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Oz: Kesirli integraller i¢in yeni bir integral 6zdesligi tanimland1. Bu 6zdeslik yardimiyla Riemann-Liouville
kesirli integralleri i¢in baz1 yeni Hermite-Hadamard tipli esitsizlikler gelistirildi. Elde edilen sonuglarin Avci
vd. [4, Appl. Math. Comput., 217 (2011) 5171-5176] adl1 makalede ispat edilen sonuglarla iliskili oldugu
belirlendi.

Anahtar Kelimeler — s-konveks fonksiyon, Holder esitsizligi, Power-Mean esitsizligi, Riemann-Liouville
kesirli integral, Euler Gama fonksiyonu, Euler Beta fonksiyonu.

Abstract: New identity for fractional integrals have been defined. By using this identity, some new Hermite-
Hadamard type inequalities for Riemann-Liouville fractional integral have been developed. It has been
determined that the results are related to the results of Avci et al., proved in [4, published in Appl. Math.
Comput., 217 (2011) 5171-5176].

Keywords — s —convex function, Holder inequality, Power-mean inequality, Riemann Liouville fractional
integral, Euler Gamma function, Euler Beta function.

1.Introduction

The following double inequality, named Hermite-Hadamard inequality, is one of the best known

results in the literature.

Theorem 1. Let f:l R — R be aconvex function on an interval | of real numbers and a,b e |

with a <b. Then the following double inequality holds:

f(a_mjgijbf(x)dxgwl
2 b-a-‘a 2

The above double inequality is reversed if f is concave.

In [6], Hudzik and Maligranda considered among others the class of functions which are s-convex in

the second sense.

TJOS © 2016
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos
http://dergipark.gov.tr/tjos
mailto:merveavci@ymail.com

Vol. 1, Issue 1, 2016 Hermite-Hadamard type inequalities for s —convex and s —concave functions 29
via fractional integrals

Definition 1. Afunction f :R"™ - R, where R™ =[0,0), is said to be s— convex in the second

sense if

flax+py)<af(X)+ B (y)
for all x,ye0,»), a,f>0 with a+ =1 and for some fixed se(0,1]. This class of s-convex

functions in the second sense is usually denoted by K?.

It can be easily seen that for s =1, s— convexity reduces to ordinary convexity of functions defined

on [0,00).

In [7], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which holds for s—

convex functions in the second sense as following.

Theorem 2. Suppose that f: [0,00) —[0,0) is an s— convex functions in the second sense, where

se(0,1), and let a,be[0,0) a<b. If f eL'[a,b], then the following inequalities hold:

251 (a—”JJ <1 Preaxe @O (1.1)
2 b-a-a s+1

The constant k = sil Is the best possible in the second inequality in (1.1).
+

In [5], Kavurmact et al. proved the following identity.
Lemma 1. Let f :l R — R be adifferentiable function on 1°, where a,be | with a<b. If

f e L[a,b], then the following equality holds:

(b—x)f(bt)):rgx—a)f(a) _biaj'bf(u)du

_(x-a)

bh-a

a

ga_nrax+a_u¢mul%g%ﬁﬁa_orax+a_nmm.

In [4], Avct et al. obtained the following results by using the above Lemma.

Theorem 3. Let f:lc[0,0) —R be a differentiable function on 1° such that f < L[a,b], where

a,bel with a<b<oo If ‘f‘ is s—convex on [a,b] for some fixed s € (0,1], then

(b-x)f (b) +(x~a)f (@) _ [ v

1.2
b-a b-a (1.2)

a
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1 +(b- 1 —af .. b—x) ..
i <>\{ el X>} Fxb_?\f(am%\f(m\.

*G11)5+2) 5+2)

Theorem 4. Let f:Ic[0,00) —R be a differentiable function on 1° such that f eL[a,b], where

a,bel with a<b<oo If ‘f"q is s—convex on [a,b] for some fixed se(0,1], g>1 with

%+é =1, then the following inequality holds:
((b—x)f (b)+(x—-a)f(a) 1 ['f W (1.3)
b-a b-a
1 1
(x—af o [F 0 +[F @ | x) S| [F 0+ )" |
<
b—a p+1 s+1 b p+1 s+1
Theorem 5. Suppose that all the assumptions of Theorem 4 are satisfied. Then
(b-x)f(b)+(x-a)f(a) 1
— f(u)d .
b-a b—aJ.a ()du 4

1

< 4] o gl o

LT (1 o pror )

Theorem 6. Let f:lc[0,0) >R be a differentiable function on 1° such that f e L[a,b], where

a,bel with a<b. If ‘f ‘ is s—concave on [a,b] for g>1 with l+1:1 then the following
P q

inequality holds:

|(b—x)f(bt):gx—a)f(a) blaj £ (U)du (1.5)
<ﬁq(){(x—a)2 f(%) +(b-xy f[xLzbj‘}
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We give some necessary definitions and mathematical preliminaries of fractional calculus theory

which are used throughout this paper.

Definition 2. Let f e L[a,b]. The Riemann-Liouville integrals J:+(f) and Js‘_(f) of order o >0

with a >0 are defined by
29100 = —— [[(x—tF f (dt, x>a
a F(O{) a
and

3 (x)= ﬁ _Lb(t —x) 7 (t)dt, b>x

where T'(a) = jowe“u“‘ldu. Here J:+f(x) = Js_f(x) = f(x).
In the case of « =1, the fractional integral reduces to the classical integral. Properties of this
operator can be found in [1]-[3].

The main aim of this paper is to establish Hermite-Hadamard type inequalities for s— convex and

s — concave functions in the second sense via Riemann-Liouville fractional integral.
2. Hermite-Hadamard type inequalities for fractional integrals
In order to prove our main results we need the following Lemma.

Lemma 2. Let f : 1 R — R be a differentiable function on 1°, the interior of I, where a,be |

with a<b. If f eL[a,b], then for all x € [a, b] and « >0 we have:

—a) f(@)+(b-x)"f(b) [(a+1) “
(x-a) (agii X' () b“+ [J f(a)+J7 f (o)

(xb a():l J.O(t _1)f'(tx+(l—t)a)dt %J‘(l £« )f'(tx+(l—t)b)dt

where T'(a) = .[:e‘tu“‘ldu.
Proof. By integration by parts, we can state

[t -1)f (tx+ @-tha)at 2.1)
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_f@ o« Jx(u—ajal O

X—a X—a“d\X—a X—a

- f@)_ _dl(@) ja ¢y
x—a (x-a)™

and

[[a-t)f (ex+ @-tp)et 2.2)

(-t f(tx+(1—t)b)‘l —Llat“’l f (o (L-th) 4,

X—h X—b

_fh) @ J»(u—bj“_lf(u)du
T b-x b-x*\x-b X—b

_f) o(a)
b-x (b- x)”‘+1

J° £ (b).

X — a)a+l

a+l
Multiplying the both sides of (2.1) and (2.2) by ( T (b—x)

and , respectively, and then

adding the resulting identities we obtain the desired result.

Theorem 7. Let f:lc[0,0) —R be a differentiable function on 1° such that f < L[a,b], where
a,bel with a<b. If ‘f‘ is s—convex on [a,b] for some fixed s € (0,1] and x € [a, b] then the

following inequality for fractional integrals with « >0 holds:

|(x—a)“f(ag+;b—x) f (b) Fba” [J f(a)+37 f(b)l

< a {(x—a)‘“l (b X Ml}‘f (X)‘

(s+1)a+s+1) b-a

s+1  T(a+s+2)

{ 1 F(a+1)1“(s+1)}!(xa)a+l f‘(a)\+(bx)“”f'(b)\]
b-a

where T is Euler Gamma function.
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Proof. From Lemma 2, property of the modulus and using the s— convexity of ‘f‘ we have

|(X_a)a f (atz_'_gb_x) f(b) rba +1 [J f(a)_|_J f(b)jl

_(x=a)y™ '[

~ b-a

- 1” (tx+(1—t)a )|dt+ _Hl te| f

(tx+ (1-tho)dt

IA

(xg _az):+l j:(l_ta)[ts
, X jol(l—t“)[ts

b—a
_(X_a)&+1 {[l( _ta ks
" b-a Wb

a+1
+M{r(_ a ks
b-a ‘o

S (S

:(s+1)(a+s+1 b-a

F(|+(-

|
|

{ 1 _F(a+1)1“(s+l)}{(x_a)a+lf'(a)‘+(b—x)a+1f'(b)w
s+1  T(a+s+2) b-a '

We have used the facts that

[[a-t)edt= ( “

s+1)a+s+1)

and

f:(l—t”‘ﬁ—t)sdt:{ 1 _r(a+1)r(s+1)}

s+1  T(a+s+2)
where £ is Euler Beta function defined by
B(x,y) = j:tx(l—t)ydt, X,y >0

and
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F()r(y)

Bxy) = F(xty)

The proof is completed.
Remark 1. In Theorem 7, if we choose « =1, we get the inequality in (1.2).
Theorem 8. Let f:1c[0,0) —R be a differentiable function on 1° such that f < L[a,b], where

a,bel with a<b. If ‘f"q is s—convex on [a,b] for some fixed s (0,1], p,q>1, x € [a, b], then

the following inequality for fractional integrals holds:

%(x—a)“f(agjgb—x) f (b) Fba+1 [J fa)+J f(b)]

1

1)) :
) r(1+ p)r[l'i'aj (X_a)a+l[‘f'(X)‘q-I—‘f'(a)‘q ]q

r(1+p+1j b-a s+1
a

b-a s+1

+<bx>‘“l[\f‘<x>\“+\f'<b>\"T

where l+l =1, >0 and T is Euler Gamma function.
P q

Proof. From Lemma 2, property of the modulus and using the Holder inequality we have

|(x—a)"‘f(ag+;b—x) f (b) Fb“” e f@+ae f(b)l

t 1 (tx+ (1-t)a )|dt+(bb—xﬂl te f

boal”p
M{ ”f tx+(1-tha)’ dt):}

b Xm{ _Hf tx+(1- t)b)‘th):}

(tx+ (- t))dt
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Since ‘f"q is s—convex on [a,b], we get

¥ \f [ +| (a)\

J'O‘f (tx+(1-t)a )| |
\f (x)\ +\f (b)\

”f (tx+(1- t))| el

and by simple computation

1 @ pr{ze
L(““)pdtzri(lirp(jj)

Hence we have

|(X_a)af(a8fgb_)() f (b) Fb“” [J f(a)+J, f(b)l

1
1 p
< (x—a) 1+ p)l"(l+a) ‘fv(x)‘q +‘fv(a)‘q
b-a r(1+p+1j s+1
a

o

o |~

o

1
+(b_x)a+1 F(1+ p)F(l+aj ‘f'(x)‘q +‘f'(b)‘q
b-a F(1+p+1j s+1
a

which completes the proof.

Remark 2. In Theorem 8, if we choose o =1, we get the inequality in (1.3).

Corollary 1. In Theorem 8, if we choose x = aTer' we obtain the following inequality:

e f@+ ) Tle+l) ., @
(b-a) > — [J f(a)+J2 f(b)}

2
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. 1+ p)l“(1+ij ;(b—a)“

a+l
F(1+ p+ l) 2
o

‘f.[a+bj ‘f (a)‘ f (a+b)

s+1 s+1

Jrof [

Theorem 9. Let f:Ic[0,0) >R be a differentiable function on 1° such that f e L[a,b], where
a,bel with a<b. If ‘f"q is s—convex on [a,b] for some fixed s (0,1], q>1, x € [a, b], then the

following inequality for fractional integrals holds:

(x—a)" f(@)+(b-x)f(b) T(a+1)
b-a b—

[J f(a)+J° f(b)]

=

y (x—a)au(( a o {Sil_r(a +1)I(s +1)}‘f.(a)‘q]q

b-a ((s+1)fa+s+1) Ma+s+2)

1

+(b_x)a+1(( ; ‘()‘ L+1 (a+1)1“(s+1)}‘f.(b)‘q}q

b-a ((s+1fa+s+1) (o +s+2)

where >0 and T is Euler Gamma function.

Proof. From Lemma 2, property of the modulus and using the power-mean inequality we have

|(X_a)af(ag+;b_x) f (b) rba"‘l [J f(a)+J f(b)] (2.3)

Lyt

b-a

1 (tx+ (- tha)dt + (bb—xj

f(tx+ (- th)dt

TJOS © 2016
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos

Vol. 1, Issue 1, 2016 Hermite-Hadamard type inequalities for s —convex and s —concave functions
via fractional integrals

S%{(ﬂ(lt“)d )1_1U (-t }f'(tx+(1t)a)|thj:}

—a

+(b;ﬂ{(j:(1t“)d )1_10 (-t )f'(tx+(1t)b)|thj;}.

Since ‘f"q is s—convex on [a,b], we get

[[a-t7)f (tx+ @-tha) ot

<[t e oo+ "]
_ a (e +1)0(s+1)
(s+1)a+s+1) ‘ (X)‘ L+1 MNa+s+2) }‘f (@ )‘

and

[a-t] £ (ox+ @-t)p) ot

sjs(l—t“[ts
[ +1r(s+1) }‘f @ )‘

_(s+1)(a+s+1‘f()‘ L+1 MNa+s+2)

If we use (2.4) and (2.5) in (2.3), we obtain the desired result.

Remark 3. In Theorem 9, if we choose o =1, we get the inequality in (1.4).

37

(2.4)

(2.5)

Theorem 10. Let f:lc[0,%0) —R be a differentiable function on 1° such that f < L[a,b], where

a,bel with a<b. If ‘f"q is s— concave on [a,b] for some fixed s < (0,1], >1, x € [a, b], then

the following inequality for fractional integrals holds:

|(X_a)af(agi;b—x) f (b) Fba” [J f(a)+J%, f(b)l
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(L+p) > : O X+a X+
e R

where 1+£ =1, >0 and I is Euler Gamma function.
P q

Proof. From Lemma 2, property of the modulus and using the Holder inequality we have

|(x—a)* f(a)+(b—x)" f(b) rba+1 [J f(a)+37 F(0) (2.6)

b-a

_(x-a)

b-a

< %{( Ll(l—t“)pdt);(j:‘ £ (tx+ (1t)a)|th);}

+%{U§(l—t“)pdt);(ﬂ f (tx+(1—t)b)|th);}

Since ‘f"q is s—concave on [a,b], using the inequality (1.1), we have

.(x+ajq
gl Ara
2
q
f.(x+b}'
2

Remark 4. In Theorem 10, if we choose « =1, we get the inequality in (1.5).

t* 1t (tx+ (- t)a )|dt+(bb—XH1 e f

(tx+ (- t)p)dt

[]f e+ @-t)a) de <2+ @2.7)

and

[ (tx+@-tp) <2

(2.8)

From (2.6)-(2.8), we complete the proof.

3. Applications for P.D.F.’s

Let X be a random variable taking values in the finite interval [a,b], with the probability density

function f: [a, b] — [0,1] with the cumulative distribution function F(x) = Pr(X <x) = '[;f (t)dt.
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Proposition 1. With the assumptions of Theorem 7 with « =1, we have the inequality

((b—x)F(b)+(x-a)F(a) b-—E(X)|
b-a b—a |

1 {(x—a)2 +(b—x) }‘F'(X)‘ + Siz [(X_a)z":'(a)h(b_x)z":' (b)

<
(s+1)s+2) b-a b-a
forall x e[a,b] and E(X) is the expectation of X where

E(X)= [tdF(t)=b- [ F(t)t

Proof. If we write the inequality in Theorem 7 with « =1 for F, we get the desired result.
Proposition 2. With the assumptions of Theorem 8 with « =1, we have the inequality

(b—x)F(b)+(x—a)F(a) b-—E(X)

b-a b—a |
_(c-aP( 1 )| [F oo +F @f q+(b—x)2[ 1 jﬁ Foof +[F o) |*
~ b-a (p+1 s+1 b-a | p+1 s+1

forall xe[a,b] and E(X) is the expectation of X.
Proof. If we write the inequality in Theorem 8 with « =1 for F, we get the desired result.
Proposition 3. With the assumptions of Theorem 9 with « =1, we have the inequality

|(b—x)F (b)+(x—a)F(a) b—E(X)|
b—a b—a |

(x—a)z(ljl_: N 1 : qii
*b-a 2 ‘F (X)‘ (s+1)(s+2)+‘F(a)‘ S+2
u(zj S BN
"hoa |2 ‘F (X)‘ (s+1)(s+2)+‘F(b)‘ S+2

forall xe[a,b] and E(X) is the expectation of X.

1
g
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Proof. If we write the inequality in Theorem 9 with o =1 for F, we get the desired result.
Proposition 4. With the assumptions of Theorem 10 with « =1, we have the inequality

[(b=x)F(b)+(x-a)F(a) b—E(X)
b-a b—a |

1
q

2

S P >{( !

X+a

F )+ +(b-

FlF (ﬂ)‘}

forall x e[a,b] and E(X) is the expectation of X.
Proof. If we write the inequality in Theorem 10 with « =1 for F, we get the desired result.
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