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Integral Inequalities Involving Modified Exponential Trigonometric
Convex Functions
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Abstract. In this study, inequalities have been derived for the class of modified exponential trigonometric
convex function, a type of convexity recently introduced. To establish these inequalities, the Holder
inequality, the power mean inequality, and the generalized power mean inequality have been utilized.

1. Introduction

Inequalities are increasingly attracting the attention of researchers across diverse fields of application.
Convexity, which extends back to the proof of the renowned 7w number, plays a significant role in establishing
inequalities. In this section, the definitions of fundamental classes of convex functions are first presented,
followed by the introduction of a new function class proposed by Demir Budak and Giirbiiz [6]. Finally,
the improved power-mean integral inequality and a lemma which will be very useful to obtain our results
are presented. The definition of a convex function is as follows:

Definition 1.1. A function f : I — R is said to be convex if the inequality

flta+(1=1b) < tf(@)+(1-1Hfb) )

is valid for all a,b € [ and t € [0,1]. If this inequality reverses, then f is said to be concave on interval I # (.
Convexity theory provides powerful principles and techniques to study a wide class of problems in both pure and
applied mathematics.

Let f : I — R be a convex function. Then the following double inequality hold

b
b
f(a+b)s—biaff(x)dxsf—(a);rf() @)

2

foralla,b € I with a < b. Both inequalities hold in the reversed direction if the function f is concave.
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Definition 1.2. (see [4]) Suppose that 1 is a subset of R.The mapping f : 1 € R — R is said to be exponentially
convex, if

fa+Q-0Db)<te"f(a)+(1- t)e"bf(b) 3)
foralla,bel,te0,1] and x € R.

Definition 1.3. (see [1]) A non-negative function f : I — R is called trigonometrically convex function on interval
[a,b), if for each x,y € [a,b] and t € [0, 1],

sin Ttt cos Tt

) £+ (<55 £ @

Definition 1.4. (see [5]) Let I C R be an interval. A function f : I € R — R is called exponential trigonometric
convex function if for every a,b € 1,t € [0,1]

fitx+ 1=y < (25

T[t

Flta+(1-Db) < 511 t Tk

2 £ (). (5)

Definition 1.5. (see [6]) f : [ € R — IR is called modified exponential trigonometric convex function if for every
a,b €landt €[0,1] the following inequality holds

Fta+(1-Hb) <sin zt a-n¢ a)+cos?te F0). ©)

This class of functions defined on I will be shown by METC(I).

A refinement of power-mean integral inequality can be given as follows:

Theorem 1.6. (see[2]) Let g > 1.If f and g are real functions defined on interval [a, b] and if | f are integrable
functions on [a, b] then
b
[lrwoelas %

b 1_% b q
. [fw—xwfawu] (fw—xwaMWuwdﬂ

b-a

b =53 (b 7
+(f(x—a) |f(x)|dx] [f(x—a) |f & |g(x)|qu)

Improved power-mean integral inequality provides better approaches than Power-mean integral inequality.

Lemma 1.7. (see [3])Let f : I € R — R be a differentiable mapping on 1°, a,b € I° witha < b. If f’ € L[a, b], then
the following equality holds:

[/ \fﬂ ®
_ b;“U t)f(ﬂa 12_tb)dt+fltf(1+tb 1;)4.

Throughout the paper we will denote R* U {0} by R}.



There are many papers that present upper bounds for Hermite-Hadamard type, specifically trapezoid
type inequalities. To obtain those results, researchers are using many different kinds of convex functions.
One of the most recent definitions of convex function types is “modified exponential trigonometric convex
function” which serves another viewpoint to convexity. The motivation of this study is to obtain new
upper bounds of Hermite-Hadamard type inequalities by using modified exponential trigonometric convex
function which may be very useful for applications of inequalities. Researchers interested in exploring recent
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intriguing studies on inequalities can refer to references [7]-[11].

2. MAIN RESULTS

Theorem 2.1. Let f :

inequaltiy holds

Proof. By using Lemma 1.7, properties of absolute value and modified exponential trigonometric convexity

of |f'| we have

where

IA

IN

sw—memﬂ+

I ¢ R — R} be a differentiable mapping on 1°, a,b € I° with a < b and assume that
f € Llab]. If ( f| is a modified exponential trigonometric convex function on interval [a,b], then the following

{URSICN \fﬂ>”

(12 + 4)?

fa) +f(b) ff()dx

1 1
b-a L (1+t 1-—t¢ 1+t 1-t
1 f}f07”+ir%“+f}fV7*+irﬂﬁ
0
b—a . T((l+t) 1: (1+t) 1+t
Tf( f(b)|)
[0
1
+ft(sinwelzf f (b)|+cosn(14+ t)e% f (a)|)dt

0

1
ol [ B o R
0
1
o) [on G0 s PR
0

80— a)(|f @]+ )(_
(n2 + 4) 2

)(%36+n2—12—6ne+ @(8—2n2+8n)).

2_ 12— 6me+ \/2_8(8—2n2+8n))
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1

ftsin n (14+ t)e%dt

0

8
_ (4 V2e 4 2+ 4V2ret - VarPed —12)

(2 + 4)

and

1

ftcos sz%dt

0
3

= (4\/_62 - ‘/57'(26%+4\/§T[€%—67TE+E
(m? +4) 2

which completes the proof. [

Theorem 2.2. Let f : [ € R — R} be a differentiable mapping on I°, a,b € I° with a < b and assume that

T, g > 1 is a modified exponential trigonometric convex function on interval [a,b], then the
following inequaltiy holds

ki f F 10
b- V2e (4 +27) — V2e (4 + 27) — 4me g
4(P+1)’7 2 +4 2 +4
rof V2e (4 +27) — V2e (4 + 27) — 4me ]
2+ 4 T2 + 4
1,.1_
where yta=1L
Proof. By using Lemma 1.7, properties of absolute value and Holder inequality we get
@+ fb)
Lozt f Feds an

1 1
b-a 1+t 1-t 1+t 1-t
< (20 - (20 -—°
< 3 ftf(2a+2b)‘dt+ftf(2b+2a)‘dt]
L0 0
- 1 1
b CoY(fraaee 1-eap )
P — P | — —
< [ftdt] ff(2a+2b)dtJ
0 0

1
q

1 b1
+[Ofﬂ’dt] [Off'(%m%a)q
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b
f(a)+ f(b) 1
5 —b_aff(x)dx
1 s (1
b;a [ft”dt] [f(sinn(l+t) 1
0 0
1 p (1 .
+| [ war (si u 7
[\

7 (ﬂ)|q( V2e (4 +2m) — 8)

2 +4

1
q

71(1 + t) 1+t

IA

f(b)l) ]

1

o

V2e (4 +2m) — 4ne))3

n2+4

71(1+t)
4

-|f <b>|"(

L V2e(4+2m) -8 e(4 +2mn) — 4me
+(f(b)|( 2+ 4 ) ( 2+ 4
where

1
f. n(l+1) 1 V2e (4 +2m) -8
sin———e?2dft= ———  — 7

4 % + 4
0
and

1
fcosn(l +t)e%dt: B @(4+2n)—4ne.

4 2+ 4

0

This completes the proof of theorem. [

Theorem 2.3. Let f : I ¢ R — ] be a differentiable mapping on I°, a,b € I° with a < b and assume that

> 1 is a modified exponential trigonometric convex function on interval [a,b], then the
following inequaltiy holds

f(a)+f(b) ff ) dx 12)

ﬁ;{lg [(K
q

2570 (2 + 4)

)+ (¢ )]

where
K= @(4+47‘(—n2)+n2—12

and

’ e
L= \/2_6(4+4n—n)—6ne+7.
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Proof. By using Lemma 1.7, properties of absolute value and power mean inequality we get

f(a)+f(b) ff( ) dx (13)

1 1
b—a 1+t 1-t 1+t 1-t
< " — i -
< ftf(2a+2b)‘dt+ftf(2b+Za)dt]
[0 0
) 1 i ;)
—a 1+t 1-t
< —= (2t 27t
< [ftdt [ftf(2a+2b)dtJ
L0 0
1\ . i
1+t 1-t¢
0 0

lf(a)+f(b) ff( o

b%{fltdt q[flt(, n(1+t e
0

1
=301

1
q

7‘((1 + t) 1+t

IA

f(b)l) ]

1

1 1
+ tdt t(sinw = 71(1+t) L 21 @ )|) ]
[ [/ e
= b_fl[( )|q (4‘/_82 +m +4\/_7'[e2 — \/Enze% _12)
27

1
3 7
(4 V2ez — V2r2e? + 4V2me? — 6me + %3))

|

(b)lq (4 V2er + 7 + 4V2mer — V2r2er — 12)

3
(4 V2ez — V2m2et + 4\2me? — 6me + 7Z76))

which is the desired result. []

Theorem 2.4. Let the function f : I C R — ] be differentiable mapping on I°, a,b € I° with a <b, q > 1 and
assume that f € Lla,b). If ) f|q is a modified exponential trigonometric convex function on the interval [a, b], then
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the following inequality holds

fox7o . f @ (1)
(b a)22q e%
(2 +4)‘i
1-1
x [(%) ' ((—48 +48m? + 1273 -t - 487:;\/5 — V2r* — 807 + 80 w/E) )
e

+(—48m? + 80 — 47® — m* + 1127 — 80 V2e + 127° V2e ) | £ (b)) )

1-1
+ (%) ' (% (128 — 96m% — 167 + 88”;_‘/5 + 3”3_‘/_ 1927 - 28 \/_)

e e

Sk

1
3 (1927 — 256 + 321° — 3847 + 272 V2e — 567> V2e + 7° V2e)

q)

1-1 5 4
+ (1) ’ ((—48 cagr 20—t - BTV2_ V2 80 \/—)
2 Ve Ve Ve
(—487% + 80 — 4r® — ' + 1127 — 807 V2e + 127° V2e) q)ﬁ
1-1 ) .
+ (1) q (1 (128 ot — 167 4 SN2 BTN2 oy 208 \/_)
3/ \2 Ve Ve Ve
%
31(192n — 256 + 32m° — 3847 + 2727 V2e — 5670 V2e + 7T° V2e) |/ ()}

Proof. By using Lemma 1.7, properties of absolute value and improved power-mean inequality we get

f(a)+f(b) ff( ) dx (15)

1 1
b—a 1+t 1—t¢ 1+¢t, 1-t¢
Lo 0
- _1 1
1 1 q q
< bos [f(l—t)tdt] {fl—t)t 1+ta+ub) dt
4 2
0 0

(16)



which can be rewritten as

IA
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1-1

[ |

_1
1’7

{1

fla)+ f(b)
2

fltz ff(%m%b)thJq
-1,
[f(l—t)t'f’(¥b+ %a)
0

q
1
q
q
dt]

,(1+t 1-t
f(z“z“)

b—a(lfﬁ
4 2

[

1\-7
+(3)

b
- [ rwa

1
[Ofu—t)t

L (14t 1-t
f(z‘”zb)

7
q
dt]

7
q
dt]

1

248
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Since

f@+f® ff(x)dx

< % (%)1_1] [fl(l—t)t(sin—nu4Jr t)e%
0

+(%)1; jtz(si JIEDI

+(%)1_; f(l—t)t(sm

1-1
+(%) ! ftz(sin—n(l4+t)e]2t

0

1
q

T((l+f) 1+t
oS 2 e?2

f@ﬂ)]
f (a)l”) dt]
U7 @ ) ]

f/ (a)lq +

f@ﬂwJ

1
q

n(l + t) 1+t

1
/

(b | ﬂ(14+ t)e%

7-((1 + t) 1+f

£ ®)|" + cos

By simple calculation

b
b
f@;fu_bleﬂﬂw

sb;”[(%)l_;( 82 - (48 Ve — 487 Ve — 127 e

(n2 + 4)°
)|/

+n4\/E+48\/_n + Vort +80nx/§—80\/§)

+( _8\/53(48712\/5—80\/E+4n3\/5
(% +4)

+7* Ve — 1127 Ve + 80 V2re — 12 V27 ) ")%
N7 42
+(§) ((n2+4) (128\/_ 9672 Ve — 167> Ve
+88 V2r? + 3 V2r* + 1927 Ve — 208 V2)
( 242
+
(2 + 4)

3847 Ve + 272 V2me — 56 V2r'e + V2r’e)|f' (b)W

f/ (a)lq
5 (1927 Ve - 256 Ve + 327° Ve
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+(§) ((n2+ e - (48 Ve - 48n Ve — 127 Ve
+7* Ve + 48 V2 + V2t + 80m Ve - 80 V2)
+( mAZ > (48 Ve — 80 Ve + 47° Ve
(n2 +4)°
1t Ve — 1127 Ve + 80 V2me — 12 \/§n3e)
1,1
+(1) (_4V2 - (128 Ve - 967% Ve — 167° Ve
3 (n2 +4)°
+88 V2r? + 3 V2r* + 1927 Ve — 208 V2) |
( 22
+ (—

n2 +4)°

1
‘7)6

(1927% Ve - 256 Ve + 321° Ve
—-384m Ve + 272 V2me — 56 V2riPe + \/§n5e)

f@l)]

where

‘H

7 dt

f(l—t)tsn )

_ 82 (48\/_ 4872 e — 1273 Ve

(m?+4

+n4\/E+48\/_Tz + Vort +80n\/E—80\/§>

f(l—t)t t) Sat

_ _8V2 V2 (482 Ve - 80 Ve + 47 Ve
(2 + 4)°

+ret Ve — 1127 Ve + 80 V2re — 12 \/§n3e)

1

ftz sin n (14+ t)e%dt

0

_ 4V (128\/_ 9672 Ve — 167> Ve
+4)°

(2 +

+88 V2r? + 3 V2r* + 1927 Ve — 208 V2)

250



and
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1
1+1) 1
ft2 cos %e%dt
0

- % (192712 Ve — 256 Ve + 321 Ve
- +

—-384m Ve + 272 V2me — 56 V2rPe + \67156)

which is the desired result. O
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