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Oz: Bu calismada, koordinatlarda h-konveks fonksiyonlarin ¢arpimi i¢in Hadamard tipli esitsizlikler
olusturulmustur. Elde edilen sonuglar literatiirde bazi iyi bilinen sonuglari genellestirmistir.

Anahtar Kelimeler — Koordinatlar, Hadamard esitsizligi, h-konveks fonksiyonlar.
Abstract: In this paper, Hadamard-type inequalities for product of h-convex functions on the co-ordinates on
the rectangle from the plane are established. Obtained results generalize the corresponding to some well-

known results given before now.
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1.Introduction
Let f:1cR—>R be a convex function and a,bel with a<b. Then the following double
inequality:

f(%bjgéj:f(x)dxsw (1.1)

is known as Hadamard’s inequality for convex mapping. For particular choice of the function f in

(1.1) yields some classical inequalities of means.

Definition 1. (See [11]) A function f :1 <R — R is said to Godunova-Levin function or f is said
to belong to the class Q(I) if f is non-negative and for all x,y e | and for « (0,1) we have the

inequality:

f(ax+(1-a)y) SM+M.
a

l-a

TJOS © 2016
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos
http://dergipark.gov.tr/tjos
mailto:aocakakdemir@gmail.com

42 Ozdemir et al. Vol. |, Issue |, 2016

The class Q(I) was firstly described in [11] by Godunova-Levin. Some further properties of it can

be found in [10], [15] and [16]. Among others, it is noted that non-negative monotone and non-
negative convex functions belongs to this class of functions. In [6], Breckner introduced s— convex
functions as a generalization of convex functions. In [7], he proved the important fact that the set-
valued map is s—convex only if associated support function is s— convex. A number of properties
and connections with s— convexity in the first sense are discussed in paper [12]. It is clear that s -

convexity is merely convexity for s =1.

Definition 2. (See [6]) Let s € (0,1] be fixed real number. A function f: [0, ) — [0, ) is said to be

s — convex in the second sense, or that f belongs to the class KZ, if
f(ax+(1-)y)<a* f(X)+(1-a)* f(y)
forall x,y € [0,00) and a € [0,1].
Definition 3. (See [10]) A function f:1 cR —R is said to be P—function or that f is said to
belong to the class P(l) if f is non-negative and for all x,y el and a € [0,1], if
f(ax+(1-a)y) < F(X)+ f(y).
In [9], Dragomir and Fitzpatrick proved the following variant of Hadamard’s inequality which holds

for s— convex function in the second sense:

Theorem 1. Suppose that f:[0, ) — [0,00) is an s— convex function in the second sense, where

se(0,1) and leta,b € [0,0), a<b.If f L ([a,b]) then the following inequalities hold:

.(a+b)_ 1 f(a)+ f (b)
2 f[TjgmLf(x)dxsT (1.2)

The constant k = ﬁ is the best possible in the second inequality in (1.2).
_l_

In [9], Dragomir and Fitzpatrick also proved the following Hadamard-type inequality which holds

for s— convex functions in the first sense:

Theorem 2. Suppose that f:[0,0) — [0,00) is an s—convex function in the first sense, where

se(0,1) and leta,b € [0,). If f €L, ([a,b]) then the following inequalities hold:

a+b) 1 f(a) +sf (b)
f(Tj < j f(x)dx < 1 (1.3)
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The above inequalities are sharp.

A modification for convex functions which is also known as co-ordinated convex(concave) functions

was introduced by Dragomir in [8] as following:

Let us now consider a bidimensional interval A= [a,b] X [c,d] in R* with a<b and c<d. A

mapping f :A — R is said to be convex on A if the following inequality:
f(ax+(1-a)z,ay+(1-a)w) <af (X,y)+(1-a) f(z,w)

holds, for all (x,Yy),(z,w)e€ A and « € [0,1] . If the inequality reversed then f is said to be concave
on A. A function f:A —R is said to be convex on the co-ordinates on A if the partial mappings
f,:[ab] >R, f (u)=f(uy)and f :[c,d]>R, f(v)=f(x,v) are convex where defined for all

xea,b], yec,d].
A formal definition for co-ordinated convex functions may be stated as follow [see [23]]:

Definition 4. A function f :A — R is said to be convex on the co-ordinates on A if the following

inequality:
f(tx+(1-t)y,su+(1-s)w) <tsf(x,u)+t(1-s) f (x,w)+s(1-t) f(y,u)+(1-t)(1-5) f(y,w)
holds for all t,s€0,1] and (x,u),(x,w),(y,u),(y,w)eA.

Clearly, every convex mapping f:A —R is convex on the co-ordinates. Furthermore, there exists

co-ordinated convex function which is not convex. In [8], Dragomir established the following
inequalities of Hadamard’s type for convex functions on the co-ordinates on a rectangle from the

plane R?.

Theorem 3. Suppose f:A —R is convex function on the co-ordinates on A. Then one has the

inequalities:

a+b c+d 1 b od
f( T js(b_a)(d_c) L_[Cf(x,y)dydx (1.4)

_ f@c)+f(b,o)+f(ad)+f(bd)
- 4

In [1], Alomari and Darus proved the following inequalities of Hadamard-type as above for s-—

convex functions in the second sense on the co-ordinates on a rectangle from the plane R?.
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Theorem 4. Suppose f:A —R is s—convex function (in the second sense) on the co-ordinates on

A. Then one has the inequalities:

sa.[a+b c+d 1 b pd
4 f( T js(b_a)(d_c)jajcf(x,y)dydx (1.5)

< f(a,c)+ f(b,c)+ f(a,d)+ f(b,d)
B (s+1)?

Also in [4] (see also [5]), Alomari and Darus established the following inequalities of Hadamard-

type similar to (1.5) for s—convex functions in the first sense on the co-ordinates on a rectangle

from the plane R?.

Theorem 5. Suppose f :A —R is s—convex function on the co-ordinates on A in the first sense.

Then one has the inequalities:

a+b c+d 1 b od
f( T js(b_a)(d_c)fajcf(x,y)dydx (1.6)

< f (a,c)+sf (b,c)+sf(a,d)+s*f(b,d)
B (s+1)?

The above inequalities are sharp.

For refinements, counterparts, generalizations and new Hadamard-type inequalities see the papers [1,
2,3,4,5,8,9, 10, 12, 21, 22, 23, 24].

In [17], Pachpatte established two Hadamard-type inequalities for product of convex functions. An

analogous results for s— convex functions is due to Kirmaci et al. [13].

Theorem 6. Let f, g:[a,b] € R — [0, o) be convex functions on [a,b], a<b. Then

bfla f’f (x)g(x)dxs%M (a,b)+% N(a,b) (1.7)
and
zfta;bjg(a;bJS biaﬁf (x)g(x)dx+%M (a,b)+% N(a,b) (1.8)

where M (a,b) = f(a)g(a)+ f (b)g(b) and N(a,b) = f(a)g(b)+ f (b)g(a).

TJOS © 2016
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos

Vol. 1, Issue 1, 2016 On Some Hadamard-Type Inequalities for Product of Two h —Convex 45
Functions On the Co-ordinates

Theorem 7. Let f,g:[a,b]cR—R a,b € [a,b], a<b, be functions such that g and fg are in
L,([a,b]). If f is convex and non-negative on [a,b] and if g is s-convex on [a,b] for some

se(0,1). Then

s.(a+b) (a+b
2 f(TJg(Tj (1.9)
1 b 1 1
smLf(x)g(x)dXerM(a,bHEN(a,b)
and
L Pt 0g0dx<—M(@b)+——=N(a,b) (1.10)
b—ada Ts+2 0 (s+1)(s+2) '

where M (a,b) = f(a)g(a)+ f (b)g(b) and N(a,b) = f(a)g(b)+ f(b)g(a).

The class of h—convex functions was introduced by S. Varosanec in [19] (see [19] for further

properties of h— convex functions).

Definition 5. Let h: J cR —R, where (0,1)c J, be a positive function. A function f:1 cR—>R
is said to be h—convex or that f is said to belong to the class SX(h, 1), if f is non-negative and

forall x,yel and « €(0,1), we have
f(ax+(1-a)y)<h(a)f (X)+h(l-a)f(y)

if the inequality is reversed then f is said to be h—concave and we say that f belongs to the class

SV(h,1).

Remark 1. Obviously, if h(a) = «, then all the non-negative convex functions belong to the class

SX(h,1) and all non-negative concave functions belong to the class SV (h,1). Also note that if

h(a)=1, then SX(h,1)=Q(l); if h(a)=1, then SX(h,1)2P(l); and if h(a)=«a®, where
(04

se(0,1), then SX(h,1) 2 K?.

In [18], Sarikaya et al. established the following inequalities of Hadamard’s type for product of h—

convex functions.

Theorem 8. Let f e SX(h,,1), geSX(h,, 1), a,bel, a<b, be functions such that fg e L,([a,b])
and hh, e L ([0,1]), then
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lea "£()g(x)dx <M (a,b) [, (), ()t + N (a,b) [h, (Oh, (1-t)dt (L.11)
where M (a,b) = f(a)g(a)+ f(b)g(b) and N(a,b) = f(a)g(b)+ f(b)g(a).

Theorem 9. Let f e SX(h,1), geSX(h,, 1), a,bel, a<b, be functions such that fg e L,([a,b])
and hh, e L ([0,1]), then

1 a+b a+b 1
1 f( . Jg( . j—b Lf(x)g(x)dx (1.12)
2h HN()

<M(a,b) j:hl(t)hz(l—t)du N(a,b) Llhl(t)hz (t)dt
where M (a,b) = f(a)g(a)+ f (b)g(b) and N(a,b) = f(a)g(b)+ f (b)g(a).

In [20], Sarikaya et al. established the following inequality of Hadamard’s type which involving h—

convex functions:

Theorem 10. Let f eSX(h,1), a,bel with a<b, fel([ab]) and g:[a,b] >R is non-

. : a+b
negative, integrable and symmetric about 5 Then

b-a b-a

1 "f ()g(x)dx < f (a); f(b) Lb{h(b_ Xj+ h[g_ ang(x)dx. (1.13)

In [14], authors proved the following results for product of two convex functions on the co-ordinates

on rectagle from the plane R?.

Theorem 11. Let f,g:[a,b]JcR—>R be convex functions on the co-ordinates on A with

a<b,c<d.Then

mﬁff(x, Y)a(x, y)dydx< % L(a,b,c,d)+%3 M (a,b,c,d) +3—16 N@b.cd)  (1.14)

where
L(a,b,c,d) = f(a,c)g(a,c)+ f (b,c)g(b,c)+ f(a,d)g(a,d)+ f (b,d)g(b,d)
M (a,b,c,d) = f(a,c)g(a,d)+ f (a,d)g(ac)+ f (b,c)g(b,d)+ f (b,d)g(b,c)
+f(b,c)g(ac)+ f(bd)g(ad)+ f(ac)g(b,c)+ f(a ,d)g(b,d)

N(a,b,c,d) = f(b,c)g(a,d)+ f(b,d)g(a,c)+ f(a,c)g(b,d)+ f(a,d)g(b,c)
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Theorem 12. Let f,g:[a,b]JcR —>R be convex functions on the co-ordinates on A with

a<b,c<d.Then

a+b c+d a+b c+d 1 b ed
4f[ T jg( T Js(b_a)(d_c)jajcf(x,y)dydx (1.15)

5 7 2
+—1L(a,b,c,d)+—M(a,b,c,d)+—=N(a,b,c,d
36( ) 36 ( ) 5 ( )

where L(a,b,c,d),M(a,b,c,d), and N(a,b,c,d) as in Theorem 10.

Similar to definition of co-ordinated convex functions Latif and Alomari gave the notion of h—
convexity of a function f on a rectangle from the plane R* and h— convexity on the co-ordinates

on a rectangle from the plane R? in [23], as follows:

Definition 6. (See [23]) Let us consider a bidimensional interval A= [a,b] X [c,d] in R?* with

a<band c<d.Let h:J cR—>R, where (0,1)c J, be a positive function. A mapping f:A— R is
said to be h—convexon A, if f is non-negative and if the following inequality:
f(ax+(1-a)z,ay + (1-a)w) < h(a) f (X,y) +h(1-a) f (z,w)

holds, for all (x,y),(z,w)eA and a«< (0,1) . Let us denote this class of functions by SX(h,A).
The function f is said to be h—concave if the inequality reversed. We denote this class of functions

by SV (h,A).

A function f:A—R is said to be h—convex on the co-ordinates on A if the partial mappings
f,:[ab] >R, f u)=1f(uy) and f,:[c,d] >R, f(v)="f(x,v) are h—convex where defined

forall xea,b], yec,d]. Aformal definition of h— convex functions may also be stated as follows:

Definition 7. (See [23]) A function f :A —R is said to be h—convex on the co-ordinates on A, if

the following inequality:
f(tx+ (1-t)y,su+(1-s)w) <h(t)h(s) f (x,u) + h(t)h(1-s) f (x,w)
+h(s)h(1-t) f (y,u) +h(1-t)h(1-s) f (y,w)

holds for all t,s € [0,1] and (Xx,u),(x,w),(y,u),(y,w)eA.

TJOS © 2016
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos

48 Ozdemir et al. Vol. |, Issue |, 2016

Lemma 1. (See [23]) Every h—convex mapping f :A — R is h—convex on the co-ordinates, but

the converse is not generally true.

The main purpose of the present paper is to establish new Hadamard-type inequalities like those

given above in the Theorem 11-12, but now for product of two h—convex functions on the co-

ordinates on rectangle from the plane R?.
2. Main Results

In this section we establish some Hadamard’s type inequalities for product of two h—convex
functions on the co-ordinates on rectangle from the plane. In the sequel of the paper h, and h, are
positive functions defined on J, where (0,1)cJ <R and f and g are non-negative functions

defined on A= [a, b] X [c, d].
Theorem 13. Let f, g: A= [a,b] X [c,d] = R where a<b and c<d, be functions such that fg e

L?(A), hh, e L[0,1]). If f is h —convex on the co-ordinates on A and if g is h, —convex on the

co-ordinates on A, then

s LT Test e .

< p®L(a,b,c,d)+ pgM(a,b,c,d)+q>*N(a,b,c,d)
where L(a,b,c,d), M(a,b,c,d), N(a,b,c,d) as in Theorem 10 and p:j:hl(t)hz(t)dt and
1
a=[h O, (1-t)dt.

Proof. Since f, g: A= [a, b] X [c,d] — R be functions such that fg e L*(A) and f is h —convex on

the co-ordinates on A and g is h, —convex on the co-ordinates on A, therefore the partial mappings

f,:[a,b] >R, f,(x) = f(x,y)

g, :[ab] >R,g9,(x) =g(x,y)
and

filed] >R, . (y) = f(x )

g.:[c.d] >R, g, (y) =9(xy)
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are h —,h,—convex on [a,b] and [c,d], respectively, for all x € [a,b]and y € [c,d],. Now by

applying (1.11) to f (y)g,(y) on [c,d] we get

d_ f (N9, (Mdy < p[f,(©)g,(c)+ f,(d)g,(d)]+d[f,(c)g,(d)+ f,(d)g, ()]
That is
d—fcff (x, Y)g(x, y)dy < p[f (x,c)g(x,c)+ f (x,d)g(x,d)]+q[f (x,c)g(x,d)+ f(x,d)g(x,c)]

Integrating over [a,b] and dividing both sides by b—a, we have

1 b ed
B @ g Rk ' eIaCeydyax o
< p[ﬁj:f(X,C)g(X,C)dX+éI:f(X,d)g(x7d)dx}

1 b 1 ¢b
+q{—J‘ f(x,c)g(x,d)dx+—j f(x,d)g(x,c)dx}.
b—a-a b—aa
Now by applying (1.11) to each integral on R.H.S of (2.2) again, we get

éjbf (x,€)g(x,c)dx < p[f (a,c)g(a,c)+ f (b,c)g(b,c)]+a[f (a c)g(b,c)+ f (b,c)g(a,c)]

bf "f (x,d)g(x,d)dx< p[f (2,d)g(a,d) + f (b, d)g(b,d)]+ [ (a,d)g(b.d) +  (b,d)g(a, )]

bf "t (x,0)g(x d)dx< p[f (a,c)g(a d)+ f (b,c)g(b,d)]+ a[f (a,c)g(b,d) + f (b,c)g (a,d)]

éf’f (x,d)g(x,c)dx< p[f(a,d)g(ac)+ f(b,d)g(b,c)]+a[f(a,d)g(b,c)+ f (b,d)g(a,c)}
On substitution of these inequalities in (2.2) yields

W [t v)g(x, y)dydx

< p*[f(a,c)g(ac)+ f(b,c)g(b,c)]+ pa[f (a,c)g(b,c)+ f (b,c)g(a,c)]

+p°[f(a,d)g(a,d)+ f(b,d)g(b,d)]+ pa[f (a,d)g(b,d) + f (b,d)g(a,d)]
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+ pa[f (a,c)g(a,d)+ f (b,c)g(b,d)]+a*[f (a,c)g(b,d) + f (b,c)g(a,d)]
+po[f(ad)g(ac)+ f(b,d)g(b.c)]+a’[f(a d)g(b,c)+ f (b,d)g(a,c)]
= p®L(a,b,c,d)+ pgM(a,b,c,d)+q>N(a,b,c,d).

This completes the proof.

Remark 2. If we take h,(t) = h,(t) =t, then inequality (2.1) reduces to the inequality (1.14).

Theorem 14. Let f, g: A= [a, b] X [c,d] = R where a<b and c<d, be functions such that fg e

L?(A), hh, e L[0,1]). If f is h —convex on the co-ordinates on A and if g is h, —convex on the

co-ordinates on A, then

1 a+b c+d a+b c+d
f( , j{ , ] (2.3)
2,1,,2,1 2 2 2 2
ahy (E)hz(i)
<;Ibrf(x y)dydx
~(b—a)(d —c)ak ’

+(9* +2pg)L(a,b,c,d)+(p* + pa+9*)M(a,b,c,d) +(p* +2pa)N(a,b,c,d)
where L(a,b,c,d),M(a,b,c,d), and N(a,b,c,d) as in Theorem 10 and p:j:m(t)hz(t)dt and

q = [hHh,(1-t)dt.

Proof. Now applying (1.12) to ! f(a+b’c+dj [a+b,c+dj,we get
n(hy L2 222
2" 72
1 f(a+b,c+djg(a+b,c+dj 2.4)
2 2 2 2

20 (h,()
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and

zmgu; Gy Gy 29
<5 icff(azb,ng(%m,y}dy

{C2HR 22

R (2]

Adding (2.4) and (2.5) and multiplying both sides by

1
————— we get
m@m@)

1 2 f(a+b’c+djg(a+b’c+dj 256)
1, ,1 2 2 2 2
2hGG)|
1 1 c+d c+d
< Lf(x, jg(x, jdx
M)A L 2 2

. 1 1 jdf(a+b,ng(a+b,yjdy
20O () 47" L 2 2

g 1 f(a C+djg[a C+dj+ 1 f(b c+djg(b c+dj
ROC) L 2 20 mome) b 2 ;

‘o 1 f(aﬂjg(b CerjJr 1 f(b C+djg[a c+dj
") L 2 20 amome) ~ 2 2

i 1 f(ajtb ng(a+b Cj+ 1 f(a+b djg(a_er d)
") 2 2 amome) L 2 2
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1 a+b a+b 1 a+b a+b
+p 1 1f2,cgz,d+ 1 11‘2,dgT,c.
2h (5)h, (= 2h, (5)h, (=
h(CR() h ()
Applying (1.12) to each term within the brackets, we have

1 c+d c+d 1
f(a 8 o(a 220 < o2 [ taviote oy
2h1(;)h2 (;) 2 2/ d-c

+q[f(acg(ac)+f(ad)glad)] +plf(acg(ad)+f(adg(ac)

1 . f(b,Cer]g(b,Cerj 1 If(b V(b y)dy

"G 2 2 -

+a[f(b.c)g(b.c)+ f(b.d)g(b.d)] + pl (b.c)g(b,d)+ f (b.d)g(b.c)]

1 f(a,Cerjg[b,Cde] Loyl

"G 2/ e

IA

+q[f(acg(b.c)+ f(ad)glb.d)] + p[f(a c)g(b.d)+ f(a,d)glb,c)]

e L o e B RN

ZhI(;)hg (;) 2 2 d—c
+q[f(b,c)g(a,c)+ f(b,d)g(ad)] + p[f(b,c)g(ad)+ f(b,d)g(ac)
1 a+b a+b
2h1(;)h2(;) f[ 2 J ( f( )g(x,c)d

+a[f(acla(ac)+ f(b.c)alb.c) + plf(aclalb,c)+ f (b.c)g(ac)]

1 a+b a+b 1 b
f( ,djg[ ,djs Lf(x,d)g(x,d)dx
") 2 2/ b-a

+q[f(a,d)g(a,d)+ f(b,d)a(b,d)]+ p[f(a,d)g(b,d)+ f(b,d)g(a,d)]
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1 a+b a+b 1 ¢
f( ,cjg( ,djg Lf(x,c)g(x,d)dx
M) 2/ b-a

+q[f(acg(a d)+f(b.c)glb.d)] + p[f(a c)g(b.d)+ f(b.c)g(a d)]

1 a+b a+b 1 ¢
f( ,djg( ,c)é Lf(x,d)g(x,c)dx
hOhG) 2 2/ b-a

+q[f(a,d)g(a,c)+ f(b,d)g(b,c)] + p[f(a,d)g(b,c)+ f (b,d)g(ac)]

Substituting these inequalities in (2.6) and simplifying we have;

1 f(aer c+dj (a+b c+d] 27)
1. 1.7 2 ' 2 g 2 ' 2 '
2hGnG)|

ik (2
2, L, & ) a
1 1 . (a+b a+b
+ jf( ,ng( ,yjdy
20O, () 07" L 2 ;

+qd% f(ay)(a, y)dy+q—j (b, y)a (b, y)dy

* pd—ic [ f(ay)gl. y)y+ pﬁf f(b,y)ala,y)dy
1 1

+ac— [ Fxog(e)dx+a [ f(xd)g(x d)dx

+ pr f(x c)g(x,d)dx+ p—j f(x,d)g(x,c)dx

+29°L(a,b,c,d)+2pgM(a,b,c,d) + p>N(a,b,c,d)

Now by applying (1.12) to ! f[a+b’ng(a_+b’y)’ integrating over [c,d] and
1 1 2 2
ZME)ME)

dividing both sides by d —c, we get
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1 1 ¢ (a+b a+b
I ) f[ . ,y]g( . ,yjdy (28)

20 () 4

1 b
<mf [ (x y)a(x, y)xdy

1 1 (d
+a—[f(aylgla yly+a—[fb.y)alb.y)dy

1 d 1
+p[ @ yab.y)y+p_—[0.y)aa ydy

Now again by applying (1.12) to 1t f(x,ﬂJg(x,ﬂ], integrating over [a,b] and
mGnG) L 2 2
2 2
dividing both sides by b—a, we get
l 1p_ I f( C?’)g(x,%)dx (2.9)
2h(; SINE S
<[ fx,y)o(x, y)dydx
~(b-a)d-c)a

1 1 b
+q—_[ f(x,c)g(x,c)dx+q—j f(x,d)g(x,d)dx
b—a-a b—aa

+ pr f(x c)g(x,d)dx+ p—J f(x,d)g(x,c)dx

Adding (2.8) and (2.9), we have

1 1 d c+d c+d
J’f(x,—jg(x,—]dx (2.10)
h ()P L 2 2

N 1 1 jdf(a+b,ng(a+b,yjdy
2O, () 47" L 2 ;

<2
~ (b-a)(d-c)-

[ (x y)a(x, y)dydx

1
tag—| "t y)la y)dy+q—j (b, y)a(b, y)dy
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1 d 1 pd
+p[ f@yab.y)y+p_—[f0b.y)aa yldy

+q— [T (6,000 —— [T (6 d)g(x, )k
g [ Fx o Odera [ (x.d)g(x

1 1 b
+p——| f(x,c)g(x,d)dx+ p—J' f(x,d)g(x,c)dx
b—a-a b—a-a

Therefore from (2.7) and (2.10), we get

1
2h ()

a+b c+dj (a+b c+d]

f ) H
T(zz 2 2

2

< mj; f(x,y)g(x, y)dxdy

1 d 1 pd
+20— _CL f(a,y)a(a, y)dy+2q F L f(b, y)g(b, y)dy
~2p——["1(a.y)alb, y)y+2p——["1(b.y)o(a y)dy

d-—c d-c

1 1 b
+2q—j f(x,c)g(x,c)dx+2q—j f(x,d)g(x,d)dx

b—a-‘ b-a-a

1 1 b
+2p—'[ f(x,c)g(x,d)dx+2p—j f(x,d)g(x,c)dx
b—aa b-a-a

+2q°L(a,b,c,d)+2pgM(a,b,c,d)+2p*N(a,b,c,d)
By using (1.11) to each of the above integral and simplifying, we get

1 f(aer c+dj (a+b c+d]
1. 1.7 2 2 g 2 2
2hGnG)|

2

< mf’ [ " (x, y)a(x, y)dydx

+(29° +4pqg)L(a,b,c,d)+(2p* +2pg+29°)M(a,b,c,d) +(2p* +4pg)N(a,b,c,d)

Dividing both sides by 2;
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1 f(aer c+djg(a+b c+d]
1 1}2 2 2 2 2

G

< L0
~ (b-a)(d-c)-

[Cf(x,y)g(x, y)axdy

+(9*+2pag)L(a,b,c,d)+(p* + pq+g*)M(a,b,c,d) +(p*+2pg)N(a,b,c,d)
This completes the proof of the theorem.
Remark 3. If we take h,(t) = h,(t) =t, then inequality (2.3) reduces to the inequality (1.15).

Theorem 15. Suppose that all the assumptions of Theorem 12 are satisfied, if g, and g, are

symmetric about a;b and C;d , respectively, with h, = h, = h, then one has the inequality;

oo Lty

1 b ed d—y y—c
< 4(b_a)LL [f(x,c)+ f(x,d)(h(d _Cj+h(d _CBg(x, y)dydx

d o) J.J.[f(a y) + f (b, y)( (b :)+h(g:ZDg(x, y)dxdy

Proof. Since the partial mappings f, and g, are h— convex, by applying to the inequality (1.13), we

can write

ACHAY y-c
e RACEROEE M(dc}WQ%D%wW

That is;

umwuww<““i”“ﬁq[df}%i}bwww

d— d-c

Integrating the result with respect to x on [a,b] and dividing both sides of inequality, we get;

mﬂ f(x, y)g(x, y)dydx (2.11)
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AL ) (e RERd s

By a similar argument f, and g, are h—convex, by applying to the inequality (1.13), we get;

(b—a)l(d —¢) Ib f f(x y)g(x, y)dydx (2.12)

< _Z(dl_ C)Ldj‘:[f (a,y)+ f (b, y)(h(g::j + h[z:ZDg (x, y)dxdy.

Summing (2.11) and (2.12), we obtain the required result.
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