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Coefficient Estimates and Fekete-Szego Problem for Certain Subclass
of Analytic and Univalent Functions Associated with Cosine and Sine
Functions of Complex Order

Nizami Mustafa?, Veysel Nezir?

Kafkas University, Faculty of Science and Letters, Department of Mathematics, Kars, Turkey

Abstract. The main focus of this paper is to give some coefficient estimates for the analytic and univalent
functions on the open unit disk in the complex plane that are subordinated to cosine and sine functions

with complex order. For the defined here subclass of analytic and univalent functions (Szos,sin \Y CCOS/Sin) (z, B),
7 € C — {0} and B € [0, 1] with the quantity

1[zf (2) ]} 1[Gf @)
1- 1+ - -1l +p31+ = -1
( ﬁ){ T [ f(z) ﬁ T f, (Z)
subordinated to cos z + sin z, we obtain the coefficient estimates for the initial two coefficients and examine
the Fekete-Szego problem for the mentioned class.

1. Introduction and preliminaries

In this section, we give some basic information that we will use in proof of the main results and to
discuss the studies known in the literature related to our subject.

Let U = {ze C: [z] <1} be open unit disk in the complex plane C and H (U) denote the class of all
analytic functions in U. By A, we will denote the class of f € H (U) functions given by the following series
expansion, which satisfying the conditions f (0) = 0and f' (0)-1=0

(o]
f(Z):Z+ﬂ222+{13Z3+"':Z+ZanznranEC' 1)
n=2

As is known that the subclass of univalent functions of A is denoted by S, in the literature. This class was
first time introduced by Koebe [12] and has become the core ingredient of advanced research in this field.
Bieberbach [4] published a paper in which the famous coefficient hypothesis was proposed. This conjecture
states that if f € S and has the series form (1), then |a,| < n for all n > 2. Many researchers worked hard to
solve this problem. But for the first time this long-lasting conjecture solved by de-Branges [5] in 1985.
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It is well-know that a univalent function f € S is called a starlike and convex function, if this function
maps open unit disk U onto the star shaped and convex shaped domain of the complex plane, respectively.
The set of all starlike and convex functions in U, which satisfies the following conditions are denoted by S*
and C, respectively

Re(m) > 0and Re((zf'(z)) ) >0, zelU;

I 7@
that is,
5'={fes: Re(%42)>0, ze U} andC = {f €s: Re((zﬁg) ) >0,z¢ u}.

Some of the important and well-investigated subclass of S include the classes S* (a) and C(a) given
below, which are called of the starlike functions and convex functions of order a (a € [0, 1)), respectively

S (a) = {fe S: Re(z;/(g)) >aq, z€ U},C(a) = {feS: Re[(zjj::((j))) ] >aq, z € U}.

It is well-known that an analytical function w satisfying the conditions w (0) = 0 and |w (z)| < 1 is called
Schwartz function. Let’s f, g € H (U), then it is said that f is subordinate to g and denoted by f < g, if there
exists a Schwartz function w , such that f (z) = g (w (2)) .

In 1992, Ma and Minda [14] using subordination terminology presented unified version of the classes
S* () and C (¢) as follows

2f' (2)  (f @)
F @

(S*VC)((P)={f€S: (-5 g P

<@(z),z€ U},ﬁe[o,l],

where ¢ (z) is a univalent function with ¢ (0) = 1, ¢’ (0) > 0 and the region ¢ (U) is star-shaped about
the point ¢ (0) = 1 and symmetric with respect to real axis. Such a function has a series expansion of the
following form

(p(z):1+blz+bgzz+b323+--~:1+anz”, by > 0.

n=1

In the past few years, numerous subclasses of the collection S have been introduced as special choices of
the classes S* () and C (¢) (see for example [1-3, 6, 7, 9-11, 13, 15, 17-32]).

Finding bounds for the function coefficients in a given collection is one of the most fundamental problems
in geometric function theory, since it impacts geometric features.

The first order of Hankel determinant of the function f € S defined by

1012

=4a3 — a%
az as

Ha (f) =

and is known as the Fekete-Szeg® functional. The functional Hy 1 (f, it) = a3—pa3 is known as the generalized
Fekete-Szego functional, where u is a complex or real number [8]. Estimating the upper bound of |a3 - ya§|
is known as the Fekete-Szegt probblem in the theory of analytic functions.

Now by using the definition of subordination, we indroduce a new subclass of analytic and univalent
functions associated with sine cosie and sine functions of comlpex order.

Definition 1.1. For 7 € C — {0} and B € [0, 1] a function f € S is said to be in the class (SZOS Y Ccos,sin) (t,B), if
the folloing condition is satisfied

a —ﬁ){l N % [Zf’ @ —1]} +5{1 + % [(Zfl @) 1]} <cosz+sinz,ze U

f@ f @
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that is,

(Siossin V Ceossin) () = fes: a-pli+i[FF - ]}+B{1+ [(Zﬁ(z)) —1]}

Cos,sin
cosz +sinz,ze U

Remark 1.2. Taking B = 0 and § = 1 in Definition 1.1, we have the classes

. zf' (@ ] .
Seossin (M) =4f€S: 1+ @ —1|<cosz+sinz,ze U
and ]
Ceossin (1) =4 f€S5: 1 + (Zf (Z)) —1|<cosz+sinhz,ze U},
e
respectively.

Remark 1.3. Taking t = 1 in Definition 1.1, we have the class

S @), e @) .
S Ceos,sin =feS: (1- <cosz+sinz,ze U}.
( COS,! 511’1 ) (ﬁ) {f ( ﬁ) f( ) f, (Z)
Remark 1.4. Taking v =1, § = 0and B = 1 in Definition 1.1, we have the classes
zf' (@) :

cossm_ f €S: f() <cosz+sinz,ze U

and ’
cossm:{f €S: ('Jf( ((ZZ))) <COSZ+Si1"lZ,ZEU},

respectively.

Remark 1.5. It is useful to remind that the classes S:

cos,sin’ Ccos,sinr St
[19], [18] and [20], respectively.

cos,sin (1) and Ceos sin (T) are reviewed in [17],

Let P be the class of analytic functions in U satisfied the conditions p(0) = 1 and Re(p(z)) > 0,z € U,
which from the subordination principle easily can written

Pz{peA: p(z) < E,ze U},
1-z
where p (z) has the series expansion of the form
p(z):1+plz+pzzz+p3z3+~-:1+anz",zell. (2)
The class P defined above is knowwn as the class Caratheodory functions [16].

Now, let us present some necessary lemmas known in the literature for the proof of our main results.

Lemma 1.6 ([8]). Let the function p (z) belong in the class P. Then,
|pn| < 2foreachn € Nand |pn - /\pkpn_k( <2forn,keN, n>kand A €[0,1].
The equalities holds for

p(2) = 1+z.
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Lemma 1.7 ([8]). Let the an analytic function p (z) be of the form (1.), then
2p2 = ph + (4= pi)x,

4ps =y +2(4=p7)prx = (4= pi) i + 2 (4 = pi) (1= )y

forx,y € Cwith |x|] <1 and )y) <L

2. Coefficient estimates for the class (S* .
cos,sin

Ccos,sin) (. B)

In this section, we give upper bound estimates for initial two coefficients for the function belonging to

the class (SZOS sin v Ccos,sm) (7, B). The following theorem is on these estimates.

Theorem 2.1. Let the function f € A given by (1) belong to the class ( cos,sin v Ccos,sin) (7, B) . Then,
1 if 2(1+38)t—(1+p)| <2(1+p),

W if [2(1+3p)T—(1+p)°|22(1+p)".

Proof. Let f € (SZOS in Vv Ccos,sin) (r,B), T € C— {0} and B € [0, 1], then there exsists a Schwartz function w,
such that

1-p) {1 + % [ZJ{/(S) - 1]} + ﬁ{l + % [(Z;:((;)) - 1]} =cosw (z) +sinw (z).

We express the Schwartz function w in terms of the Caratheodory function p € P as follows

It [
o2l < 15 and las| < 57 5

1+w@ )
p(z) = 1_@(2)—1+plz+pzz +
It follows from that )
O S
w(z)—P(Z)_’_1 R TACR ] Vol R 3)

From the series expansion (1) of the function f (z), we can write

a-pft 58 -1 ep{re |G} - .
+1 {(1 +pB)arz + [2(1 +2B)as — (1 +3ﬁ)az]z2 4. } ‘

Since
2

z
cosz+smz—1+z—§+ . (5)

using equality (3), we have

sinw (z) +cosw(z) =1+ 2;712 + = (pz - Zpl)z +e (6)

By equalizing (4) and (6), then comparing the coefficients of the same degree terms on the right and left
sides, we obtain the following equalities for three initial coefficients of the function f (z)

™1

20+5) 7

ap =
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B T 1+38)t 3
asz = 31128 1+2p) {2P2 + [—(1 N ,8)2 - E}Pi} 8)

Using Lemma 1.6, from the equalities (7) we can easily see that

Using Lemma 1.7, from the second equality of (7) we can write

B T (1+3ﬁ)’[ 1], 2
“3‘8(1+2ﬁ){ (1+p) _§]p1+(4_pl)x}'

for x € C with |x| < 1. Applying triangle inequality, from this equality we obtain
1+3
i H( P _1 t2+(4_t2)5},

where & = |x|and t = ‘p1|. If we maximize the function ¢ : [0,1] — R defined as

sl < S+ 2p)

1+p° 2

1+38)t 1
p(&)= W—E t2+(4—t2)5, £elo,1],
we write
d| (1+3ﬁ)”£ 1 5
'”3'38(1+2ﬁ){H (1+p) _5’_+ +4}’ reloal

From this, immediately obtained the desired estimate for |a3] .
Thus, the proof of theorem is completed. [

In the case T € R — {0}, Theorem 2.1 is given as below.

Theorem 2.2. Let the function f € A given by (1) belong to the class (S" \% Ccos,sin) (7,B),t € R—{0}. Then,

Cos,sin
-1ift<0
laz] < = { ' and

+8) 1 ift>0.
2(143p)t-(1+6)" . ()
2(1+p)° if 7 < 2(1+3p)’
. (1+p)’
. -1 if - 2136 <71<0,
la3] € ———— . 3(1+p)”
2(1+2p) | 1 if 0<7s< 2(1+3p)’
2(1+38)r-(1+8)° .. 3(1+p)
2(1+p)° if 2(1+3p) ST

Taking 7 = 1 in Theorem 2.1, we obtain the following estimates for the initial two coefficients for the
function belonging to the class (Szos,sin \% Ccos,sin) B).

Theorem 2.3. Let the function f € A given by (1) belong to the class (S::os,sin \ Ccos,sin) (B)- Then,

1 1
laz| < T+p and |as| < 2(1+26)"
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Setting f = 0 and $ = 1 in Theorem 2.1, we obtain the following results obtained in [18] and [20],
respectiely.

Corollary 2.4. If the function f € A given by (1) belong to the class S (), then

Cos,sin
1 if 2T -1/ <2
Izl ’
< <>
laal < || and las| < 3 { 2l pr -1 > 2.

Corollary 2.5. If the function f € A given by (1) belong to the class Ceos sin (T), then
< gnd laal < T 1 if 21 -1 <2,
lao| < 5 and |as| < & LRIy

Setting § = 0 and = 1 in Theorem 2.2 or 7 = 1 in Corollary 2.4 and Corollary 2.5, we obtain the following
results for |a;| and |a3] obtained in [17] and [19], respctively.

Corollary 2.6. If the function f € A given by (1) belong to the class S, then
las] < 1 and |as] < %

Corollary 2.7. If the function f € A given by (1) belong to the class Ceossin, then
las] < %and las] < %.

*
cos,sin

3. The Fekete-Szego problem for the class (S \% Ccos,sin) (7. B)

In this section, we examine the Fekete-Szeg6 problem for the class (SZOS’Sin \Y; Ccos,sin) (7, B). The following

theorem is on the Fekete-Szeg6 inequality for the class (S:j_oslsi]n \% Ccos,sin> (7, B).

Theorem 3.1. Let the function f € A given by (1) belong to the class (S*

: ossin V Ceossin) (T, B), T € € = {0} and
u€CorpuelR Then,

1 if y(t,u,p) < 7=,
las = pa3| < i { V(P <

21+2) | 20+ 20)yif ¥ (1) 2 375,
where

T [1+3/3 B ]_ 1 '
‘(1+ﬁ)2 20+2p) 1| T a@+2p)|

y (T up) =

Proof. Let f € (SZOS sin
we can write

gy = L2 T +3 1 3 |5
RS FEST R FEel FIC ST B TR Ll

Using Lemma 1.7, last equality we can write as follows

_T T 1+3 1 4-pi

for x € Cwith |x| < 1. From here, applying triangle inequality we have

Y% CCOS,Sin) (t,B),,t € C—{0}, B €[0,1] and p € C. Then, from the equalities (7) and (8),

I7] T 1+3p 1 4-
a5 — 3] < Z{‘(Hﬁ)z [2(1+2/3) '”]_4<1+2!3> t2+2<1+25)5}
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with t = |p1| €[0,2] and &= |x|. By maximizing the function

| or ] 1+3p B , . 4P
lp(g)_‘(1+ﬁ)2 [2(1+2ﬁ) —[J] TG t +2(1+2ﬁ)£'£€[0’1]'
we obtain the followwing inequality
I7| T 1+3p 1 1 ) 2
|“3_“”%|SZ{H(1+5)2 2(1+Zﬁ)_y]_4(1+2ﬁ)|_2(1+2ﬁ)]t +1+2ﬁ}’te[o’2]' (19)

From this obbtained the desired result of theorem.
Thus, the proof of theorem is completed. O

In the cases T € R — {0} and u € R, Theorem 3.1 is given as below.

Theorem 3.2. Let the function f € A given by (1) belong to the class (S*

Cos,sin

4 Ccos,sin) (T/ ,B)/ 7 € R — {0} and

u € R. Then,
-2(1+2B)yif t<0and p < (7, B),
1 ift<0and u € [u1(z,B), w2 (7, B)],
|a B a2)< 7| 2(1+28)y if t<0and uy(7,B) <y,
3THRIS 5 28 ) 2 +28)y if T>0and < (T p),
lift >0 and yE[‘le(T,ﬁ),[Jl(Trﬁ)]/
-2(1+2B)yif t>0and ui(7p) < p.
where
R 1436 1 1
””W*LH@JMHM>“]4GHM'
_2t(1+3p)+ (1+p) _2t(1+38)-3(1+p)
p(z p) = 47(1+2p) H2(Tp) = 47 (1+2p)

Taking 7 = 1 in Theorem 3.1, we obtain the following estimates for the Fekete-Szeg6 functional for the
function belonging to the class (SZos,sin v Ccos,sin) (B).

Theorem 3.3. Let the function f € A given by (1) belong to the class (S* \Y Ccos,sin) (B) and u € C. Then,

Cos,sin

oo |1+ap—p (1+p)’
|a3—ua§|ﬁ—1 ' ECEy “’S2(1+22’3)/
2029 | 20428y (up) if |58 -4 > L
where
|1 1+38 ]_ 1 ‘
v ) %+WLuwm“4awm'

Setting f = 0and = 1in Theorem 3.1, we obtain the following results obtained in [18] and [20], respectively.

Theorem 3.4. Let the function f € A given by (1) belong to the class S’ (t) and u € C. Then,

Cos,sin

ol [ 2 if 2(1-2p)7-1|<2,
'“3_“”§|SZ{ R -2uwr-1]if 201-2w)r-1]>2.
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Theorem 3.5. If the function f € A given by (1) belong to the class Ceossin (T) and p € C.
Then,
A It [ 2 if |2-3wt-1<2
THRER e-sw -1 i |2-3wr-1]|z2.
Setting = 0, $ = 1 and 7 = 1 in Theorem 3.1 or 7 = 1 in Theorem 3.4 and Theorem 3.5 , we obtain the
following results obtained in [17] and [19], respectively.

Corollary 3.6. If the function f € A given by (1) belong to the class S* and u € C. Then,

€os,sin
. a)<1 2 if [1-4p|<2,
3~ HR 1 - du] if [1-4p|22.

Corollary 3.7. If the function f € A given by (1) belong to the class Ceossin and pu € C. Then,

|a _ a2'<l 2 lf 1 3# SZ,

PTHEIE TR -sulif -3y =2

Taking u = 0 and u = 1 in Theorem 3.1, we get the second result of Theorem 2.1 and the following result
for the first order Haankel determinant, respectively.

Corollary 3.8. If the function f € A given by (1) belong to the class (S* % CCOS,Sm) (7, B) ,then

cos,sin

o 1 if [1+pg+27]<2(1+p),
|a3—az|—2(1—+2ﬁ) |122f:;)| if [1+p+27)>2(1+p).

Setting T € R — {0} in Corollary 3.8, we obtain the following result for the first order Haankel determinant.

Corollary 3.9. If the function f € A given by (1) belong to the class (S* % CCOS,Sm) (7, B) ,then

cos,sin

-(1+p+27)if T1<— (1+ﬁ)

las - 2| < 1 if 3(Jrﬁ)< <0
2(1+2ﬁ) 1 if 0<Ts¥,
1+ B+ 2t if BE<r.

Taking § = 0 and p = 1 in the Corollary 3.8, we get the following resualts obtained in [18] and [20],
repectively.

Corollary 3.10. If the function f € A given by (1) belong to the class S’ (T)then,

€os,sin

’ B | |T| 2 if [1+217/<2,
a3 =0 11+ 27 if |1+27]>2.

Corollary 3.11. If the function f € A given by (1) belong to the class Ceos sin (T)then,

| |T| 2 if [1+1<2,
_12 [1+7|if [1+7]>2.

Setting f = 0, = 1 and 7 = 1 in Corollary 3.8 or 7 = 1 in Corollary 3.9 and Corollary 3.10, we obtain the
following results obtained in [17] and [19], respctively.

Corollary 3.12. If the function f € A given by (1) belong to the class S*__ . then,

|a3 - a§| < é .
Corollary 3.13. If the function f € A given by (1) belong to the class Ceos sin, then,

’ﬂ3 —ﬂ% < g
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