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Abstract. In this study, inequalities have been derived for the class of modified exponential trigonometric
convex function, a type of convexity recently introduced. To establish these inequalities, the Hölder
inequality, the power mean inequality, and the generalized power mean inequality have been utilized.

1. Introduction

Inequalities are increasingly attracting the attention of researchers across diverse fields of application.
Convexity, which extends back to the proof of the renownedπnumber, plays a significant role in establishing
inequalities. In this section, the definitions of fundamental classes of convex functions are first presented,
followed by the introduction of a new function class proposed by Demir Budak and Gürbüz [6]. Finally,
the improved power-mean integral inequality and a lemma which will be very useful to obtain our results
are presented. The definition of a convex function is as follows:

Definition 1.1. A function f : I→ R is said to be convex if the inequality

f (ta + (1 − t)b) ≤ t f (a) + (1 − t) f (b) (1)

is valid for all a, b ∈ I and t ∈ [0, 1]. If this inequality reverses, then f is said to be concave on interval I , ∅.
Convexity theory provides powerful principles and techniques to study a wide class of problems in both pure and
applied mathematics.

Let f : I→ R be a convex function. Then the following double inequality hold

f
(

a + b
2

)
≤

1
b − a

b∫
a

f (x) dx ≤
f (a) + f (b)

2
(2)

for all a, b ∈ I with a < b. Both inequalities hold in the reversed direction if the function f is concave.
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Definition 1.2. (see [4]) Suppose that I is a subset of R.The mapping f : I ⊆ R → R is said to be exponentially
convex, if

f (ta + (1 − t) b) ≤ texa f (a) + (1 − t) exb f (b) (3)

for all a, b ∈ I, t ∈ [0, 1] and x ∈ R.

Definition 1.3. (see [1]) A non-negative function f : I→ R is called trigonometrically convex function on interval
[a, b], if for each x, y ∈ [a, b] and t ∈ [0, 1],

f (tx + (1 − t)y) ≤
(sinπt

2

)
f (x) +

(cosπt
2

)
f (y). (4)

Definition 1.4. (see [5]) Let I ⊆ R be an interval. A function f : I ⊆ R → R is called exponential trigonometric
convex function if for every a, b ∈ I, t ∈ [0, 1]

f (ta + (1 − t) b) ≤
sin πt

2

e1−t f (a) +
cos πt

2

et f (b) . (5)

Definition 1.5. (see [6]) f : I ⊆ R → R+0 is called modified exponential trigonometric convex function if for every
a, b ∈ I and t ∈ [0, 1] the following inequality holds

f (ta + (1 − t) b) ≤ sin
πt
2

e(1−t) f (a) + cos
πt
2

et f (b) . (6)

This class of functions defined on I will be shown by METC(I).

A refinement of power-mean integral inequality can be given as follows:

Theorem 1.6. (see [2]) Let q ≥ 1. If f and 1 are real functions defined on interval [a, b] and if
∣∣∣ f ∣∣∣, ∣∣∣ f ∣∣∣ ∣∣∣1∣∣∣q are integrable

functions on [a, b] then

b∫
a

∣∣∣ f (x) 1 (x)
∣∣∣ dx (7)

≤
1

b − a



 b∫
a

(b − x)
∣∣∣ f (x)

∣∣∣ dx

1− 1
q
 b∫

a
(b − x)

∣∣∣ f (x)
∣∣∣ ∣∣∣1 (x)

∣∣∣q dx


1
q

+

 b∫
a

(x − a)
∣∣∣ f (x)

∣∣∣ dx

1− 1
q
 b∫

a
(x − a)

∣∣∣ f (x)
∣∣∣ ∣∣∣1 (x)

∣∣∣q dx


1
q


.

Improved power-mean integral inequality provides better approaches than Power-mean integral inequality.

Lemma 1.7. (see [3])Let f : I ⊆ R→ R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b. If f ′ ∈ L [a, b], then
the following equality holds:

f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx (8)

=
b − a

4


1∫

0

(−t) f ′
(1 + t

2
a +

1 − t
2

b
)

dt +

1∫
0

t f ′
(1 + t

2
b +

1 − t
2

a
)

dt

 .
Throughout the paper we will denote R+ ∪ {0} by R+0 .
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There are many papers that present upper bounds for Hermite-Hadamard type, specifically trapezoid
type inequalities. To obtain those results, researchers are using many different kinds of convex functions.
One of the most recent definitions of convex function types is ”modified exponential trigonometric convex
function” which serves another viewpoint to convexity. The motivation of this study is to obtain new
upper bounds of Hermite-Hadamard type inequalities by using modified exponential trigonometric convex
function which may be very useful for applications of inequalities. Researchers interested in exploring recent
intriguing studies on inequalities can refer to references [7]-[11].

2. MAIN RESULTS

Theorem 2.1. Let f : I ⊂ R → R+0 be a differentiable mapping on I◦, a, b ∈ I◦ with a < b and assume that
f ′ ∈ L [a, b] . If

∣∣∣ f ′ ∣∣∣ is a modified exponential trigonometric convex function on interval [a, b] , then the following
inequaltiy holds ∣∣∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣
≤

8 (b − a)
(∣∣∣ f ′ (a)

∣∣∣ + ∣∣∣ f ′ (b)
∣∣∣)

(π2 + 4)2

(
π3e
2
+ π2

− 12 − 6πe +
√

2e
(
8 − 2π2 + 8π

))
.

Proof. By using Lemma 1.7, properties of absolute value and modified exponential trigonometric convexity
of

∣∣∣ f ′ ∣∣∣ we have ∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (9)

≤
b − a

4


1∫

0

t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣ dt +

1∫
0

t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣ dt


≤

b − a
4


1∫

0

t
(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (a)
∣∣∣ + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (b)
∣∣∣) dt

+

1∫
0

t
(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (b)
∣∣∣ + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (a)
∣∣∣) dt


=

b − a
4

∣∣∣ f ′ (a)
∣∣∣ 1∫

0

t
(
sin
π (1 + t)

4
e

1−t
2 + cos

π (1 + t)
4

e
1+t

2

)
dt

+
∣∣∣ f ′ (b)

∣∣∣ 1∫
0

t
(
sin
π (1 + t)

4
e

1−t
2 + cos

π (1 + t)
4

e
1+t

2

)
dt


=

8 (b − a)
(∣∣∣ f ′ (a)

∣∣∣ + ∣∣∣ f ′ (b)
∣∣∣)

(π2 + 4)2

(
π3e
2
+ π2

− 12 − 6πe +
√

2e
(
8 − 2π2 + 8π

))

where
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1∫
0

t sin
π (1 + t)

4
e

1−t
2 dt

=
8

(π2 + 4)2

(
4
√

2e
1
2 + π2 + 4

√

2πe
1
2 −

√

2π2e
1
2 − 12

)
and

1∫
0

t cos
π (1 + t)

4
e

1+t
2 dt

=
8

(π2 + 4)2

(
4
√

2e
1
2 −

√

2π2e
1
2 + 4

√

2πe
1
2 − 6πe +

π3e
2

)
which completes the proof.

Theorem 2.2. Let f : I ⊂ R → R+0 be a differentiable mapping on I◦, a, b ∈ I◦ with a < b and assume that
f ′ ∈ L [a, b] . If

∣∣∣ f ′ ∣∣∣q , q > 1 is a modified exponential trigonometric convex function on interval [a, b] , then the
following inequaltiy holds∣∣∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (10)

≤
b − a

4
(
p + 1

) 1
p


(∣∣∣ f ′ (a)

∣∣∣q ( √2e (4 + 2π) − 8
π2 + 4

)
−

∣∣∣ f ′ (b)
∣∣∣q ( √2e (4 + 2π) − 4πe

π2 + 4

)) 1
q

+

(∣∣∣ f ′ (b)
∣∣∣q ( √2e (4 + 2π) − 8

π2 + 4

)
−

∣∣∣ f ′ (a)
∣∣∣q ( √2e (4 + 2π) − 4πe

π2 + 4

)) 1
q


where 1
p +

1
q = 1.

Proof. By using Lemma 1.7, properties of absolute value and Hölder inequality we get∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (11)

≤
b − a

4


1∫

0

t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣ dt +

1∫
0

t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣ dt


≤

b − a
4




1∫
0

tpdt


1
p


1∫
0

∣∣∣∣∣ f ′ (1 + t
2

a +
1 − t

2
b
)∣∣∣∣∣q dt


1
q

+


1∫

0

tpdt


1
p


1∫
0

∣∣∣∣∣ f ′ (1 + t
2

b +
1 − t

2
a
)∣∣∣∣∣q dt


1
q
 .
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Using modified exponential trigonometric convexity of
∣∣∣ f ′∣∣∣ we get∣∣∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣
≤

b − a
4




1∫
0

tpdt


1
p


1∫
0

(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (a)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (b)
∣∣∣q) dt


1
q

+


1∫

0

tpdt


1
p


1∫
0

(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (b)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (a)
∣∣∣q) dt


1
q


=
b − a

4
(
p + 1

) 1
p


(∣∣∣ f ′ (a)

∣∣∣q ( √2e (4 + 2π) − 8
π2 + 4

)
−

∣∣∣ f ′ (b)
∣∣∣q ( √2e (4 + 2π) − 4πe

π2 + 4

)) 1
q

+

(∣∣∣ f ′ (b)
∣∣∣q ( √2e (4 + 2π) − 8

π2 + 4

)
−

∣∣∣ f ′ (a)
∣∣∣q ( √2e (4 + 2π) − 4πe

π2 + 4

)) 1
q


where

1∫
0

sin
π (1 + t)

4
e

1−t
2 dt =

√
2e (4 + 2π) − 8
π2 + 4

and
1∫

0

cos
π (1 + t)

4
e

1+t
2 dt = −

√
2e (4 + 2π) − 4πe
π2 + 4

.

This completes the proof of theorem.

Theorem 2.3. Let f : I ⊂ R → R+0 be a differentiable mapping on I◦, a, b ∈ I◦ with a < b and assume that
f ′ ∈ L [a, b] . If

∣∣∣ f ′ ∣∣∣q, q ≥ 1 is a modified exponential trigonometric convex function on interval [a, b] , then the
following inequaltiy holds ∣∣∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (12)

≤
b − a

23− 4
q (π2 + 4)

2
q

[(
K

∣∣∣ f ′ (a)
∣∣∣q + L

∣∣∣ f ′ (b)
∣∣∣q) 1

q
+

(
K

∣∣∣ f ′ (b)
∣∣∣q + L

∣∣∣ f ′ (a)
∣∣∣q) 1

q
]

where

K =
√

2e
(
4 + 4π − π2

)
+ π2

− 12

and

L =
√

2e
(
4 + 4π − π2

)
− 6πe +

π3e
2
.
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Proof. By using Lemma 1.7, properties of absolute value and power mean inequality we get

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (13)

≤
b − a

4


1∫

0

t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣ dt +

1∫
0

t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣ dt


≤

b − a
4




1∫
0

tdt


1− 1

q


1∫
0

t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣q dt


1
q

+


1∫

0

tdt


1− 1

q


1∫
0

t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣q dt


1
q
 .

Using modified exponential trigonometric convexity of
∣∣∣ f ′∣∣∣ we get

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣
≤

b − a
4




1∫
0

tdt


1− 1

q


1∫
0

t
(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (a)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (b)
∣∣∣q) dt


1
q

+


1∫

0

tdt


1− 1

q


1∫
0

t
(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (b)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (a)
∣∣∣q) dt


1
q


=
b − a

23− 1
q

[(∣∣∣ f ′ (a)
∣∣∣q 8

(π2 + 4)2

(
4
√

2e
1
2 + π2 + 4

√

2πe
1
2 −

√

2π2e
1
2 − 12

)
+

∣∣∣ f ′ (b)
∣∣∣q 8

(π2 + 4)2

(
4
√

2e
1
2 −

√

2π2e
1
2 + 4

√

2πe
1
2 − 6πe +

π3e
2

)) 1
q

(
+

∣∣∣ f ′ (b)
∣∣∣q 8

(π2 + 4)2

(
4
√

2e
1
2 + π2 + 4

√

2πe
1
2 −

√

2π2e
1
2 − 12

)
+

∣∣∣ f ′ (a)
∣∣∣q 8

(π2 + 4)2

(
4
√

2e
1
2 −

√

2π2e
1
2 + 4

√

2πe
1
2 − 6πe +

π3e
2

)) 1
q


which is the desired result.

Theorem 2.4. Let the function f : I ⊂ R → R+0 be differentiable mapping on I◦, a, b ∈ I◦ with a < b, q > 1 and
assume that f ′ ∈ L[a, b]. If

∣∣∣ f ′ ∣∣∣q is a modified exponential trigonometric convex function on the interval [a, b], then
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the following inequality holds

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (14)

≤
(b − a) 2

7
2q−2e

1
2q

(π2 + 4)
3
q

×

(1
2

)1− 1
q
((
−48 + 48π2 + 12π3

− π4
−

48π2
√

2
√

e
−

√

2π4
− 80π + 80

√

2
) ∣∣∣ f ′ (a)

∣∣∣q
+

(
−48π2 + 80 − 4π3

− π4 + 112π − 80π
√

2e + 12π3
√

2e
) ∣∣∣ f ′ (b)

∣∣∣q) 1
q

+
(1

3

)1− 1
q
(

1
2

(
128 − 96π2

− 16π3 +
88π2

√
2

√
e
+

3π4
√

2
√

e
+ 192π −

208
√

2
√

e

) ∣∣∣ f ′ (a)
∣∣∣q

+
1
4

(
192π2

− 256 + 32π3
− 384π + 272π

√

2e − 56π3
√

2e + π5
√

2e
) ∣∣∣ f ′ (b)

∣∣∣q) 1
q

+
(1

2

)1− 1
q
((
−48 + 48π2 + 12π3

− π4
−

48π2
√

2
√

e
−
π4
√

2
√

e
− 80π +

80
√

2
√

e

) ∣∣∣ f ′ (b)
∣∣∣q(

−48π2 + 80 − 4π3
− π4 + 112π − 80π

√

2e + 12π3
√

2e
) ∣∣∣ f ′ (a)

∣∣∣q) 1
q

+
(1

3

)1− 1
q
(

1
2

(
128 − 96π2

− 16π3 +
88π2

√
2

√
e
+

3π4
√

2
√

e
+ 192π −

208
√

2
√

e

) ∣∣∣ f ′ (b)
∣∣∣q

+
1
4

(
192π2

− 256 + 32π3
− 384π + 272π

√

2e − 56π3
√

2e + π5
√

2e
) ∣∣∣ f ′ (a)

∣∣∣q) 1
q
 .

Proof. By using Lemma 1.7, properties of absolute value and improved power-mean inequality we get

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣ (15)

≤
b − a

4


1∫

0

t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣ dt +

1∫
0

t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣ dt


≤

b − a
4




1∫
0

(1 − t) tdt


1− 1

q


1∫
0

(1 − t) t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣q dt


1
q

(16)
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+


1∫

0

t2dt


1− 1

q


1∫
0

t2
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣q dt


1
q

+


1∫

0

(1 − t) tdt


1− 1

q


1∫
0

(1 − t) t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣q dt


1
q

+


1∫

0

t2dt


1− 1

q


1∫
0

t2
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣q dt


1
q


which can be rewritten as

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣
≤

b − a
4


(1

2

)1− 1
q


1∫

0

(1 − t) t
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣q dt


1
q

+
(1

3

)1− 1
q


1∫

0

t2
∣∣∣∣∣ f ′ (1 + t

2
a +

1 − t
2

b
)∣∣∣∣∣q dt


1
q

+
(1

2

)1− 1
q


1∫

0

(1 − t) t
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣q dt


1
q

+
(1

3

)1− 1
q


1∫

0

t2
∣∣∣∣∣ f ′ (1 + t

2
b +

1 − t
2

a
)∣∣∣∣∣q dt


1
q

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Since
∣∣∣ f ′∣∣∣ is a modified exponential trigonometric convex function we have

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣
≤

b − a
4


(1

2

)1− 1
q


1∫

0

(1 − t) t
(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (a)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (b)
∣∣∣q) dt


1
q

+
(1

3

)1− 1
q


1∫

0

t2

(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (a)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (b)
∣∣∣q) dt


1
q

+
(1

2

)1− 1
q


1∫

0

(1 − t) t
(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (b)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (a)
∣∣∣q) dt


1
q

+
(1

3

)1− 1
q


1∫

0

t2

(
sin
π (1 + t)

4
e

1−t
2

∣∣∣ f ′ (b)
∣∣∣q + cos

π (1 + t)
4

e
1+t

2

∣∣∣ f ′ (a)
∣∣∣q) dt


1
q


By simple calculation

∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

b∫
a

f (x) dx

∣∣∣∣∣∣∣∣
≤

b − a
4

(1
2

)1− 1
q
(
−8
√

2

(π2 + 4)3

(
48
√

e − 48π2√e − 12π3√e

+π4√e + 48
√

2π2 +
√

2π4 + 80π
√

e − 80
√

2
) ∣∣∣ f ′ (a)

∣∣∣q
+

(
−8
√

2

(π2 + 4)3

(
48π2√e − 80

√
e + 4π3√e

+π4√e − 112π
√

e + 80
√

2πe − 12
√

2π3e
) ∣∣∣ f ′ (b)

∣∣∣q) 1
q

+
(1

3

)1− 1
q
(

4
√

2

(π2 + 4)3

(
128
√

e − 96π2√e − 16π3√e

+88
√

2π2 + 3
√

2π4 + 192π
√

e − 208
√

2
) ∣∣∣ f ′ (a)

∣∣∣q
+

(
2
√

2

(π2 + 4)3

(
192π2√e − 256

√
e + 32π3√e

−384π
√

e + 272
√

2πe − 56
√

2π3e +
√

2π5e
) ∣∣∣ f ′ (b)

∣∣∣q) 1
q
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+
(1

2

)1− 1
q
(
−8
√

2

(π2 + 4)3

(
48
√

e − 48π2√e − 12π3√e

+π4√e + 48
√

2π2 +
√

2π4 + 80π
√

e − 80
√

2
) ∣∣∣ f ′ (b)

∣∣∣q
+

(
−8
√

2

(π2 + 4)3

(
48π2√e − 80

√
e + 4π3√e

+π4√e − 112π
√

e + 80
√

2πe − 12
√

2π3e
) ∣∣∣ f ′ (a)

∣∣∣q) 1
q

+
(1

3

)1− 1
q
(

4
√

2

(π2 + 4)3

(
128
√

e − 96π2√e − 16π3√e

+88
√

2π2 + 3
√

2π4 + 192π
√

e − 208
√

2
) ∣∣∣ f ′ (b)

∣∣∣q
+

(
2
√

2

(π2 + 4)3

(
192π2√e − 256

√
e + 32π3√e

−384π
√

e + 272
√

2πe − 56
√

2π3e +
√

2π5e
) ∣∣∣ f ′ (a)

∣∣∣q) 1
q
]

where

1∫
0

(1 − t) t sin
π (1 + t)

4
e

1−t
2 dt

=
−8
√

2

(π2 + 4)3

(
48
√

e − 48π2√e − 12π3√e

+π4√e + 48
√

2π2 +
√

2π4 + 80π
√

e − 80
√

2
)

1∫
0

(1 − t) t cos
π (1 + t)

4
e

1+t
2 dt

=
−8
√

2

(π2 + 4)3

(
48π2√e − 80

√
e + 4π3√e

+π4√e − 112π
√

e + 80
√

2πe − 12
√

2π3e
)

1∫
0

t2 sin
π (1 + t)

4
e

1−t
2 dt

=
4
√

2

(π2 + 4)3

(
128
√

e − 96π2√e − 16π3√e

+88
√

2π2 + 3
√

2π4 + 192π
√

e − 208
√

2
)
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and

1∫
0

t2 cos
π (1 + t)

4
e

1+t
2 dt

=
2
√

2

(π2 + 4)3

(
192π2√e − 256

√
e + 32π3√e

−384π
√

e + 272
√

2πe − 56
√

2π3e +
√

2π5e
)

which is the desired result.
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[10] Çelik, B., Set, E., Akdemir, A. O., & Agarwal, P. The Minkowski inequality associated with constant proportional fractional
integrals. Khayyam Journal of Mathematics, 10(2), 273-287 (2024).

[11] Bayraktar, B., Butt, S. I., Napoles, J. E., & Rabossi, F. Some new estimates for integral inequalities and their applications. Ukrainian
Mathematical Journal, 76(2), 169-191 (2024).


