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Calculation of the differential equations and harmonicity of the
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Abstract. In this study we first write the characterizations of involute of a curve by means of the unit
Darboux vector of the involute curve. Then we make use of the Frenet formulas obtained by O. Cakir and
S. Senyurt to explain the characterizations of involute of a curve by means of Frenet apparatus of the main
curve. Finally we examined the helix as an example.

1. Introduction and Preliminaries

To state a correlation between the invariants of a curve and characterizations of the curve in Euclidean space
and non-Euclidean spaces and then to interpret it from the language of geometry has been the focus of
interest for many researchers. Some curves are well-known by their explorers such as involute and evolute
curves,[2]. Afterwards, many studies have been conducted in Euclidean and non-Euclidean spaces closely
related to involute curves, [3, 4]. Later it has been revealed that curves can be classified, [5, 6, 8]. In this
paper, we first take a regular curve, that is, a main curve, then write the characterizations of the involute
curve by means of Frenet apparatus of the main curve. This work is one of the applications of [1] by which
looking from such a point of view that we make the complex calculations more elementary. Eventually we
put the example which support our assumption.

Now we may look at the main concepts related to the curve theory. Frenet vector fields can be expressed
by means of covariant derivative of these vectors and this relation is known as Frenet formulas, see [9]

T’ = 9xN, N’ = —9xT + 81B, B = —-91N. 1)

Frenet vectors T, N, B form a Frenet frame and every Frenet frame moves along an instantaneous rotation
axis which is called a Darboux vector and given by, see [9]

W =T + «B. (2)
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When we denote the angle between W and B by ¢, the Darboux vector can be expressed as a unit Darboux
vector C given by, see [10]

T K
C =singT + cos¢B, singg = ———, c0sp = —— 3)
K2 + 72 V2 + 72

Definition 1.1. Let o and p be two differentiable curves. If the tangent vector of « is perpendicular to the tangent
vector of B, then we call B as the involute of a. According to this definition, following parametrization can be given

B(s) = a(s) + A(s)T(s), A(s)=c-s, ceR 4)

When B is the involute of a, we have d(a(s),p(s)) =l c—s |, Vs € I and c = const. The relationship between the
Frenet apparatus of the curves a and p is given by

T.=N N _ —kT+1B B. = 1T + kB . V2412 = KT —x'T 5)
= L s P s P P™ Ak + 12)
By this definition, Darboux vector of the curve f is given by, see [9]
Wﬁ = TﬁTﬁ + KﬁBﬁ. (6)
There is still another way to express Darboux vector named as unit Darboux vector in [10]
Cp = singpTp + cosypBp, singg = (7)

T K
—‘B , Cosd)ﬁ = —ﬁ .
[2 4 2 [2 2

Ky + T Kg + T
with the angle ¢ between the vectors Wgzand Bg. It is also worth noting the relation here is that, see [11]

¢’ Vi2 + 72

S oprere YT Jorrera

o = (N T ®
a VO + K2+ 72 V2 + 12
This leads us the following relation, see [11]
¢’ V2 + 12 ©)

Cg = N C
e e Jorieio

Figure 1: Unit Darboux vectors of the curves a and .
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Definition 1.2. Let a be the unit speed curve, then the mean curvature vector field H along the curve « is defined
as, see [7]

H=Dya =«xN (10)
where D is the Levi-Civita connection. According to this definition the mapping
Az x*aD) - x(aD),  AH=-DiH (11)

is called a Laplace operator. Let us denote the normal bundle of a curve a = a(s) by x*(a(s)). Then the
normal connection D+ is given as

Df : x*(a(D) = x*(a(D), DfX=DrX ~(DrX,T)T (12)
and the normal Laplace operator A* is given by the following mapping
A+X = -DyD7X, VX € x*(a(D)). (13)

Theorem 1.3. Let o be the unit speed curve and H, W be the mean curvature and Darboux vector along the curve
a, respectively. Then we have the following propositions, see [8]

a) AC =0 then «a is a biharmonic curve.

b) AC=puC, A, u€elR, then a isal-type harmonic curve.

¢) A*C* =0 then a is a weak biharmonic curve.

d) A*C*+ =puC*, A, u€R, then a isa l-type harmonic curve.

Theorem 1.4. Let o be a differentiable curve with unit Darboux vector C, then the differential equation character-
izing a according to unit Darboux vector is given as, see [8]

D3C + MD3C + A,DrC+ A3C =0 (14)
with the coefficients Ay, Ay, A3
__ (@ @siwiy _ 2 o (B0 @SIWY
A= ((p, + STWIo ), A=W+ (@) (¢,) +8||W||(¢’)2¢ ,
ooy (@S ITWID

Theorem 1.5. Let « be a differentiable curve with unit normal Darboux vector C*, then the differential equation
characterizing a according to unit normal Darboux vector is given as, see [8]

A2DEDECE + A\ DECH + oC* = 0 (15)
with the coefficients Ay, A1, Ay
Ao = ¢'sing(¢’sin St — (Stcos)’) + Stcosp(9*1>cosp + (¢'sing)’),
Ay = cosp(¢’'sing St — (Stcosd)’),

Ay = 9108’ .
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Theorem 1.6. [1] Let 8 be the involute of a unit speed curve a. Then the Frenet formulas for the curve f8
with respect to Levi-Civita connection D and normal Levi-Civita connection D+ are given, respectively, as

DnT =N, DyN =—«T +1B, DyB=-1N, (16)
DiT=0, DiB=0. 17)

2. Calculation of the differential equations and harmonicity of the involute curve according to unit
Darboux vector with a new method

When we say «a, unless we stated otherwise, we mean a unit speed curve in Euclidean 3-space with the
Frenet apparatus of T,N, B, x, T and when we mention f, it stands for the involute of the curve « in the
same space with the Frenet apparatus of Tg, Ng, Bg, x3, 75 and 9 =|| disﬁ(s) l. Throughout the paper we
use C to denote the unit Darboux vector of @ and Cj to express the unit Darboux vector of 8 respectively.

Theorem 2.1. Let f be the involute of the curve a. Then the differential equation with respect to connection charac-
terizing the curve ff by means of the unit Darboux vector Cg is given as

D7, Cp + upn D7, Cp + 2D, Cp + 113Cp = 0 (18)
with the coefficients g1, g, Ups

(¢p)” . ((p)" S 1| Wg Il)’

o (5 Il Wy lly
Han @) ST Wl (@p) Wl

STw

), pgs = (((Pp))?) —

(¢p)”
(Pp)

((p)" S 1| Wg Il)Y
S I We Il ((p))?

lg2 (S 1l Wi ID* + ((p)")* = ( )+ (p)” -

Proof. From equ.(3) we have Cg = singgTg + cosgBg - Taking the derivative with respect to Tg gives us
Dr,Cs = ¢jylcosyTp —sindpsBy)- (19)

From the equalities (3) and (19) we write the equivalents of Tg and Bg as,

T iy + %D,
= sin +— ,

B BB (p) Ts~p

singyg

By = cosppgCp— —D1,Cp-

p bsCp @y

Second derivative of Cg with respect to Ty gives us
2 _ ((Pﬁ),, 72 ’
D7, Cp = _((Pﬁ)' D1, Cps — ((¢p)' )" Cp + ()9 |l Wg || Ng -

From this equality we derive Ny as,

1 ’ 1 4
N = S e, 189 D1~ @)Dy + (@) Cy)-
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After third derivative of Cg we find

(@p)”  ((Pp) S I W II)’

(¢p)”
@) S Wy Il (bp)

(dp)

() S I Wy Il
STWs (@92

D;Cs = ( )D3 Cp + (7o) = (8 1 Wy ID* = (p) ) (¢)")Dr,Cp

(e N Ws ), oy
+(W(¢ﬁ) = (((Pp))))Cp -

It remains only to rearrange the above equality as a linear combinations of D%; Cg, D%ﬁCﬁ, Dr,Cg and Cg - Then we
obtain the required equation which completes the proof. [

Theorem 2.2. Let « be a differentiable curve with principal normal N, unit Darboux vector C and  be the involute
of a. Then the differential equation characterizing the curve B with respect to connection is given as

ch?\]C + (3ci + ylcl)Dlz\,C + (3c'1’ +2uc) + yzcl)DNC

77

+(C1 + [chi, + [JzCi + ‘Ll3C1)C + CzD?\]N + (3C’2 + y1C2)D12\]N

+(3c§’ + 210y + yzcz)DNN + (cé" + ey + pach + yg,cz)N =0 (20)
with the coefficients c1, c2, 1, Ha, U3
i V2 + 12 i ¢’
1 = — e =

Jor+e+a L Jor+e+’

¢

in—yr ¥y 71 21 2)
(arcsin \/m) ((arcsm W) V)2 +« +T)

o= - P - / -
T AR, N2 2 > Ly
(arcsin V@2 ) V(@) +x2 + 7 (arcszn W)
. &
, (arcsznﬁ)ﬂ
Uy = (¢/)2 +12+ 72+ ((arcsin qu : 2),)2 —( V@ );;\ +1
’ + + L,
(@) +x2+1 (arcsin W)
((arcsin¢—')' @)+ K2+ Tz)’
W . ¢l
+ - (arcsin———————=)"
] ' 2 72 2 2
W((aresm\/ﬁ)/) \/m
. ¢’ o\
3 = (((arcsin—————=)")
= (orein )
. L ’ \/ﬁ ’
_((arcszn W) (@Y +x>+1 ) o ,

(arcsin

NCOETaES Jorseia
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Proof. We can compute the equivalents of coefficients g1, ligo, gz and the angle ¢g in the equation (18) by tak-
ing equations (5), (8) and (9) into consideration as i, ya, p3 and the angle ¢. It follows from the equ.(9) we
have

V2 + 12 ¢’

CT Joriere O Jorieie

Making use of the equalities (5), (8) and (9) again, we can write the equivalents of coefficients g1, tigo, pps and the
Darboux vector Wpg as

W = sincj)VK2+7:2T+ kT —K'T . cos¢ VK2+TzB
P AK Ax(x2 + 12) Ak '
By referring the equalities (8) and (14) we can write that

G = ;(sinqb Vi2 + 12T + ¢'N + cosp V2 + 12 B).
Joriea

Applying the equ.(16) we may write the counterparts of Dr,Cg, D%ﬁ Cs, D%S Cg as in the following form

Vi2 + 12 Vi2 + 12 ¢’ ol
Dr,Cg = ————=—=DnC 'C DyN + (———=)'N
Top /(¢/)z 12+ 12 NCH( V@2 + 12+ Tz) * V@2 + 12+ 12 N+ ( /((P/)z T2+ 72)

V2 + 72 D2 Vi + 72 'DuC

D:Cp = ——  D?PCH4+2(—0Mm ——
N T a= O o rrarar=
V2 + 12 ¢’ 5
"C DN
orrere  Jorrara
wo— ¥ ypNs(—P N @1)
Jor+e+a | J@greern
DGy = VT D s(—— Ty

Joriera N Joraesa N

#)”D C+($)/NC
Jor—e+2 e+

+3(
¢ o

N C e A o el

e ypaNs ey

Jorieie G o
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Finally setting the equivalents of coefficients and derivatives with respect to N into the first equation we get desired
result which completes the proof. [

Theorem 2.3. Let f be the involute of the curve a. Then the differential equation with respect to normal connection
characterizing the curve by means of the unit Darboux vector C; is given as

AﬁZD%ﬁD%ﬁCE— + /\ﬁﬂ)iCbL + /\‘(;()CbL =0 (22)
with the coefficients Ago, Agt, Ag2

Ay = d1gcos’Pp, Ap = cosgbﬁ(qbl’gsin(plgSTﬁ - (STﬁCOS(Pﬁ)’),

Ago = @psingy(dysingpdty — (Stpcosdy)’) + Stpcosy(9%(zp)2cosgpy + (Ppsingyy) ).

Proof. From equ. (13) we write the normal component of Cg as

Cg = cospBg - (23)
Taking the first and second derivatives of this equality with respect to normal connection gives us,

DJT‘[;C;' = —STﬁCOS(]ﬁﬁNﬁ—(P’;SiH(PﬁBﬁ, (24)

D; D; Cjy = (@psingyp St — (STpcosdp) )Ny — (9%(xp) coscpy + (Pjsingp) )Bp.
(25)

If we extract the vectors Ng and By from equ.(23) , (24) we have

1
B = Cs,
P Cospg

P Stpcosps TP Stgcostpy P

Putting the equivalents of Bg and Ny into the equ.(25) we obtain the desired equation which completes the proof. [

Theorem 2.4. Let « be a differentiable curve with principal normal N, unit Darboux vector C and  be the involute
of a. Then the differential equation characterizing the curve B with respect to normal connection is given as

(pA2)DEDXC + (20" A2 + A1 )DRC + (" Az + /Ay + pAg)C = 0 (26)
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with the coefficients p, Ao, A1, Az

3 V2 + 12 1 = kT —x'T
P Jorseas VT wrrara
Vi? + 72
A= —((arcs

Joriere

in d ) ¢ .
V@2 +12+ 12 (@R + 12+ 12

Kkt — k't Kkt —K'T ),)
K2 + 72 V(@) + 2+ )2 + %) !
’ ’
Ao = (arcsin ¢ ! ¢

V@) +12 + 172) V@2 +12+ 12 '

¢’ , ¢’ kT —K'T

VO + 12+ 2 @R+ 2+ KT

((arcsin

KT —K'T ,)

B V(@) + k2 + ) (2 + Tz))

N KT — KT ((KT’ - K’T)2 Vi2 + 72
V@ P+ 2+ D)2+ 12) " (@ +7)" P+ 2+ 2

R
V@R +x2+12 ()2 + 12+ 12

+((arcsin

Proof. From equ.(3) we have cospp = x/ Vx> + 12 and sing = 1/ V&2+12 it follows from the equalities
(8) and (14)

we figure out that  singyg = ¢’/ (@2 + 12+ 12, cospp = Vi2+ 12/ [(¢')2 + x2 + 12. Then we get,

L T K

“ V(@) + 12+ TZT * V@) + 12+ TzB'

On the other hand we can evaluate the equivalents of coefficients of the equation (22) by using the equalities (5), (8)
and (17) as Ao, A1, Az By the same way we can make use of the equalities (5),(8) and (17)again, in order to write
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the equivalents of derivatives of D;ﬁc,; and D%ﬁD%ﬁCé with respect to N. It follows that

oL Vi2 + 12 N Vi? + 12 ,
D C; = —————=—=D\C+(——=—==)C
V(@')? + x% + T2 V(@)? + x% + 12

Vi2 + 12 V2 + 12 Vi2 + 12
D: D C}? = K—HDIf,le]C + Z(K—H)'DIJ\']C + (K—H)"C (27)
B Tp (P +2+12 () +x2+ 12 @)+l +12

Setting the equivalents of coefficients of the equation with the aid of equ.(5) and then the derivatives with respect to N
into the equation above we get desired result which completes the proof. [

Theorem 2.5. Let B be the involute of a differentiable curve a with the unit Darboux vector Cg. According to
connection, harmonicity (biharmonic or 1-type harmonic) of the curve p may not be expressed by means of the Frenet
apparatus of the main curve a.

Proof. From equ.(21), it is obvious that we have the following

Vi? + 12 Vk? + 72
Y e (— T ypyC
@r+2+2 " ( VP +2+ 2

2 —
DAC, =

o Vi2 + 2 yieq ¢’
N @+t

2
D3N

¢ , ¢’ "
2(—————)'DNN + (——————=)"N
2 V@ )? + 12+ TZ) N V@) + 12+ TZ)

Considering the case ACg = 0 or ACg = ACg, from Theorem 1.3 of a and b we get DyN = 0 and DyC = 0.
Hence we cannot decide whether the curve 8 is biharmonic or 1-type harmonic. [

Theorem 2.6. Let 8 be the involute of a differentiable curve a with the normal Darboux vector Cg. According to

normal connection, harmonicity (weak biharmonic or 1-type harmonic) of the curve B may not be expressed by means
of the Frenet apparatus of the main curve a.

Proof. From equ.(27), it is clear that we have the following
Vi2 + 2 Vi2 + 72 Vi2 + 2
D% D% CE = K—”Di][)i]c + 2(K—H)'D§C + (K—H)"C
P V@) +12 + 12 V@) +12 + 12 V@) +12 + 12

Considering the case AC/? =0or AC/? = /\C/?,from Theorem 1.3 of c and d we get DnC = 0.
Hence we cannot decide whether the curve  is weak biharmonic or 1-type harmonic. [

Example 2.7. Let a curve af(s) = %(cass, sins, s) be given. Then we have an involute of a, that is, curve B,
B(s) = %i(coss — (¢ —s)sins, sins + (c —s)coss, ¢), c € R. It follows that Cg = sinpgTp + cospBg with

singg =0, cosg = 1. By the equ.(9) also we get Bg = C. Hence we obtain, DyC =0 and DyC=0.
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