1)|pdt

) 1
p (∫ 1

0

∣∣∣∣∣∣ f ′
(
t
3a + b

4
+ (1 − t)

a + b
2

)∣∣∣∣∣∣
q

dt
) 1

q

+

(∫ 1

0
|Bt(n + 1, α − n)|pdt

) 1
p (∫ 1

0

∣∣∣∣∣∣ f ′
(
t
a + b

2
+ (1 − t)

a + 3b
4

)∣∣∣∣∣∣
q

dt
) 1

q

+

(∫ 1

0
|B1−t(α − n,n + 1)|pdt

) 1
p (∫ 1

0

∣∣∣∣∣∣ f ′
(

a + 3b
4
+ (1 − t)b

)∣∣∣∣∣∣
q

dt
) 1

q ]

≤
(b − a)α

16

[ (∫ 1

0
(Bt(n + 1, α − n))pdt

) 1
p

×

(∫ 1

0

(∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q

+ tη
(
| f ′(a)|q,

∣∣∣∣∣∣ f ′
(

3a + b
4

)∣∣∣∣∣∣
q))

dt
) 1

q

+

(∫ 1

0
(B1−t(α − n,n + 1))pdt

) 1
p

×

(∫ 1

0

(∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q

+ tη
(∣∣∣∣∣∣ f ′

(
3a + b

4

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + b
2

)∣∣∣∣∣∣
q))

dt
) 1

q

+

(∫ 1

0
(Bt(n + 1, α − n))pdt

) 1
p

×

(∫ 1

0

(∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

+ tη
(∣∣∣∣∣∣ f ′

(
a + b

2

)∣∣∣∣∣∣
q

,

∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q))

dt
) 1

q

+

(∫ 1

0
(B1−t(α − n,n + 1))pdt

) 1
p
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×

(∫ 1

0

(∣∣∣ f ′ (b)
∣∣∣q + tη

(∣∣∣∣∣∣ f ′
(

a + 3b
4

)∣∣∣∣∣∣
q

,
∣∣∣ f ′ (b)

∣∣∣q)) dt
) 1

q ]

=
(b − a)α

16

[ (∫ 1

0
(Bt(n + 1, α − n))pdt

) 1
p


∣∣∣∣∣∣ f ′

(
3a + b

4

)∣∣∣∣∣∣
q

+
η
(
| f ′(a)|q,

∣∣∣∣ f ′ ( 3a+b
4

)∣∣∣∣q)
2


1
q

+

(∫ 1

0
(B1−t(α − n,n + 1))pdt

) 1
p


∣∣∣∣∣∣ f ′

(
a + b

2

)∣∣∣∣∣∣
q

+
η
(∣∣∣∣ f ′ ( 3a+b

4

)∣∣∣∣q , ∣∣∣∣ f ′ ( a+b
2

)∣∣∣∣q)
2


1
q

+

(∫ 1

0
(Bt(n + 1, α − n))pdt

) 1
p


∣∣∣∣∣∣ f ′

(
a + 3b

4

)∣∣∣∣∣∣
q

+
η
(∣∣∣∣ f ′ ( a+b

2

)∣∣∣∣q , ∣∣∣∣ f ′ ( a+3b
4

)∣∣∣∣q)
2


1
q

+

(∫ 1

0
(B1−t(α − n,n + 1))pdt

) 1
p

∣∣∣ f ′ (b)
∣∣∣q + η

(∣∣∣∣ f ′ ( a+3b
4

)∣∣∣∣q , ∣∣∣ f ′ (b)
∣∣∣q)

2


1
q

.

So, the proof is completed.
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